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A note on the zeros of Legendre functions
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Abstract

It is shown that real zeros of P, () = 0,~1 < x < 1 regarded as a function of v are simple zeros.
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Una nota sobre los ceros de las funciones
de Legendre

Resumen

Se demuestra que los ceros reales de P, (x) = 0,~1 < x < 1 considerados como funcién de v son ceros

simples.
Palabras claves: Legendre, ceros, orden.

It is well known that the roots of P, (x) = 0,

(vreal, -1 <x < 1) regarded as a function of x are
simple, Hobson [1] (p.385), MacRobert (2] (p.84).
What does not seem to be well known is that the
zeros of P, (x) regarded as a function of real v are

also simple. We shall give a simple demonstra-
tion of this fact.

Theorem

Given that vg is real and
on(x0)=0, for-1<xy< 1, —e<vg<eo,
then

3P, (0
v

#0atx=x5, v=vg.

Proof

The Legendre equation for P, () can be
written as

9
ox’

[(1 = f)p’v]+ viv+ 1R, =0, ’ (1)

Differentiating this equation with respect
to the parameter v gives

$ aP“" 1ap"— 2 P 2
(1- )_av— + V(v + )av-—(v+1)v. (2)

Multiplying (1) by aP, /av and (2) by P, gives

oP, ' aP,
W[(l - )3)P’v] +V(v+ DR, =2 =0, 3)

ap,Y | 3P, "
P, (1—)(2) W +v(v+1)P, E-= - (2v + 1)(Pv) .(4)

respectively.

Subtracting equation (4) from (3) gives

[(1 ) {apv P,-P, [BP"]’HI @v+1)(P)2 (5)
- —_— Ca <l e = V- v
ov ov I

Integrating both sides of (5) from xg to 1 gives
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9P,(%) 3P, 1!
[(1 - {T’yv ervoo[ = ]}L

1 2
@v+1)f  [Peof . 6)
%

The expression (6) reduces to 0 = 0 for v=-14
and the equation is nugatory. To see why the
left-hand side of (6) vanishes identically for
v = -1% we shall use the Mehler-Dirichlet integral
Hobson [1] p.26:

-1
; 08 x 1
p(x)__..gr Md[. -l<x<1. (7

n o [2(cost - x)}l’z

Thus we have by legitimate differentiation with
respect to v

ik (x) 2 f“ * tsin + tsingv + Vo)t
o [2(cost- x)"”

Hence we obtain the interesting result that

0P, (¥
—;V—|V=_%EO.—]<X<1. (8)
Thus we shall consider the case v = -4 separa-
tely later.

We now make use of the series repre-
sentation for P,(x), Hobson [1] p.21, p.223

Pyx)= R-v,v + lzl;l—i—)-(). N-xM<2;

Y v(v +1)

an(x) (2\’ + 1)
av

(1-2+0(1-x%,

(1-2+0((1-x%.

Thus for the upper limit of the expression
on the left-hand side of the equality sign of
equation (6) we have

AP,(x) PA) *P(x)
""2{ ax P Ge 0
asx—1;

and by using the fact that P, (x) = 0 this reduces
the expression (6) to

ié) P’ () = @vo+ 1) I  (odx.
Now it is well known that if P, (xo) =0 then
P, (%)
- # 0 . Hence we have
ox
X X
dP,(x) (2vp+ 1)
v IR Q-XP, (x)

J;O{on(x)}zdx 20, vopz-12.

For the situation vy = -14 it is obvious from
the integral representation

\j“ cos’ x dt
Pag =" T Jo Vicost-x '
that

P20, -1<x<1.
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