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Abstract 

We derive a new s u mmatlon fOffi1Ula involving Mellin transformo We apply th is form ula to sum vari­
ous series rela ted to ell iplic integra ls and theta functions. 
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Una fórmula de adición usando la Transformada 
de Mellin 

Resumen 

En este trabajo u na nueva fórmula de adición es derivada usando la transformada de Mellin . Es ta [ór­
mul es aplicada para sumar varias series relacionadas con la s Integrales elípticas y las fun Ciones theta. 

Palabra clave: Tra ns formada de Mellin, fórmu las de adición, [uncIón j acobiana. 

1. 	Introduction is !..he Cosine Transform of a func tion J then we 
have the Pois on Summalion Cosine Formula [2J 

One of the fundamente1 results of Fourier 
ana lysis is the Poisson Summation Formula, 
which can be writt 1 [1 J ra(J~O) + ~l J(ka)) =~( ]c~O) + I~l ]c(kb )) (4) 

'" "" 
a L J(ak) = L J (bk) (1) where a > O, ab = 2n. 

Ic=-oo k;;;;;;:- oo In lhis work usin the Poisson Summation 
Formula we gen rallze a n exponential fo rmula of 

where a > O , ab =2n an d Ramanujan and anive at a new Melltn Summa­
tion Formula. Th is fo rmula is like (4) but now the 

(2) part of Fourier Cosine Transforrn is replaced by 
the Mellin Transform. We also give several appli­

i8 lhe FourierTransform off Equation (1) is valid cations. 
under relatively weak cond itions. For example 
J(x) = 0[(1 + IxlC )-I ]. for x E R and for sorne Definition [2) 

e> O. It is also known tha t if The Mellin Tra ns form of fu nctlon tp 1s de­
fined to be 

A f2 ",
J c(Y) = ~;Jo J (t)cos(ty)dt 	 (3 ) 

(5) 
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For the appHca tions we will need the follow­
ing 

2. The Theorems 

Theorem 1 (3) 

Lel a > Oand the function f be odd and a n­
Iytic in the uper halfplane ¡miz) > Oand contin­

uou s in Im(z) ?: Oan d let there exist C. N > Oa nd 
O ~ b < n such lliat 

(6) 

for every z In Im(z ) ?: O. then 

ra(J'(O) + "" f(ka) )_ 
2.JT ~I Slnh(nka)-

(7) 

00 

kxwhereab =2.JTandc = lim L (-l)kifUIc) e- .o 
x- o' 1= 1 

The Main Theorem. 

(The Mellin Summation Fonnula-MSF) 


Let a. b > O and ab = 2.JT. then 

"" k ) oc (k )f( k) 
a !~~ ( I-Iy(k )f(lc)r + a ~I Yeka -1 + 

kna (8)ar~J~1 Y(k)j(k)e ) = c+ 2~ICP(kb) 

where cp(x) = Re[( M1.lf)(ix)j( -Ix)]. e = Um Re[r MtV),,- 0 

(ih) f( -ih)] wi th lJI(x) = L
00 

y(k)x k andj,1/J. x r a l. 
1=0 

f(O) = O. provided that al! sums converge. 
To prove th MSF we use a Theorem which 

appeared firs l in [4] . Here we give a complete 
proof and the conditions under which lhis Theo­
rem holds . 

Theorem 2. [4] 

Lel tP(x) be analytíc around O. A1so let f be 
analytic fu nction in e satlsfylng 

V(z)( M1.fJ)(x+ iZ)! ~ C(l+ Izll'¡ - ,I!Re (zJ[ (9) 

fo r every z with Im(z ) ?: O. C. A. O> Oconstantst, 
with lhe condition 121 = x + N + 1/2. N suffi­
ciently large natural number. Then for x > O the 
integral 

f~", f(t)( MIV)(x+ itldt 

converges absolute ly. the series 

., lJI (mJ(O)L --f(i(x+ m)) 
m~O m ! 

converges in U1e Ab I sense and 

f~", f(t)( M1.I') (x+ it)dt = 
'" lJI(mJ(O) 

2"lIm L f(i(x + m))rm (lO) 
r - I - m - O m i 

If also 

1JI(mJ(O) I C' 

!
__o f(í(x + m)) ~ - ­

m I m+l 

then the series 

'" lJI (mJ(O)L --f(í(x+ m)) 
m = O m i 

converge a nd we ca n drop the limit in (10). 

3. The Proofs of Theorems 

The proof of Theorem 1 is in 131. For the 
proof of Theor m 2 we n ed a Lem ma. 

Lemma 

Let 1[1 have a Taylor Series arou nd O. with 
radius of convergence r > O. Let a lso x E R such 
that 

(1 1) 

Then ilie Mellin Transform 01' IJI can b e ex­
tended a na lyt ically into a m eromorph ic func­
tíon in lhe ha lf planeRe(z ) < xwitb simp le poles 
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at the points z = -m for m E Z wilh m> -x, 
m 2: O. 

Proof 

Lel O < a < r. Then if z is not an ínt ger 

Ja lll( ) ,-Id J" ~ 'P(ml(O) 7.+m - 1do':t' uu ' u= o L.. , u · u= 

m= O m. 


'" W(ml(Oj <lO IV(ml(O) a z+m " Ja '"z+rn-1d
L.. OU- u m I = L..~z + m 

m=O m ::;;;; O 

Thus the function h1(z ) = J~' I.JJ( U)U Z- ldu is 

meromorp hic in e whose onIy poles are z = -m 
1.(J (rnl(O ) 

with res idue - - - o 
m I 

We also defi ne the functían h 2(z ) = 
J : I.11( u)uZ- 1du which converges absolu tely to 

ananalytic funcUon wh n Re(z) < x. 

f:I\(J( u)u Z-l ~ll = f : I\(J( u)luRe(zHdu :s: 

aRe(Cll -x f " \'P(u) luX-1du < +00 
a 

And for the derivative we have 

( Re(z) < x) . 

This completes the proof of lhe Len1ffia . 

Now Jet the functian IV be as in Lemma and 
lel x E R be u ch that (1 1) holds, We denne the 
function 

g(z) = j( z )( M'-IJ)(x + iZ) (12) 

Then from the LeI11ffia 9 Is meromorph ic In 
Im(z ) > O a nd conllnuou s in Im(z) 2: O with s im­
ple poles at z = i(m + xl, where m E Z , m 2: O, 
m+ x> Oand 

\(J (mJ(O) 
Res( g , i(x + m)) = . j( i(x + m)) ( 13) 

[m I 

Lely R be the upper half circ1e with dlameter 
[-R , R) where R = R", = x + N + 1/2, N a natural 
number. Then 

IV(ml(O)1- .J g (z )dz = ¿ . j(í( X + m))
r [m i 2n [ R [(x+m)- insldey 1< 

(14) 

and thus 

I~; j(t)( M'V)(x+ it)dt+ 

J; j 
N 

(R , =,,ei{) )( lWV)( x + iR rv€ti ) iR .veiIdJ) 

I.V(r/ll(O) 
2n ¿ J(i(x + m)) 

O"m:s N.m>-x m i 

So, if the integral f :"" j(t)( NfI.IJ )(x + it)dt ex­

IslS a nd also 

(15) 

the series converges and we have 

f : ", j(t)( M'-V)(x+ it)dt = 
'" I.I.I(m) (O) 

2n ¿ -- j(i(x+ m)) 
m=O.m>-x m I 

The condition m > -x not needed if x> O. 

Havlng in mind the aboye and the Lemma 
we can proceed to the folJowing 

Proof of Theorem 2 

From (9) tbe Integral 

is absolutely convergent for a > O. Also if 
O < a :s: o we wil l have 

R Nlj( Rtv€') )( M'-V)(x + fRrv€ r) ) ~eiaRN eB¡ 
:s: C( 1 + RN ) ;.+ I e - 611, !cos(i}) e - aRN sin(lI) 

:s: C(l + RN ))·+ l e-aRN -+ O 

for RN -+ oowhen O :s: e:s: n. 
Hence for every a > O one as 
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J~., jrt)( M'P)(x+ it)ei1adt = 

2.n :t \fl{m) (O) j(i(x + m))e- a {x + T1l ) (16) 
m ; O m! 

from which (lO) follows. 

Proof of the Main Theorem 

If<P(x) = Re [rM'V )(ix)j( -ixl]. withj. y . x real, 

theo <P(x) is an eveo fuoctioo. The reasoo is lhat 
we ca n WIite accordiog Theorem 2 

J:" <P( x)eixadx = ["00 Re[( M\V)(ix)j( -ix)]elxadx 

= 1: (M'-rl )(ixlj[-ix) + (M'-V)(-ix )j(ix)e ixadx 
- ~ 2 

'" 11/lk)(Ol .. Ijl lk )(O) 
=n ¿_ _ j (k )e- ka + n L - - j(k)e ka 

k = O k ! k=O k ! 

= 2J; !jJ(x) cos(xa)dx 

From the aboye we have 

, 2 ",
<P e(a) = - f o1>(x)cos( xa)dx 

n 

.., tIJ{k)(O) ~ ~ \fllk)(O) 
= 	 ~ ¿___j(k)e - ka + ~ ¿ -_j (k)e ka 

2 k = O k ! 2 IG=O k ! 

a180 

.Jb(~ + ~ !jJ(kb)) = 
2 	 k=O 

- ~ ( 00 nrlk)(o) x IjJl kl (O) )+Fa ~ _ j(k~-kna + ¿ _¿ ¿ 't'_ _ j(k~/{Ila 
) 

2 ,,= , k = 1 k ! "= 1 k l 

jW( "q¡lkl (O) '" tV1k)(0) j(k) 
= - ¿ - - j(k) + ¿ - - -- + 

2 k=1 k ! k=l k ! eka _1 

q¡{k)(O) 
where ab = 2n:. y(lc) = - - - and 

k l 
e = lim Re[(MtV)(ih)j(-ih)]. This completes the 

h-O 

proof. 

Notes 

1. In the same way one can prove a for­
mula of Ramajunan [51 (which we give h e re a 
more general form) 

Ir ab = 2.n. theo 

'" ., 
ak a ¿ ¿ X(k )exp( _re ) = 

.. 
yL(O) + UrO ) + 2 ¿ <t>(bk) 	 (17) 

k = l 

" X (k) 	 .[rrix + 1) ]where L(z) = 2: - ,- and !jJ[x) =lm L{tx) . 
~I k 	 x 

2. Tbe use of Theorem 2 for finding Self 
Reciprocal functions. 

From [2] we have that wheoever 

Jc(x) = j(x) theo 

aod 

1 fC+/'.o /0 (5) _.
j (x) = - . 2" -r - ¡p(5)X 'ds 
2.y¡; i c- ,'" 2 

where 1jJ(5) = je(5 - ~ ). j e(5) beiog an v o fu oc­

tioo. USing Theorem 2 wi th \fl( x) = e-x \Ve have 

2 ~~(-2k)X2k 
k = 02' k ! 

which Is mor convenieot to calculate. 
Similar ex pao slons hold for the Fourier sine 

tra ns form and Hankcl lransforms. 
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4. Applications 

(-l) lc 
1. Let y(k) =k! and f(k) = kn k , then 

lJI(x) = e -x and (M\[J)(s) = [(s) , Hence If ab = 2.n 

'" a/c '" (-l}kn/ck 
l-an Lexp(ak-ne )+ a L ak ­

k=O k ;: ¡ k I( -1) 
ro 

2b L Im(n-ikbk[(ikb)) = O (18) 
- 1 

(-1)" 'inku 
2. Let y(k) = k and f(k) = k. 

;r csc(;rs )Sln(;r ) 
lhen we h ave (MtV)(s) = . Hence 

2s 
ir a, u > O. noting that 

f (- 1)1e sln (ku) 1 f sln(v) 
k= l e ak -1 = -'2 k= lcos(u) + cosh (ak) (19) 

we have from the MSF. 

a (v) ~ (- l)k Sin (ku) 
- tan - = 1) + 2a L ak + 
2 2 k~ l e -1 

00 (2Ior 2 
) (2.nIcU) 2.n ~lCSCh -;- inh - a - (20) 

It is kn wn from tables that [6J 

(2 1) 

Thus we arrive at 

~ sin h(2Iorza) 1 ( )2.n L . 2 = - 2z - - iJ log(e 2(z. e -l/a))zk= l s mh(lor a ) a 

(22) 

3. From t he re la tions [7J 

(23) 

~ cosh(2tn) ( . -ClJ¡ .) 
L 'nh( ) = log(Po ) -lag (~ 4(¡1. e J (24) 
Tt~ 1 rt S I ;ran 

and 

1 a L'" (- l)lek 22:'" k cosh(alm)
--+ - + 2 + 2a =0 

4 2n k : ¡ e 'Z,r k /a -1 k=l sinh(2aIm) 

(25) 

from the Main Theorem we get 

,p (( i t"r -2n:a)) 22 at2 log e4 2" e = K(ka)E (k a } - K (k a ) 

(26) 

whenever K'((k u) = a. 
K ka) 

4. Also we have 

(2 7) 

ro " 

5. If a, v > Oand L,(x ) = L X s ' denotes the 
k= ¡ k 

Polylogarithm funcHon hen 

2nkU ) 21m u 
a2 oc (2Ior2 ) Slnh ( ~ - ---¡;­
- Lcsch -- - --'--- ""--- (28)
2.n k= l a Jc2 

Proof 

Let y(k) = (- ll k(Si~(3kU) - kV) a nd f(k) = k, 

then if lJI( x) = L
.. 

y(lc)x k we have 
k= O 

_ ;r csc (,;rs)(-su + sln(s v) 
(~ I1)(s) - 3 

S · 

In the same way we have 
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'" 1 
where 1;(5) = 2: s is the Riemann Zeta fu nction. 

k=¡k 

Or, if ab = 2n then 

~ (_1)n(cos(OV ) -1) + 2 ~ (_1)" _ 
2,L¡ 3 an V ,L¡ na 

,,= 1 O (e -1) 11= lo(e - 1) 

v2a 2 ,. 1 00 1 

4][2 ~1 0 3 slnh(bnn) - 2: ~ n Sinh(bnn) + 

a 2 ~ cosh(bov) 
(30)

4][2 ';-1 03 sinh(bnn) = O 

6. A consequence of Jacobi's triple iden­
tity. Note that the calculations of s u ms in Appli­
cation 5 depend on finding the vallles 

X(v,a) = C 1(a)v 2 

= ~ ~ (-I)n(COs(2nv)- l) _ 
3 (e 2T1O2 ~ n - 1) 

f~ J~ J~ tan(t)dtdsdr - N( vo e - a) (31) 

where we have set 

N( z.q ): = J~ J~ log(e 2 (l.,q¡)dtdr (32) 

To find C¡ (al we d ifferentiale X ( v. a) twice 
with respect to v to get 

2 2 ~ (-1)" cos(2nv)
X(v,a) = v CI(a) = -v ,L¡ . Uf1 + 

,,~ 1 n(e -1) 

~ (-11' v2 v2 
2v ~ a - - log(e2(v. e-a) + - log(82 (e- a )j + 
n~ n(e" - 1) 2 2 

2v 
2: 10g(cos(v)) 

where e}O, q) = e}q). 
cos(ctl - 1)

Not useTheorem 1 with lIt) = t( 

along with Jacobi's tripI identity [6J to arrive at 

f (-I)"cOS(2nv ) = v 2 _ log(2) + log(l+ - :2iU) + 
11~ 1 n(e"b - 1) b 2 4 

log (e 4 ~ . e - z,-,2 l b ) 
log(l+ e 2iU 

) 

2 +4 

log( l (-e-·b," l b) (-1)"00 

2 + r~1 n(e "n -1) 

1 ,. 1 

2~ . (20;7 2 
) 

(33) 

o SlOh - b -

Bll t il is known from tables that 

(34) 

][1((1- k,,) 
wherekbisthesolu tionofb= ( ) . K (x)=

1( kb 


"12 1 •
Jo I de (note tha t when b E Q+ then 
..,,1- x si n 2(e) 

the kb re a Igeb raic n umbers) and 

2 arrf ~ ( )= ))log(J(-e- (n)) -log(e4 (e­
11= 1 n s in ann 

(35) 

Hence we have 

Proposition 2.1 

4'" (-I)"sin 2 (nv) v 2 
- 2¿ 3 2an = - - + v log(2)­

,,= 1 n (e -1) a 

2 2v v .2W 2iU2 10g(l + e- ) - 2 1og(l + e ) + 

av 2 1og(cos(v)) -v2 10g(e2 (v .e- ))­

v2 10g(e 4 (e- :r" la)) + v210g(e4( : v .e- :r· la)) + 

2 2a 

v 10g( 1c2ae 2)+ 2N(v.e- a )+
12 16(I-k2a ) 

2J~ J~vf~ tan(t)dldsdw (36) 
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