
Rev. Téc. Ing. UnJv. Zulla. Vol. 18, No. 3, 291 -299, 1995 

On some new properties of tbe 

Kontorovich-Lebedev like integral transfonns 


Semen B. Yakubovich 
Departmenl 01Mathematics and MechMics, Byelorussian State Univff5iLy 

P.O. Bax 385. Minsk-50. 220050. Belarus 

Abstraet 
]n thls paper, sorne new propertles of the Kontorovlch-Lebedev and Lebedev-Shalskaya Integral 

lransfomlS In Lp- spaces are establlshed. Sorne theorems concernlng the mapptngs and Inverslons in 

Lp(Rt) are proved. 
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Algunas nuevas propiedades de las 
transformadas integrales Kontorovich-Lebedev 

Resumen 

En el presente trabajo se establecen algunas nuevas propiedades de las transfonnadas Integrales 
Kontol'Ovlch-Lebedev y Lebedev-Shalskaya en los espacios Lp... . Se comprueban algunos teoremas con 
respecto a las representaciones e inversiones en Lp(Rt.) . 

Palabras claves: Transformada Kontorovlch-Lebedev, transfornlada Lebedev-Shalskaya, 
Integrales índice, función Macdonald . 

with lhe kernel H(x.y) =k(xy) , whJch Is the func­Introduction 
tlon ofohe variable z = xy and transforms when 

As It Is k.nown. the c1asslca1 one-dlmen­ lhe kernel, generally speakJng, Is essentlally the 
slonallntegral transforms on half-axls 14 are of functlon of two variables. We wlU call the last 
lhe foml class of Integral lransforms the index one. since 

in sorne known examples ofsuch transfomlS the 
g(x ) = f H(x.y)j(y)dy. (1) kernel H(x,y) Is a speclal funcUon and val1able x 

R, 15 Its Index (a parameter). We note th most 
Important Kontorovlch-Lebedev transfornl (2) 

where H(x.y) ls sorne gJven funcUon (th kernel 
of Ule transfornl), j(y) Is an original In a certatn 
space of funcUon and g(x1 Is the Image of the g(X) =rK¡)ylfl y)dy, (3) 

O 
functlon j{y) . AJJ classlcal Integral transfonns 
may b . dlvlded Into two c1asses: the Mellln con ­ wlth the Macdonald funcUon K¡)y) [4 . Vo1.2) the
volutlon type transforms (or the FoUJier type 

Mehler-Fock transform (6)transfonns) 

g(x) = f k(xy)j(y)dy, (2) g(x) = rP-1 /:l+wcosh y)j(y)dlj. (4)o 	 ./? 
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Wlth the sphertcal Legendre functlon of the ftrst 

kind P_1/2+tJcosh y~ [4, Vol. 9] and the most 

general transfonn palrwttb the MelJer's G- func­
tlon as the kernel [61, whlch contalns the forrnu­

lae (1.3), (1.4), namely 

~ Gn~n+2 [ 1I - v + Ix. 1 - v - ix,(Qp)] fl)d (5)
g(x) =Jo pr2 ,q y (b ) Y y,

q

J(x) = ~ ( 1: slnh(21t 1:) 

a<rm.¡rn+2 [x v+ tt,v - n. - (~l). - (~)l g('[) dt. (6) 
pt2,q _ (b~\ -{b"J 

where m, n. p. q E N.O ~ n::; p,O ~ m $ q,v Is a 
complex parameter and (C!p) = (a l "'C!p). (bq) = 
(b¡.·.bq), - (0;1) = (- Clrn- I , .. ·.- C!p), - (b~l) = 

(- brn+l ...·.- bq) are the parameters of G-func­

tlons. 
The Kontorovtch-Lebedev transfonn (l.3) 

has been tnvestIgated ln vartous functlonal 
spaces (see (1). 15D. In thJs paper we shall con­
tlnue both of Its conslderatlon and s tudy of the 
related tndex transfonns ln Lp- space . Moreover 
It wlJl be demonstrated a new technJque of their 
InvestJgatIons through the propertles ofth Pols­
son keJnel. 

The Kontorovich-Lebedev 
transform 

Let us conslder the Lp- propertJes of the 
followlng Kontorovlch-Lebedev transfoml 

IK 4.11 (1:) =slnh(al) r KJ..ylfl.y)dy (7) 
o 

where O< a< n/2. j(y) E LJ,.Rt) . 1$ p ~ oo. We shalJ 

develop the Lp-propertles of the transfom1 (7) , 

descrlblng the respective space of functIons. 
whlch connects wilh the transfonn (7) . As It 15 
evldent from usual Holder InequalIty and from 
the asymptoUc behavtour of th Macdonald 
funcUon 

Ktt(y) = ~log y) , K.(y) = 

~y-IRc(v)I) . Re(v) t. O, y-)()+, (8) 

the Integral (7) converges absoJ utely for any 

p ~ l. Let us conslder the space of functlons 
g('t), whJch can be represented by the Kontoro­
vtch-Lebedev transfonn, where the respective 
functlonj(y} belongs to Lp(R+) 

K La(L¡} = 19: g('t) = (K LaJK¡;). J E ~(R.¡)l . 
O < o. < 1t/2, p ~ 1 (10) 

W make use of the foUowIng estlmate for the 
Macdonald functlon Ka(x) from (1) whJch holds 

for aII 1: > O and x> O 

(11) 

where e Is a poslUve constant and O ~ o< n/2. 
Applyrng the general MlnkowskltnequalIty to the 
Jntegral (7). we ftnd that the operator IK 4.1115 
bounded mapptng from any space Lp(Rt), 
1::; p::; 00 loto the space Lq(Rt), 1 ~ q $ Ind ed.00 • 

we have. 

IIIK 4xIJIIL (R) $ rI j( y ) I 
q' o 

~ slnh'la , ) I K;.iy) l' ehr" dy 

~ el rI j(y) I e-Y Cos(o) 

O 

[1>,. 1)' é " eh + r.[' :lJ' e''''--''d'f''dy 

~ es 11 111L • 1 s, P $ 00, ( 12) 
p 

where el.Q; are poslUve constants, o> o.. In the 

last InequalI tywe appUed addltIonaJJy the Holder 
tnequalI ty. 

In order to describe the Introduced spac 
K 4. (Lp) let us consJd r the foUowlng operator 

2 [ 1: slrih« n-E)1:)Cr: g) (x) = 2 l-¡; '_"'( ) Ktt(x)g(1:)ch. (13)
7t x O SUUI en 

where E E (O,n). 
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Tbeorem 1 
For junctions g(1:) = [K LuJJ('t) which are re­

presented by the Konlorovich-Lebedev transfonn 
(7) with the density j{y) E L,J.Rr), 1.;, p ';'00, the 

operator (13) has thefoUowingfonn 

(t: ,\ (x)= sln(E)
e g, :-e 

JtX 

oo Kl«;(-+,]- 2xy COS(E»1/2) 
X f 2 .2 1/2 yj(y)dy, x> O, (14) 

O (x-+y -2xy COS(E)) 

where Kl (z) ls the Macdonald functlon with y = l. 
Proof. SubsUtutlng the value of g('t) as the 

Kontorovlch-Lebedev transform m in the for­
mula (13) and changlng order of integratlon in 
the absoI ute oonvergent Iterated integral. w use 
the foUowing equallty (see Integral 2.16.51.8 

from 141. Vol. 2) 

[ t slnh«n - E» Ku(x) K¡¡(y)dt 
() 

2 .:2 1/2
1t xy sln(E) KI«x- + y - 2xy COS(E) ) 

= 2- 2 1/2 (15)
2 ( + y - 2xy ooS(E» 

and the F'ubinl theorem to obtain the repre­
sentatlon (14). 

Theorem 2 

Let g(-r) = IK 4f](-r). j(y) E Lp(14). 1 <;. P ~ oo. 

Tllen 

j{x) =(f" g) (x). (16) 

where (fl g) (x) Is understood as 

(f'" g ) (x) = Li.m€4Ü+ (t: g) (x) , x> O. 	 (17) 

where the limiL Úl (17) is understood. Úl tenns oJ 
the nOnTI Úl Lp. Moreover. thc limit Úl (17) exists 
almost everywhere on R+. 

Proof. The proof of thls theorem follows 
wlthout dlfftcuJtles from the definition of the 
Integral (14). 1ndeed , after changing variable 
y = (x(COS(E) + t S1n(E» , we get the following equal­
Ity 

(~ g) (x) =1. r~ j{x{COS(E) +t Sln(E)) 
1t -oor- + l 

(COS(E) +t SIn{E» R(X,~E) d.t; E E (O,n). (l8) 

where 

R(x.Le)= {P1Sin(€ )(f+l)l/2K1 (X Sin(E)(f+l)1/2). t ~ -Ctg(E) . 

O. 	t <-ctg(t). 
(l 9} 

It 18 not dtfftcult to see from the asymptotlc 
behaviour of the Macdonald function K1(z) that 
for any t E R, x E 14, and EE (0,1t) 1R(x,l,E) 1< e. 
where e Is a poslUve oonstant that. 

Um R{x. t.E) = 1. 
e-lÜ+ 

Further, we use the approX1matlon properUes of 
1 1

the Polsson kernell{t) = - -D.- and we e tlma ­
1& r + J 

te the foUow1ng Lp-norm applying the general 
M1nkowsk1tnequallty. nameIy 

11 (t;.g) - JIIL (R \ S 1. r al 11 .fl.x{COS(E) + t sln (E»
p " 1t _ r +l 

(COS(E) + t sln(E» R{x.t,E) - j(Xj IIL¡lR,)dt --) O. E --) 0+. 

(20) 

Indeed, due to the estlmate from (l8) 

11 (t:. g) IIL iR,) < e r+ 11 .fl.x(ooS(E) + t sln(E)) 
p 1t....,., L +l 

x (ooS(E) + t s1n(E» lit- (RJdt 

1 p
1 r (1 +1 tn1

- /

p 

< e 11 fll L IR,) - :2 d.L = 	e lll JIIL fU)'
p 1t _ L +1 I 

1 ~p< oo. (21) 

where el Is a poslUve absolute 00nstant. from 
the Lebesgue theorem and the oontlnulty of the 
Lp-norm we get the equal1ty (17). The existence 
ofthe UmJt almost everywhere on R. foIlows from 
the radIal property of the Polsson kernel 
l{t:) = l{J tI) E L1(14)· 

From estlmate (21). In vlew of (16). the 
followtng Inequallty 18 true 
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(22) 

F'rom theorem 2 follows that (K 4JKt) == OJ(y) 

E Lp(Rt), 1 s p <00, 1ft' J(y) :: O. So, ln the space 

K 4. (Lp) we can Introduce a nonn by the equaUty 

11 9 IIK L (L \ ::: 11 fIIL ' 9 ::o IR 411 (23) 
'" p' p 

As lt Is ev1dent. the space K Lu (!.pI 15 a Banach 

one w1th the nonn (23) and Is Isometric to Lp. 
The ma.tn theúrem of thls sectton describes 

lhe space K 4 (~) lo tenn of the operators (13). 

Thcorem 3 

An arbíirary juncüon 9('t) which is dejined 
on R+ and ls ex1.en.ded on Rasan odd Juncüon 
belongs to the space K 4. (Lt) . 1 S P S 00, and onIy 

if g("t) E 4i.[4). 1 5. r 5. and /he JoUowing cOll.di­o<> 

lion holds 

(24) 

Proof. The necesslty of condltlon (24) fol­
lows from the prevlous theoreln 2 and froln 
estlmate (J 2) . Let us prove the sufflclency: Let 
g{1;) E 4{~), 9(1:) = -g(-,) and condltlon (24) 

holds. We show that In thls case there ls a 
fuoction J E Lp. such that the equall ty. 

9 = IK LuJl (25) 

ho lds. From 10equallty (22), we conc1ude that 

(fr:g) E Lp for each E E (D.n) and we- can eval uate 
the followtng composltlon 

IJ( L¡, (t:. g») (,) :: Shlh(ex 1;) r KJy ) (t: g ) (y)dy. (26) 
o 

Alleast for smooth fuoctJoos with compact sup­
port on R.. , whose set 18 dense In 4- ' by substl­
tutlng (J 3) In equallty (26) and uslog the value 
of lhe Integral 2 . 16.33.2 froln 14J, Vol. 2 after 
changlng the order of Integratlon, we tlod 

IK 4. (1: g))(t) =git) =sLnh(a 1) 

2e- 2 r t slnh((¡¡; - E)t) 

~(e) O slnh(n 1:) 

XIr fE + I~H) 1rtE 
+ ~-1} ffÁQdL (271 

In order to prove the val1d1ty of equaJlty (27) for 
allg E Lr we must prove now the bOW1dedness 
of the operator in the rtght slde of (27). But as It 
Is not dlfflcult lo see from the asymptotlc formuJa 
for ga.nuna-functlon the kernd of the Inlegrand 
In (27) Is equaJ to 

a..dlt/2 - al(t - ~) - 7t/2 11-1: 1-( t) , ((,1:) E R+ X Rr . 
a. E (0.rr/2), E E (o,rr) . (28) 

Hence we have the folIowtng estlmate 

I IK 4. (r: 9)J(t) I < C (t'J. - rr./'l,\ 1:l 

X rJrr./2 - e - al! - 1t/2 1t - t 1Ig(l) leli. 
O 

< C¡Ja-lt/ 2+ó)T r é rr/ 2 -r.-a - h1r I g(L) Idi. (29) 
O 

where the vaJue of /) Is taken frolD the Interval 
(rt/2 - ex - E.TT:/2 - a). So from estlmate (29) wilh 
the aid of the Holder InequaJlty. we g t Lhe::' 
bouodedne.ss of the operator In the rlght part of 
(27) In the spac L,.. I S r 5. oo. Now let us eval uate 

the Umlt ofthe r1ght slde of (27). when E ~ 0+ In 
nonn of the space 4- We begln by representlng 
the functlon gc(' ) as follow 

where 
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From the previous dJscusslon, we conclude that 
the functlon h('t,t,f.) Is bounded unifonniy for a1J 
parameters r> 0, tE R, f. E (O,n). Moreover. from 
the reductlon and supplement formulae for gam­
ma-fundlon the following llmlt reJatlon takes 
place 

11m h{.,1: - d.E) =Iim h{.,et - 't,E) =l. (g2) 

Hence we obtatn the foUowing estimates for 
nornls of the functlons g/E,('t), i =1,2 In the space 

4.R;-) 

9(t ) 
(33)11 91E(1:) - 2 II",(RJ 

<1- r _ 1_ 
21t _ if + 1 

11 9(t - EL)I1(t,'t - Et,E) - 9(t)lIt~R..ld1 ~ O, E ~ 0+ 

9(- t) 
11 92( t) - -2- IIL.P?,l (34) 

<_1 r _1_ 
21t _ if + 1 

x II g(E[ - 't)I1(;:.E - 't.E)-g(- t )IIL. (R )dt -4 O. E -4 0+ , . 
ComblnJng (33) -(34) wlth representatJon (30) 
and applying the MlnkowskJ I neq ualJt y for the 
n0011 01' a SUJl1 of functJons . we ftnd that 

9(;:) - 9< )
11 Ye(t) - 9(e) 1I L.,(a.> = 11 g ¡Jt) - 2 II L.,(R) 

9(t ) 
S 11 g lf,(t) - 2'"' IIt,iR) 

g(-"t)
+ 11 92 (e) - -2- II L.,(R) ---) O. E ~ 0+. (35) 

But , 011 the other slde. slnce the operator K 4. Is 
bounded on lp-space. where J S P S oo. there 
exists the followlng llmlt In lp-nonn 

Li. mE-'o.JK 4" (1: g») = 
[K 4" LLmc-m (~g») = [K 4"Jl. (36) 

where l = f'9 E 4,. Slnce the operator [K 4.<t: 9 ») 

converges In the nom1 4 too, then the IImlt 
functJons must colnclde almost everywhere on 
R+. Thus , from equallty (36) we obtaln (25) , 

The Lebedev-Skalskaya 
transforms 

Now we construct the Lp-theory for Lebe­
dev-Skalskaya transfonn pairs, which were ln­
troduced in 13] foUowing the correspondlng re­
sults for the Kontorovlch-Lebedev transfonn in 
the sectlon. 2. Flrst, we use the lntegrnl repre­
sentatlon for the Macdonald funcUon as follows. 

K,,(x) =re-xco, h(u) cosh(v u)du (37) 
O 

and further. are have 

ReKI/2 11t(X) = f e-xco~h(u) COSh(lL/2) cos(tu)du. .x>O. (38) 
o 

1mKl /2+rc(x) = re 'XCOSh(l~ sin h(u/2) sin('t u)du. .x>O.(391 
o 

where the left parts ofthe equailt1es (38)-(39) are 
deflned as 

For further conslderatlons . the followlng 
ternilla concerning the wllfonn estJmatJon by the 
varIables 't > O. x> O of the kemels (40) will be 
usefuJ. 

Lemma í 
For arbitrruy oE [O.1t/2) and lor all t O. 

X > O the estúnaLe 

I{: } KI/2+1t(x) I~ (1t/2) 1!2 x 

(cOS(O»1/2e 1:-xcos(5)x- I / 2 (41) 

Iwlds. 
Proof. By anaiytlc propertles of the lnt ­

grand In (38) -(39). we can rewrlte these repre­
sentatJons as 

1 ¡lit<- " 
ImK1/2. rc(x) = '2 Iii~ e x cosh(ilVtll sinh(13/2)d¡3. x > 0, (43) 
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It Is not dLfficult to obtain 

I{:}K1/2+Jx)I~ e~t 
1. r e-x cos(li)cosh(u) cosh(uj2)du
2 __ 

=J~ K1/
2
(xcOS(I»)) =(rr./2)1/2 e~ ~x cos(S) 

x (x cos(l»)r1!2. (44) 

Let us conslder the Lebedev-Skalskaya 
transfonns of type 

[rS/~~kc) =cosca. 1) ( {: } K l !2+It(y)yl/2j(y)dy. 

(4 5) 

where O < ex. < rr. / 2, j(y) E Lp<R.-), 1 ~ P ~ oo. As It 
Is evldent from the Hólder inequallty and from 
the asymptotlc behaviour of the Macdonald 
functlon (8) -(9). the integral (45) absolutely con­
verges for any p ~ 1. Let us conslder the following 
similar spaces of functlons g(l) whlch can be 
represented by the Lebedev-Skalskaya trans­
fomls, where the respective functlonj{y} belongs 
to 4>(R+) 

rS)~ (~) =(g : g(l) =(I..Sf.~)JI (1) , J E ~(R.JI, 
O < a < n/2, p ~ 1. (46) 

MakJng use of Lemma 1 and applylng the 
general MlnkowskJ InequaUty to the integral (45). 

we obtain that the operators l1:Sa~Jl are 
bounded for mappmgs from the space Lp(R.-) , 
1 s p ~ oo. Into the s pace 4,(~) , 1 S q S oo . Indeed. 
we have 

where Cl . Cs are poslUve cons tants and we choo­
e s> ex. 

In order to descrtbe the spaces ~a~ (Lp) 

let us consl(,!er the foUow1ng operators 

Re}a 1(x) =¡-1/2..! [ cosh«rr. - 2e)1) 
[{ lID 9 ;. O cosh(cn)

e 

{~~} K1/ 2+tt(x)g('t)dt. (48) 

where E E (O.1t/2). 

Theorem 4 
R 

On /he funclions gel) =¡IAJmlJl(l) , whích 

are represented by the Lebed.ev-Skalskaya lrans­
Jorms (45) with (he d.ensi1y .ft.y) E Lp(R.-), 
1 ~ P ~ tite operators (48) have (he Jollowing00, 

Jorm 

[¡~r+) = f¡j ",-1/2 Sl~(') 

x J: Ko("2+!t-2xy cos(2€) yYj(y)dy+x-1/2 SL~(S) 

+ - 2xy cos(2€) 
_-=.:........¡=,~=n=~===~=--'-------,Ij(y) dy , X > O. 

- 2xy cos(2€) 
(49) 

Proof. Substltutlng the value of gel) as a 
Lebedev-Skalskaya transfom1s (45) In formula 
(48) and changlng order of Integratlon In the 
absolutely convergent Iterated Integral. we use 
the followlng Integral 2 . 16.55. 2 from [41. Vol. 2 

( cos(al) {~} Kl /2+1t( b) 

Re} nx {1m K1/ 2+tt<c)d:t = ¡ osh(a/2) 

2x (±KQ(Z) + b; cK)(Z)} Z= (b + ¿ +2bc cosh (a»1 /2 

(50) 

and the Fublnl theorem. to get representatlon 
(49) . 

The analogue of theorem 2 glves the foUow-
Ing: 
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Theorem 5 

Let g(1) =[d)~1](1), 

where ll~r+) Ls unOO,tO<Xias 

[¡~~r+) ~ lLm,-"" [1: 1>}-",X> O [521 

and the Umit in equa1ity (52) is understood in Ule 
nonn in Lp. Moreover, Ule limit in (52) exists almosi 

everywhere on R +. 
Proof. The proaf of thJs theorem follows 

respectlv treatment of IntegraJs (49). lndeed, 
after replacement of varlable y =x(cos(2, ) 
+ t sln(2E» , we get the equallty 

[1::::r+~ ~ r:. r~ 1 Jt >(008[2'1+ t 81n(2<)) 

X (COS(2E) + tsln(2é:» R (X,I, E) dL, E E (O ,n/2), (53) 

where 

R (x ,1 , E) = ±.x!+1s ln(E)sln(2E)(COS(2E) + t sln(2E»-1 /2 

x (f'+ 1)RQ(xsln(2E)(f'+ 1)1/2) 

x:+1(l + COS(2 E) + t s ln(2E» 
+ 2 COS(E),",cos(2E) + t s ln (2E) 

x sln(2E)(f'+ 1) 1/ 2Kj (XSln(2E)(f'+ 1)1/2), t2:-Ctg(E), 

(54) 

1\ 
R(X, I, E) = O, t < -Ctg(E) . (55) 

F rom the asympto tlc behaY10u r of Macdonald 
functlons KQ(z) , K 1(z), for any tE R. x E f4 and 

E E (O,n)1R(x ,1, E) I < Cwhere e Is a posltlve cons­

tanto 

1\ 
Um R(X,I,t: ) = 1. 

e-4 O-t 

Further, we use the approximatlon properties of 
1 1

the Polsson kernel R.0= - :¡- as in sectlon 2 
1t[,t l 

and we estlmate the following Lp-norm applylng 

the general M1nkowski tnequaUty, nameJy 

11 [¡::::r+ r:. r~ 1J IIL, ") <~ 
11 fi.x1;cos(2E) + i sln(2E» (COS(2E) 

+ t sin(2E)) R(X,I,E) - fix) 11 L¡'f<)d.t -t O, E -t 0+. 

(56) 

Indeed, due to the estlmate 

where e ls a posltlve absolute constant, from the 
Lebesgue theorem and the contlnulty of Lp­
nonns we prove equall ty (52). The existence of 
the llmlt a!mos t everywhere on R+ follows from 
the rad1al property of Polsson ke rnel 
F\f) = F\I tI) E L¡ (f4). Theorem 5 Is proved. 

From estlmate (57), we have 

(58) 

From t heorem 5 , It follows tha t 'I.dJ~JI ('t) == O, 

fiy) E ~(Rt-) , 1 ~ p < 00, Uf J(y) == O. Thus , ~ the 
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space Ja~ (Lp) we can introduce a nonn by the 

equality 

11 9 II l.J rJ (4) == 11 J IIL • g = [L{~JI (59) 
" p 

As It Is eVldent, the spaces JJ~I (L¡J are 

Banach with the norms (59) and they are Isomet­
lic to Lp. 

Let us prove the foUowing descliptlons of 

the spaces LSU~ (Lp) In tern1 of the operators 

(48) . 

Tbeorem 6 

An arbUranJ fundion 9(1) is defined on R.. 
and even in the 9t and odd in the!3 -cases. when 

contÍlwed lo R. belongs Lo the spaces d)~1 (Lp). 
I !> p < oo. if and onIy iJ 9 (1) E L,{R,.), 1 !> r !> 00 and 

theIoUowing condiLions hold. 

Proof. The neeesslty of condltlon (60) fol ­
lows from prev10us theorem 5 and from estlmate 
(46). Let us prove the sufftelency. Let 
g(1) E L,{14l. g(t) = ±9(-,;) and eondlllon (60) hold. 
We s how that In thls case lhere I a functlon 
J E Lp sueh that the equallty 

tal e~ place. Prom Inequallty (58). we eoncJude 

thal [l~;[+Lv for eaeh 'E (O,rr) and we can 

eva luate the followlng eomposltlon 

cosh(m) fo ¡f~l Kl /2~y)yI /2 [¡::[+1)dy(62) 

At Jeast for the set of smooth functtons w1lh 
compact support on ~, whlch 15 dense In 4. we 

substltute the operator (48) in equalJty (62) and 

change order of IntegratJon. We need the values 
of the tnner lntegrals, namely 

whlch were obtalned uslng fornlUla 2 . 16.33.2 
from [41. Vol. 2. Thus \Ve represent equallty (62) 
as follows 

Id}I[¡~ r91I(,¡ = 9,(') = 

4 f- eosh«(n - 2E)L)
cosh«Y:r) ') h ) K(1.L)g(t)dl (64)

7r o cos (en ' 

for E E (O.n/2 ). In order to prove equallty (64) for 
a1lg 4. we must prove the boundedness ofthe 
operator In the r1ght slde of (64) . Bul lh" kemel 
of the Integrand In (64) 15 e<:lual to 

O(Jtt/2 - (.()(t - 1:) - tt/2 I t - 1: I - 2t r} . (I.; r) E R+ ~, R+ . 

a E (O ,n./2). f (0.rr/2) . (65) 

Now repeatlng the prevlous di eus Ion In sec­
tlon 2 . we prove the boundedness ofthe operator 
In the r1ght slde of (64) In the space L, . 1 !> r ~ «>. 

Hence represcntlng the functlon 9r,Cr) as 

- ~f~ 9(EL - 1:) ~ , .
9t (1) - ± 2 :l ru.'t,El. - 1 .é:)dl 

rr~ t + l 

-.L f~ 9(1 - El) (1, ' _
+ 2 2. ru.1.El - 1.I::)dL - 91r(1) + g2L(1). (66) 

n: .- + 1 
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where 
. I~ [{Re}a ] LLmt--lÜ+ lISa 1m € 9 1= 

From the previous dJscusstons we conclude that 
the functlon ~'t,tE) Is bounded unifonnly for aH 
parameters 't >O, tER, f ~ (0,1(/2). Moreover, 
from the reductlon and supplement fonnulae for 
gamma-functlon the followtng Umit reJatlon ta­
kes place 

11m fl("t,f.t - 't,E) = l. (67) 
t--lÜ+ 

Henc as in theorem 3 we obtaln the foUowlngt 
estlmates for the nonns of the functlons 
gr.rJ"t), i = 1,2 In the space 4<R;.) 

11 911:('1:) ::¡: g(2 ) IIL,í1~) 

<-..L r _1_ 
21t ~ r + 1 

xll± 9(EL-'t)A.tul- 't,E) ::¡: g(-. IIL!R)dl ~ O. E ~ 0+(68) 

9('t) 
11 !hE(.) -2 1/¡"lR.l 

< ~ r _1_ 
21'[ ~ r + 1 

x 11 g (l - Et)~1.E( - 't.E)-g(.)II L~R,)dl ~ O. E --} 0+(69) 

ombln lng (68) -(69) wlth the representatlon (66) 
and applylng tbe usuaJ MlnkowskJ Inequallty for 
the nonll of sum oí' functlons. we obtaJn 

g(l) ± g('-1) 
11 9 ,(1) - g(l) II L~RJ = 11 ge("t) - 2 IIL/f?J 

_ g(-1) 
~ 11 9Ic(1) -+- -2- IIL~RJ 

~ -+- 11 92<.(') - 2 II L~RJ ~ O. E ~ 0+. (70) 

Buí , on the other hand. slnce the operator 
l Re\ 

LSa.1m 15 bounded In Lp-space. where 1 s. p < 00, 

there exlsts the followlng Umlt In Lp-noml 

1~. [{Re}a.] 1:;:1JJ. (71)[LSa Ltme-X}t 1m e 9 J= [LSa 

where J={~r9 E 4· Slnce the operator 
E 

,~";;) [1::[9]' converges In lbe nonn L" too, 
the IJmlt functlons must coincide almost eyery­
where on R+. Thus frOIn equallty (71) we obta1n 
(60). 
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