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Abstract

We derive a new summation formula involving Mellin transform. We apply this formula to sum vari-
ous series related to elliptic integrals and theta functions.
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Una formula de adicion usando la Transformada
de Mellin

Resumen

En este trabajo una nueva formula de adicion es derivada usando la transformada de Mellin. Esta for-
mula es aplicada para sumar varias series relacionadas con las integrales elipticas y las funciones theta.

Palabra clave: Transformada de Mellin, férmulas de adicion, [uncién jacobiana.

1. Introduction is the Cosine Transform of a function fthen we

have the Poisson Sumimation Cosine Formula [2]
One of the fundamental results of Fourier

analysis is the Poisson Summation Formula, { fo f( )
which can be written [1] Ja —2—+ Zf(k )| =+b 9 T 2] (kb)| 4)

=1

a Y flak) = Z f(bk) (1) where a > 0, ab = 2.

fe=—m Je==w In this work using the Poisson Summation
Formula we generalize an exponential formula of
Ramanujan and arrive at a new Mellin Summa-
tion Formula. This formula is like (4) but now the

where a > 0, ab = 2r and

Sx) = fﬁrf(t]e"““"dt (2) part of Fourier Cosine Transform is replaced by
the Mellin Transform. We also give several appli-

is the Fourier Transform of f. Equation (1) is valid cations.

under relatively weak conditions. For example

flx) = O[(1+ MC)_IJ. for x € R and for some Definition [2]

¢ > 0. It is also known that if The Mellin Transform of a function W is de-

]_ fined to be
A 2 fx . q
Jelv) = Jo Sy cosey)et (3)

(MW)(z):= [ W)t dt (5)
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For the applications we will need the follow-
ing

2. The Theorems

Theorem 1 [3]

Leta > 0 and the function f be odd and an-
alytic in the uper half plane Im(z) > 0 and contin-
uous inIm(z) = 0 and let there exist C, N > Q0 and
0 < b < & such that
|f(z)| = Cl1+ |2V)etiReta! ®)

for every z in Im(z) = 0, then

f10) Sflka
( Z i sinh nka)}

[2b(c, . &(=1Dkf(ki)

k=1 =1

»

where ab =2rv and ¢, = lim » (—1)*if(ik)e™

x>0 j=1

The Main Theorem.
(The Mellin Summation Formula-MSF)

Let a, b> 0 and ab = 2z, then

azy—[g—f—}‘;—)-k

allm(i ylk) flic )

r]

az(zy(k (k) k”")=c+22¢kb) (8)

n=1\k=1 k=1

where ¢(x) = Re[(MW)(ix) f(-ix)] ¢ = lim Re[(MW)

> ylk)x* and f, , xreal,

ic=0
f(0) =0, provided that all sums converge.

To prove the MSF we use a Theorem which
appeared [irst in [4]. Here we give a complete
proof and the conditions under which this Theo-
rem holds.

(ih) f(~iR) ] with W(x) =

Theorem 2. [4]

Let W(x) be analytic around 0. Also let fbe
analytic function in C satisfying

Glasser y col.

|f(2)(MW)(x + i2)] < C1+ |z e~Re (2 ©)
for every z with Im(z) =2 0, C, 4, 6 > 0 constantst,
with the condition lz| =x+ N+1/2 N suffi-
ciently large natural number. Then for x > O the
integral

I° FOOMW)(x + ibdt

converges absolutely, the series

- uﬂ"" 01
2 -

j(L (x+ m))

converges in the Abel sense and

I, FlOMW) (x + itdt =

A (©
27 lim z m§ )

r—=1" m=0

flilx+m)r™ (10)

If also

[ygslm) l w
W Eo) Flilx+ m))‘ i C

m+1

then the series

o lp("ﬂl(o)
m!

= f(i(x+ m))

m=0

converges and we can drop the limit in (10).

3. The Proofs of Theorems

The proof of Theorem 1 is in [3]. For the
proof of Theorem 2 we need a Lemma.

Lemma

Let W have a Taylor Series around 0, with
radius of convergence r > 0. Let also x € R such
that

Sl W 'du < +oo (11)

Then the Mellin Transform of 'V can be ex-
tended analytically into a meromorphic func-
tion in the half plane Re(z) < xwith simple poles
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at the points z = —-m for m € Z with m> —x,
m = 0.

Proof

Let 0 < a <r. Then if z is not an integer

L% 0 -
fglp(u]uZ-ldu f( ( )ul.+lll 1du o
m=0
2 fa S i 1d ly(ﬂl](o) i ‘l'(m)(O) z+m
m=0 % m, Z + m

Thus the function h,(z) = [ Wu)u* 'du is

meromorphic in C whose only poles are z = -m

1p(m) 0
with residue ——[)
m!

We also define the function hy(z) =
f:‘l’(u)u.z_‘du which converges absolutely to

ananalytic function when Re(z) < x.

f::}‘['[u]uz_l'riu = f:i\“(u)luR“(Z]‘ldu "
e f:.!'l’(uﬂu"_’du < 4w

And for the derivative we have
[ togtu = €, W™ du < +eo

(Relz) < x).
This completes the proof of the Lemma.

Now let the function ¥ be as in Lemma and
let x € R be such that (11) holds. We define the
function

= f(2)(MW¥)(x + iz) (12)

Then from the Lemma g is meromorphic in
Im(z) > O and continuous in Im(z) = O with sim-
ple poles at z =i(m+ x), where m&€ Z , m= 0,
m+ x> 0and

\[rlml( 0)

Res( g, i(x + m)) = === it mi) (13)

Lety g be the upper half circle with diameter
[-R.Rlwhere R =Ry = x+ N+1/2, N a natural
number. Then

\ ]
b kil ()f(l(x+ m))

i(x+m)—insidey , im

271 fyn ez =
(14)

and thus

f f YMW) (5 + it)dt +
/s f LMY (x+ iR e )iR ePdh =

lp(m) 0
2 E m( ]_]( X+ m))

O0sm=Nm>-x

So, if the integral [~ f()(MW)(x + it)dt ex-

ists and also
lim Ryl[7 f(Rye®)(MW)(x + Rye®)db| =0 (15)

the series converges and we have

7. FOmW) (x + i)dt =

ond l(m)
m 'mO)f(L[X-l—m))

m=0,m>-x

The condition m > —x not needed if x > 0.

Having in mind the above and the Lemma
we can proceed to the following

Proof of Theorem 2
From (9) the integral

fji,. f(t)(lW)(x.'. it)eimdt

is absolutely convergent for a> 0. Also if
0< a=<o wewill have

Ry f(Rye”)(MW)(x + iRye” e " |

< C1+ Rl\-]’-&]e OR,, cos(ﬂ)(;aRN sin(#)

< C(1+Ry)"e ™™~ 50

for Ry » owhen 0 < 6 < 1.
Hence for every a > O one as
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Glasser y col.

=, )+ et =
» ypg(m)
2 : (0] i+ my)emetem (16)
from which (10) follows.
Proof of the Main Theorem
If¢(x) = Re[(MW) (i) f(—ix)|. with f, y, xreal,

then ¢(x) is an even function. The reason is that
we can write according Theorem 2

J7 (e dx = [ Rel(mw)(ix) f(~ix) "

f:- (M‘P(uc}f —ix) + ( M‘I‘)( ix f(Lx

ixa
> dx
foo MP( lx]f( -ix) X) ey, o J-m M¥P(=ix) f(ix) oir gy
2 2
= 1];“\1(0) = quk)
= (k) ~ka 2 S ka
=0 k! k=0

= 2]:¢[x)cos[xa]dx
From the above we have

2
pla) = V*fo ¢p(x) cos(xa)dx

m,? = wik() i [T < ‘I‘“"(O)
2___ I hrl Ic)e'a
Vzko ey d e \jzko JUkle

also

Ja( [n & wo) wiio)
[\'zgl—k!‘ﬂk)ﬂ‘igl a JW

[ = (= (k) k)
+V’({ %Z[ lp (0) f(kb_kna & Z b3 &f{kblqm)
=I\k

[ = aplk) k)
I(f]t- Y0) R 2 I (O) ;\fu (k)
= Kl = TIPS

- = ylk)
n=I\k=1

k) (0)

where ab =2, ylla = T and
c= }ing Re[[ M\I‘](ih)f(—lh)]. This completes the
proof.

Notes

1. In the same way one can prove a for-
mula of Ramajunan [5] (which we give here a
more general form)

If ab = 27, then

a 2 2 X(k]cxp[—reﬂk) —

k=0r=1
_ [LO) | S (=0FL(k)
) +k§ k1€ — nJ
yL(0) + L(0) + 2 ¢(bk) (17)
k=1
where L{z)= Xk-(i() and ¢(x) = Im[ﬂ'xﬂ ufx)].
k=1 X

2. The use of Theorem 2 for finding Self
Reciprocal functions.

From [2] we have that whenever

.00 = f(x) then

(Mf)(s \—l"[ ]cos

Mf) (1~s8)

and
Flod] = e */"rL ] (s)x"%ds
2~ oo 2) ’

1 .
where p(s) = fp(s - 2), JSels) being an even func-

tion. Using Theorem 2 with ¥(x) = e™ we have

1 C+ix
Sl =o— S ””r( )w[s)

< [;lliq)[_ Zk]xzk
=25k

2
which is more convenient to calculate.

Similar expansions hold for the Fourier sine
transform and Hankel transforms.
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4. Applications

_ Nk
1. Let y(k) :[—kl') and f(k) = kn*, then

Y(x) = e and (MW)(s)

=T(s). Hence ifab = 2x

l)k kk
1-an Eexp(ak ne™) +a Z— S
k=0 k= 1k Ie™ = 1)
9b > Im(n "k (ikb)) = 0 (18)
k=1
-1 I I
2. Let ylk) = L —)”:m Y and flk) =
then we have (M¥)(s) = ”_Cg_c[_”;")in[”_ﬂ Hence
I’
if a, v > 0, noting that
F*[ﬁﬂﬁgz__ ___sinl) g
- € — cos(v) + cosh(ak)
we have from the MSF.
a v (—l bm[kv)
Etan(z)—v+2az e”k N —=f
2
v
2t zcsch[gﬂ;]%mh(—zﬂh) (20)
bk a a
It is known from tables that [6]
§‘ (- D" sin(2kz)g>*
4. == —— — =tan(z)+ 9, (1053(61(7 q)])
s} 1-g
(21)

Thus we arrive at

g sinh(orza) _
=, sinh(ler’a)

d [(log(8,(z.e774))

(22)
3. From the relations [7]
o ( l)kk 1 a a2K i r
< lel-rk/a 1 8 4x + ) (E-K) (23)
& cosh(2t ‘
_Cosh(2n) __ 1 0(py) — log(b,(ite™))  (24)

o nsinh(zan)

and

= smh[2ak7:T 2
(25)

9 “2 k cosh(aker)

from the Main Theorem we get

2 ;
it log(m(im , e“f’-”a)) = Kk )Elk,) — Kk ,)?

at 2
(26)
Kk
whenever I:((ku))
4. Also we have
B,(x, e /%
dlev el 22| =0 27
X( 6, (iax.e ) o
© Xk
5 Ifa.v>0and L (x) = E — . denotes the
' o1k
Polylogarithm function then
-3 ia i ;
& talog@+ (Lo(—e™) = Ly(—e")) =
= (= 1) *(sin(kv) — ko)
_'Q[ e, = "I
IE kl(euk _]]
21 kv 2ktv
a? = 12\ sinh ‘a = ‘ai s
- Ecsch(— —J — (28)
k=1
Proof
=3 I k
Edb gty =20 (”m———,, -k, and f(k
k*
then if W(x) = ) ylk)x® we have
k=0
ese(xs)(—sv + sin(sv)
(MP)(s) = ——5 )
s
In the same way we have
vt v?alog?) a o W . 3aZ(3)
B g g L) £ 5
PR
(= D"*|cos(kv) 29 -1
_211 P, TP P — 3_____
=1 te™ =Dk
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1
where(s) = 2 — is the Riemann Zeta function.
Je=1

Or, if ab = 27 then

4 2 »
2_ L hgE ey
2

—lv LU 3
ST : (€™) + Ly(—e ))+4-z;[3)+

0

227( (cos(nu]—_l)+ P =)

5 nie™ g Zin(e™ -1
ﬂ?_ X ¥ Bﬁ S 1 5
4n? Zn®sinh(bnr) 2 5 nsinh(bnr)

9

a” v coshibnv) _
4x® “ n® sinh(bnx)

6. A consequence of Jacobi's triple iden-
tity. Note that the calculations of sums in Appli-
cation 5 depend on finding the values

X(v,a) = C (a)v?
1 & (= )%cos(2no) = 1)
o Z 7—\5(?210— i e

o Jo [y tan(8)dtdsdr — N(v.e™®) (31)

Y (0. b) = Ay + 0By(b) + v2Cy(b) =

x

T o Losh(rwb) - vt ( 7/;:)
 4p’ —-n S sinh(znb) | 192 9

where we have set

N(z.q):= [ [7108(6(t.q))dtdr (32)

To find C,(a) we differentiate X(v,a) twice
with respect to v to gef

22_ D" cos(2nv)

X(v,a) =v’Cy(a) = il ===

an
n=[ ¥ )

= ( Dn U2 i UQ —a
2n i Ty log(f,(v.e™%) + 3 log(f,(e™)) +

U2
£y log(cos(v))

Glasser y col.

where 6 ,(0,q) = 6 ;(q).
Note use Theorem 1 with f(£) = (?CE(%:) ;1)

along with Jacobi’s triple identity [6] to arrive at

s . 2 o AU
E (=1)"cos(2nv) _wv log(2) & log(1+e ™) 4

n=1 n(e

-1 b 2 1

4 T 2 *
log(f(—e™*" /") & (="

2 g ,2:1 nle” -1
Ly - (33)

But it is known from tables that

- (=17 1 Ky .
E o nb 1j =~:2—41 g( o : —_‘] (34)

=inle 16e°(1-k,)?
K(1
where k,, is the solution of b = L;iﬁc_b)b”) Kix) =
% 1
f' i o dp (note that when b € @, then
b \,’{l——_xsmz(é)) *

the k, are algebraic numbers) and

S iog(fl-e"2) — tog(64(e™)

o nsinh(anr)
(35)

Hence we have

Proposition 2.1

TIJ ( Zau 1)

o n 2 4
py i Sol P P 1ogin) -
n=1 a@
2 2
U_ =24y _ U_ 52U
5 log(l+ e ") ) log(1+ ™) +
v? log(cos(v)) —v21og(8,(v.e™%)) —

v? log(6,(e /“))+uﬂog(m(«%.p‘-""/a))wu

2 2a

Ik

Eflog = 2a® — |+ 2N(v,e” %) +
12 2{16(1 - kpp)?

ng fg’fg tan(t)dtdsdw (36)
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For Y we can find in the same way that

2
C,lb) = —;—’é 4% log(ﬂz(%.f‘l)) -
JL _p—21b
15 log( f(—e =) (37

®

and B,(b) =0, where f{—q) = H(l~q“) is the

n=1
g-product. Thus what remains is to find the value
of Ay(b). In this way we are led to

Proposition 2.2.

g rwa)
~ sinh ( == F
2 5a%p*

g bl TE

“ n?sinh(rna) T 48x

a® (v ) a®? av .
’*’2—10g 92 i,é’ —H:Z—l()g 94 ?‘,C‘

/0
+ %5 logl f(—e™2)) - 4a7-N(§ ,e""/“) (38)
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