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A note on some integrals involving two
associated Laguerre polynomials

Nabil T. Shawagfeh
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Abstract

A closed form expression in terms of Appells function F2 is derived for the integral of two Associated

Laguerre polynomials of the form
[em A LG (ax) L, (Br)dx
0

Some integral formulas corresponding to special values of the parameters and the arguments are

deduced, the results are believed to be new.

Eey words: Laguerre polynomials, Appell's functions, hypergeometric functions.

Una nota sobre algunos integrales que involucran
dos polinomios asociados de Laguerre

Resumen

Se deriva una expresion en forma cerrada en términos de la funcion Fz2 de Appell para la integral

de dos polinomios asociados de Laguerre de la forma

[em=x* L (o) L, (Bx)dx

0
Se deducen algunas formulas integrales correspondientes a valores especiales de los parametros
y del argumento. Se cree que los resultados son nuevos.

Palabras claves: Polinomios Laguerre, funciones Appell, funciones hipergeomeétricas.

Introduction

This paper is concerned with the evalu-
ation of the Laplace type integral

©co

1= e L (o) L, (Br)dx (1)

whe(ife L, is the associated Laguerre polynomial.
For specific values of the parameters, the inte-
gral (1) encountered in various mathematical
physics problems, these includes, the N-dimen-
sional quantum hydrogen atom, and harmonic
oscillator [1-2], the electron gas in magnetic field

[3], and others [4-6]. Some of these integrals are
tabulated [7-8].

As far as we know, the most general inte-
gral of the type (1). which has been evaluated
in closed form and asymptotically [3]is when
s=a=p=1, and this integral is re-evaluated
recently [3].

In section 2 the integral (1) is evaluated in
closed form in terms of Appell’s function Fy, and
in section 3 and through the use of reduction
formulas of F, for special values of the parame-
ters and arguments, some integral formulas are
derived.
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Evaluation of the Integral I

The associated Laguerre polynomial is de-
fined as

(b+1),

L ()= E[-mb+1z],Reb>-1 (2

wherem | F, is the confluent hypergeometric

function which is a special case of the generali-
zed hypergeometric function

Fq[al,az,..,,np;bl,bz,...,bq;z] =

3)

= (a)),(ay);...(a,),
g‘j!(b.),(bz)j...(bp)j z

where

T'(a+ j)
I'(a)
The infinite series in (3) terminates if one
of thea;'sis zero or negative integer. In this work
we consider mand n to be non-negative integers
and all other parameters to be complex. Thus for
the integral (1) to converge we assume that

(a), = =(a)a+D...(a+j=1), (a),=1. (4)

Res>0,ReA>0,Rea> -1,Reb>-1. (5)
Substituting
(b+l) (—m)k k k
L’ (Bx)= . 6
B =—oH Zk,(bﬂ)ks (6)

in (1) and interchanging the sum and integral we
get

(b+1), & (-m), B"*

-sxyu A+k-1 7
m! ,,=0k'(b+1)'[ bgtane™ "z, 1)

I=

which upon using [7,p.844] becomes

(a+l) (b+l)

ntm!s*

(=m), LA+ k)( B [_ . .1]
S (s] Fl-naekaril] . ®)

Expanding the functions 2F; using (3) and
making use of the identity
T(A) A, ; 9)
A S
A0, =T b
we obtain
(a+1),(b+D,TA)

nim!s*

(=m), (=n) ,(A),,; (ﬂ]‘(ﬁ]’
z;‘g,'k!j!(b+l),(a+l)j s s (10)

1=

The double series in (10) is Appell's function
F, defined as [10]

B) _
F,[4.B.B"C.C" x,y]= 22———“’( sl

(11)
k=0 j=0 MO ( C)

which converges for |x|+|y|<1. Thus, we obtain
the main formula
0% Mo B {x nemat bt s, P—} (12)

Special Cases

Appell's function Fy reduces to simpler
functions for special values of its parameters and
arguments. In the following we consider two
special cases which lead to new integral formu-
las.

Case s=q,

When one of the arguments of Appell’s
function F5 is unity it reduces to 3F function, in
particular, it is easy to show that
rCrC-A-.)

T(C-AT(C-B)
[AB 1+A-C ]

F,[A;B,B,C,C"L, y]=

3F|,C’ l+A+B-C’ J (13)
hence, when s=o in (12} we obtain
I b+1 +1-4),T(A) .
Jeo st (@, (o = &3 P 120, T
0 nim'a
A-mA-a 'ﬂ}
2L+l,l—a-~n'a (14)

provided that |B<|a| andRe(a)> 0.

Case s=04f

One of the transformation of the F, func-
tions is [10]

F,[A:B.BC.C,x, ¥ = (1~ y)™ [A B;C’'-B',C, C'l——-)- ﬁ}(IS)

where|q +|y|<|I-y ., which gives the alternate
formula

_(a+D),(b+1),T(A)
T ot mi(s-B)*

[ o B ]
FZL).,—n,m+b+l,a+l,b+I,S__I3 "B —s

(16)
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Substituting s=a+f in (16) and using (13)
we obtain

oo

[er@Bx Al 12 (o1, Brydx =
0

b+, (a-A+1),T(A) X.b+m+1,k—a__£
A YUY petd-a-n '« (17

provided that || <|e] and Re(a +p) > 0.

Using the symmetry of the integral, ana-
logue formulae for (14) and (17) can be derived
for the case|f|>|a| by interchanging a¢e—b,
m«—n and a «— B . Furthermore, several int-

n! ma

egral formulae can be deduced as special cases
of (14) and [17} usinﬁ the reduction fvn'ﬂulaﬁ gf

3Fy function.

Conclusion

We have derived a closed form expression
for the integral (1) from which we have deduced
two integral formulas for special values of the
parameters, these formulas are believed to be
new.
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