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Abstract

New integral operators involving the generalized Legendre function PE-"(z) are introduced. Some

integrals are evaluated.
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Algunos operadores integrales de tipo
Buschman-Erdélyi

Resumen

Se introducen nuevos operadores integrales que involucran la funcién generalizada de Legendre

P-"(2). Se evalian algunas integrales.

Palabras claves: Operadofes, integrales, funcion de Legendre.

Introduction

The classical integral transforms can be
divided in two classes: the transforms of convo-
lution type and the index integral transforms
with special functions as the kernels [1-9].

The integral transforms with the Meijer's
G- function or the Fox's H- function as the kernel
[9, 10-16] are of great interest due to the general
character of the kernel. A study of these trans-
forms provide us deeper understanding of spe-
cial integral transforms with simple kernels
(which can be represented in terms of H- func-
tion).

Buschman-Erdelyi integral operators have
the following form [17-20]:

Bfix) =I: 0E -2 P{ﬂﬁt) dt (1

By = [ 02 - 2772 Pv‘(ﬁ]ﬂt) dt (2)

where P,(2) is the Legendre function of the first

kind, f(x) is the locally summable function, it

satisfies to necessary conditions as x — 0 and,

X — oo, U, v are complex numbers, Re p < 1 and,
1

Rev>- E

Let us notice that these operators are also
known with the integral limits from x to o [17]-
[20].

Interesting special cases of (1), (2) are stud-
ied in [21]-[26].

The operators of this type are important in
mathematical physics (Dirichlet's problem for
the Euler-Poisson-Darboux equation in the
quadrant-plane) [27], in the theory of Radon's
transform [28], [29], in the theory of the elliptic
equations with singural points [30]-[33], etc.

The generalized associated functions
P{"(2) and QF*"(2) are two linear independent

solutions of the following differential equation
[34]:
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2 2
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where k,m,n, are complex parameters. These
solutions give rise to the definition of a class of
functions P{*"(2) and Qf""(2) which for m=n are
the same as the well-known associated Legendre
functions P{(z) and QF'(2z) respectively.

Functions P;"(z) and Q}*"(2) belong to the
class of hypergeometric functions. Some integral
representations for Pg-"(z), Qi*"(z) are estab-
lished in [35] - [37].

The functions P{""(2), QF"(2) arise in the
solution of a sufficiently wide class of boundary
value problems of mathematical physics such
as, mechanics of the continuous medium; in
more complicated system of the othogonal coor-
dinates (the generate ellipsoidal, torodial, bipo-
lar, spherical etc).

Integral Operators

We shall consider some integral operators
with generalized associated Legendre’'s func-

tions P-"(2).

Let us introduce the following integral op-
erator:

Pflx) = j:(z +2)72 (t-x) 7 PR [J—i}ﬂt) dt (4)

181 Am+n)
where Re m<g,om-5 l<kc< 5
and fe Ly0,%), 1 < p <, P{""(2) is the general-
ized associated Legendre function.

, x>0

Theorem 1
If k+m+n>—l m<n<m+1 gm——'}
2 ! 2 2
-1 (k(—_(r_n;_n)_' Re m<%, then the kemel of

the integral operator (4) has the following inte-
gral representation:

20724 — ) PR (J—t(] Ccx™™ e *

*j;;_t E’E‘:n}‘l&K\)(Xé) 1 Fl (rl-m-. - ':21 m+ —'2}”f' 1 ;(t_x)g)di
(5)

where

c=VZ grm r"[—k- ”—“5] F_l[k— 3me ﬂ+1] , (6)
T 2 2

v=k-(m-n-1)/2

K, is the modified Bessel function,

1Fi(a;c;z) = ® (a;c;2) is the confluent hypergeo-
metric function.

Proof. Using the integral representation for
K, (xt) [38]:

K, (xt) = \h?r‘l[w %) 2™ [ et E@-4 1, (7

and the application of the Laplace transform to
K, (xt) [39], leads to:

[ L] 4[2X _ =" i
" [x} 5 r(P‘V)r(H+v+1)I €8T Kun ) (8)

X

Re(v) > —_Z—I,Re(u—v) > 0,Re(u+v) > —1,Re(t) > 0.

According to the result [34], the function
P"(2) can be represented in the form:

2z ™™ (2™

Pr(2) 7

ivm [—2—— m] cos(nm)
@+=-) 1
j k™9 (1 - 220 + 0F) T 2
0

2

m+n _l_ (" —-2zm+ 1)

Rk ey - — o ) dw (9)

where the integral is written with Pochhammer
notations.

If a=z+VZ2 -1 and the contour of inte-
gration is such that jarg(w)| < n, then P{*"(z) can
be expressed in terms of the usual Legendre
function P{\(2) [34].

By virture of (8), (9), we get:
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(P32 r [k L (L

5 lJI‘(m—ml)-

_g -m-Ye % t-x
T
F'l(i—k—

mn\ o o 3.0
5 }l"(l+k—2m+2+lﬂ
l‘(k+m2+n—i+l]

Na+1
I'(a)

dg, (10)

Using (40],

[(a)
INa -1

(I"(i—a+ 1)

= - a

' (a)( a

We obtain,

X

L)

[ s

d)(n—m;k-%m+g+l;(t—x)§)dﬁ : (11)

1 3 n

Corollary. If Re m< X 2m——2-- 1 <k <

- ‘iz") x>0, fe L(0,%), 1 <p <o, then the in-
tegral operation (4) belongs to Ly(0,).

Further we introduce the following integral
operator

Pfix) = j: (= e+t P’E“(%‘]ﬂo d  (12)

wherem<l,n<1,ﬂl_1<k<_(_m_"_'9_
2 2
Theorem 2
If >0, xe[abl, m<l, n<l, O<t<x

m-n 1 <k-(m+n)

2 5 then the kernel of the inte-

gral operator (12) has the following integral rep-
resentation:

(X— t)-"y2(x+t)“'V2}7;(TLV{_’:}'(x_ t) _ 2-k_(m—rly2 t_k .

rk_m Hx - t)
1e-55)

where I is the Riemann-Liouville operator of
fractional integration [9],

o?—t%“*‘"““”(x—t)“"l . (13)

B0 === | (x- 0% 0 at,

T(@ o

H(x) is a Heviside unit function.
Proof. We have [34];

o k" We 5y 15+ Mgy ™
r-m _
mn ozl

TIJ,(TTI < 1)(14)

P2 =

Further using the formula from [40] we
rewrite (14) as,

1™ i
PP(z) = (z-1) (z+])
zkwr[_k-%]r k-%HJ

1 m-n| i
oy (D218 " "dE, (15)

Here the integral is considered as the principal
value.

Clearly that the integral from (15) is equal
to

(16)

jsent)

(x+t)

1 m-
Joé“‘“ Y15 (Gerty-e-0E) " Vg =
m+n\

km—nyz
e 7

Let a <t < x< b and consider the following
expression:
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Ig H(x-t)
r (k - _rr? + l)

where I} is identified above, We see that

- ™M™ (17)

f; H(xt)

- ey =

r k-—"?n

r o
. %’iu

(18)
i men; n=m
I SR

The substitution { = i—% in the last inte-

gral gives
- ”(,’,‘;2 =) V™ =
I'lk- T +1
(X—t)a + k —(m-nyy
() k——"%l
L m ferm-niy
J e ™ rtoenn™ (19)

Taking into account the result (16), we
rewrite (19) in the form:

Ia

X

m-n
r k—T+1

= k™, t"(x—t)'"”(x+t)'”ﬂ#“(it‘}—1(x—t) (20)

H(e-t) (AZ _ t2)k + 22:2()( _ t)n—m] _

hence we get (13).

Applications

Now we give some examples of applications
of the above mentioned results for evaluation of
some improper integrals with special functions,
and solution of the integral equations.

Following the technique of the proof of
Theorem 1 we can easily evaluate the following
integrals,

n/2 men)
J| (cha®ysheP) cost) ™™

sin‘zm(x)zFl(n—m,—k— higd -m;

)
2(B) . 2
sh (E]sm ()

ch(p) + sh(p) cos(x)

) dx=

=1 27"(ch(p) +1)r;_msh’“([3)

r [% _ mJP'k"n(Ch(B)), (21)

1 —(m+n)
(Re(m) < > k> >

-1,0<n-m<1);

[~ 21 by Y Aex) + 1 (bx) Yiiex)]
o" ]

LR S SV W 3.
oFa(n-m,~k- 5 g M n-2k Rk 2m+2k+2.
%(m»z)dh

s (Ib-d)™(b+0)"T (—n—Zk— %]

1+n-m 4

Vi (bo) 2 r[% +mJ F'l[n—Zrm-Zk —2-]
b%+c?
P;:U‘[ 2bc ] 22)

(r=mn-2k-1,lm < % n>m, k<:(%n——),

n—2m+2k+% >0; b,c>0;

J't(t-x)_m’ﬁ [[\/x+2 + VX F + Vo2 - */;]ﬂ X
- x(xc+2) i

¢ mn_ t-x B
I OzFO("""’"‘k' 2 2(t+2)}b< - )
=\ 21 (4 2) P t41),

[s=k—mm+1, —k—m>0. n> m}

2

Let us consider the following integral equa-
tion:

[ ety ™ty P "[it‘] gitdt = flxo(a< x<Pp) (24)
a

Here g(xd is unknown function, absolutely,
continuous on [a;b], gla)=0, fiy is the given
function, absolutely continuous on [a;b].
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Taking in account (20), we reduce (24) to
an equivalent integral equation:

b
J Iz H(x-t) ( 2 tz)k+(nnyz(x—t) rem o-k- ek
- m-n
- ——+1
2
g(vdt=fix) (25)

Interchanging the orders of integration
.which is permisible by Fubini's Theorem), using
the inverse operator IL* we rewrite (25) in the
following formmn:

[ ertloe-0 gyt = R (26)
where

l=k+ % g=k- l;-r—l; a) = ok m%t_kg(t) ;
R = L fix)

For special values of 1 and q, we can apply
the Laplace transform to (26).
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