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Abstract

Paulsen has proved that a unital homomorphism from an operator algebra contained in a & -
algebra is similar to a completely contractive homomorphism If and only If it is completely bounded. In
the present note we obtain a different characterization when the operator algebra is separable.
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Homomorfismos similares a homomorfismos
completamente contractivos

Resumen

Paulsen ha probado que un homomorflsmo unital de un algebra de operadores contenida en una
algebra-C* es similar a un homomorfismo completamente contractivo sl y solo st es completamente
acotado. En la presente nota damos una caracterizacion distinta cuando el algebra de operadores es

separable.
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Introduction

Let Z be a C‘-algebra, A C 2 an operator
algebra and H a Hilbert space. In [1] it is proved
that every unital homomorphism p: # - L{H) Is
similar to a completely contractive homomor-
phism if, and only if, p Is completely bounded.
Moreover, when p Is completely bounded it is well
known that there exist a Hilbert space K, opera-
tors A,B € I{H,K) and a representation m:& - L{K)
such that

pla)=A'z(a)B, Va € a (1)

The purpose of the present note is to prove
the following generalization of the above result,
and give an answer to the problem of similarity
for completely contractive homomorphisms,
when A4 1s separable.

Theorem 1.- Let B be aC.—algebra. AC®
a separable operator algebra and H a Hilbert
space. p:# — L{H) a unital homomorphism. Then
p is similar to a completely contractive homomor-
phism if, and only if, there exist a Hilbert space K,
operators A,B € I{H,K) and one representation
.8 — L{K) such that

inf{i"p(a‘) ~A'm (a,)B||2}<oo (2)

where the infinum is taken over all countable

Jfamilies linear generators {a;} of #4.

Let H be a Hilbert space, L{H) the algebra
of all bounded operators over H, 2 a C*-algebra
with unit and #a subalgebra of  that contains
the unit of 2 Such subalgebras are called Op-
erator Algebras. An operator algebra Is separa-
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ble if it possesses a countable family of linear
generators. Thus, the closure of the spanned
subspace by the family is the whole subalgebra.

In the sequel, M, will denote the nxn matrix
over C and we set My(4 = M eg# (M(# can be
thought of as subspace of the C*-algebra M(2)).
We will denote by H" the direct sum of n copies

of H, with ne N. If|| - || is the norm of H, then the
norm || * ||, of the Hilbert space H" is given by

= Il + e+

where it = (h,hy,....h,)

Given a linear map, p : # — L{H) for every

n € N the mapping p,, : My(#) — L{H") is defined
as follows:

Ii 7 (3)

pulay) = (pay)), for (ay) € My(#). (4)

It is known that the sequence {Ipnln neN}

is increasing. The map p Is called completely
bounded If

sup | :ne N j<os (5)

Pul,

in that case, we will write |p||y, to denote this

supremum. Then || - |4 is a norm on the space
of all completely bounded maps. If|lp|l, < 1, then
we say that p is completely contractive.

To prove our theorem we give the following
lemmas. The norm given in lemma 3 {s a modl-
fication of that given in the proof of theorem 8.1
of [3].

Let us recursively define the matrices
R € My(C) with n = 2™ by Rg = (1) and

R"l Rm
R = i 6
mi+l (Rm ‘Rm ( )
for m=0,1,2,...

Lenima 1.- (1) Ry is tnvertible, Ri= "R
and therefore llﬂmui g

() If H is a Hilbert space and
h=(h,hy,...h, ) e B* and

ig: (kl,kz,.--,k")= RT[(F'Jv then

g ||kfl|2 =2 mg "hi"2 (7)

Proof: (1) Obvious, by using Inductivety.

(i) If, k = Ry, (R), then
- -t

2 2 mi B
Rl JA - 2" Elnd
t=1
Now,2"h = R_(k ), therefore,
2 2 ~ 1|2
22m||,qu =“2m,;' =uRm(k1 <
it n it
WUMAZ  mll 2
I~ |, =214,
So, dividing by 2™ we conclude that

2 I|” = Z“i I (10)
=1 =1

By (8) and (10) the equality holds.l
Lemma 2.-Under the hypothesis of Theo-
rem 1, letxeR, o> 1 and set| - | defined by

2
<
n

1
)
l:l

()

©)

+aSh[: ):p(a,>h,=h}(11)

where the infimum is taken over all countable
Jamilies of linear generators (&} of # and over all
sequences (hy) of finite support (this means that
only a finite number of elements of the sequence
is non rudl). Then ( H, | - |} is a Hilbert space and
| - | is equivalent to|| - ||

Proof: Clearly Izh]2 = lzlz |h]2 ,forallzeC.
Thus,

[A)* = inr{lim (a,) Bh,

lzh) = 2| |h] . (12)

If h= 3, p(a )b and k= X, p(a, k; where
=1 =1
{a;) Is any countable family of linear generators

of #, then h+ k= Z p(a, )(h,+ k ). Therefore
=1

3 . W2
-+ k| < inf { Yr(a)B(h, +, )I ra X |n, +k.||‘}
=1 =1
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2
= inf Efz(ai JBh, + Ex(ai)Bk( +
i=1 i=1

1/2

aXfp k[
i:{
2

3 xla,)Bh, + 3. z(a,)Bk,

i=l1 i=l

= inf

1/2

ko |

L]
+2
t=1

9 /2

canf
i=1

< inf{| ¥ #(a,)Bh,
i=1

1/2

cinfl| 3 2@ Bk, + a3k [
i=]

i=1

= [h]+ [

where the last inequality is due to the triangular
inequality for [. So, we get

IR+ K <|H +|K (13)

By (12) and (13), it follows that || Is a
seminorm In H.

As p Is unital, it yields that
h= p(Ih+ Y, p(a, )0

=1
count-

, where {a)} Is any

able family of linear generators of 4.
SO,

W < Lo LB + 1 = IBAF + A

Thus,

1= QBh « 1Y = QR IR + ' -

(B’ + 0"
i< dBf" + 0[] "

On the other hand, if  h= 2 p(a; ),
then ot

1]
Irl = |Z plah| =
i=1

A" 3 2(a,)BR, + 3 (pla,) - A';z(al)s)h,“
t=1 t=1

H

< |A‘ 3 x(a,)Bh,
i=1

pof FERERNLERL T

T+ Efpsa-wtanf |

=
1/2

2 = 1 .
o o by Schwarz inequality
{ Y rla)Bh| + Z|h(|2] [ ]
' i=1

for 1,
(IA'r +§ pla,) -A'n(a,.)nr ]J

e

—

<

IA

2

3 7la)Bh, +a)°ilhi|2}
i=1

i=]

since @ 2 1. Taking infimum over all sequences
{hy) of finite support and all countable familles
of linear generators {aj} of #such that,

h= 2 p(a, Jawe gets by (2) and the definition
&
I hl that

Ial < Kial, -

where k =[|IA‘||2 +inf{il|p(a.> ~A'm (a,)B“ZH

where the Infimum Is taken over all countable
familles of numbering linear generators {a;} of 4.
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By (12), (13) and (15) we conclude that | - |
is a norm on H. Then (14) and (15) show that

| - | is equivalent to || - ||. As in [2] it suffices to

show that | - | satisfies the parallelogram law , to

prove that the pair (H, |- |) is a Hilbert space.
Indeed,

Let h= 2 p(a)hy and K= 2 p(b; Ji;
i=1 =1

where ({a;) and (b} are any countable families of
linear generators of A

Then
AEALTASNLT
and
h— K = i p(a, )h— i p(b, )i, (17)

Now, we have
(R Y T
. B 2
¥ #(a,)Bh + ¥ 7(b;)BR]

i1 i=l

+

Sy 12 =1 2
aZful” -« Zlnl +
i=1 i=1
2
3, #(a,)Bh; — En(hi)Bh‘.‘I +
=1 1=l

«3 |l -« EJnf
=1 =1

2
= 2['2”(31)3’71'2 +|i7z(b,-)Bhlf| +]
li=1 i=1

[ailhl.lz —ailh‘r]

In the last inequality we used the parallelo-
grom law in K Taking Infimum first over the
sequences {hy} and all countable families of lin-
ear generators {ay} of #, for which,

h= Y, p(a, )}, and, then over the sequences {h{}
B
)

and all countable families of linear generators (a,
of #, for which, # = 2 p(b, i , we get

=1

bt P+ |- Y < 2 1P+ ) (18)

Let us note that replacing h by h+h' and i
by h-R In (18) one gets the reciprocal inequal-

ity
Proof of Theorem 1

If p:# - L{H) Is similar to a completely
contractive homomorphism ¢:# — L{H), then by
Corollary 6.7 in [3], there exists a representation
¢:2 — L{K), where K is some Hilbert space that
contains H, such that, ¢(a) = Pr(a)i, for all a € #,
where P denotes the orthogonal projection of K
onto H and i Is the inclusion from H to K As

pla) = 5™ o(@)8, for all a € #and for some Invertible
operator 8 € I{H), it yields,

p(a) = S'Pr(a)is, V a € # (19)

Taking A = (S'P), B = iS, the repre-
sentation n and the space K, we obtain for all
countable families of linear generators {a;} of
that,

> lpca,)- A'n(a, B[ = 0 (20)
=1
Therefore, the infimum over such families

is finite.

Conversely, let | - | be the norm of H as
defined in Lemma 2, with o« = 1. Wee will show
that with respect to such a norm p Is a completely

contractive map. Indeed, if A= 2 pla; )h.

and a € #with |all= I, then =

p(ajh= Y, p(aa )k (21)
=1

If {aay} is not a countable family of linear
generators of # Then this can always be ex-
tended to a countable family of linear generators
of 4, since, for {aa;} U {ay), we have

p(ajh= i p(aa, jh+ Z p(a, )0 (22)
=! =
Therefore,
lotayf < | n(aa, B + 3 |af
=1 =1
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_ Iu(a)z w(a, i) + L
S xtam + 3

where the last inequality is due to the fact that
n(a) is a contraction. Taking the infimum over the
sequences (k) and the countable families of lin-

ear generators (ay) of #, such that, one gets

(23)
<

Ip(@)h? < |h? (24)

Thus p(a) is a contraction In L{H) with
rCGPCC[ to the norm "| on H Thercfore P I

contractive.

Now, we must prove that | pyl, < 1 for all

n € N. Since the sequence { | pylnl Is Increasing
on Hit suffices to prove that the inequality holds
for all n=2" with m € N.

First, note that If {a;} is a countable family
of linear generators of 4, such that,
Y |pta )- A'm(a, B < o . then the family
=1

{{aBhi=1,2,..., and j.k=12,....n}, (Wwhere Ey Is
the nxn matrix with the unit of #in the () k)-entry
and zero elsewhere) generates M, (+#). Moreover,

) i z; "P(a,(li,,‘ )= ,K'maj(E,k ))ﬁu: < o (25)

=l k=l
where A = A®] and = B®I,

We define the following norm | - |;, for all
heH,

i =ian i’fn(ii)ﬁi;. -‘”‘i il ip"(i‘)i{‘ =h
I 1::! " =1 " b=l

(26)

where the infimum is taken as in Lemma 2, over
all countable families of linear generators (&} of

Mp(4. etc. By (26) and Lemma 2 | * |; makes H"
into a Hilbert space. Moreover | - || Is equlvalent
to || * |I,, and by the argument used In the case

of H, it follows that p,, Is contractive with respect
to this norm. To conclude, we will prove
that

o], = |i|, v ke H" (see(3)

Leth = (h,h,,...h, ) and fixe>0. Let

E: Z p(ﬁk )ﬁk aﬂd

W +g 2

Y na, )ﬁfil oY il (27)
=1 M =1

Ash = 2 Z p(ay Jhy » one has

k=l i

2 n
i - S
(=1

mn

TS Dol 15 S,

t=1{ k=1 j=1 k=1 j=1
2
B e oo (12 2
=¥ 7, @;)Bh +nzuhk" S|fl-| +r
n 1
k=1 no t=l
Therefore,
i < i
On the other /i = (hahd, .., g
and
h= 3, pla,h,, (29)

=y .
2 € N 3
be such that.'h,I == Nz n(a, )Bh,| + Z Ih,,"f.
n =1 =1
As n = 2%, let us consider the matrix ¢, given
below:

nay nay - LAy
na, mag .o . KAy

(30)
rulan[ rnlanl o rnnanl

where (ry) = R Is the matrix given In Lemma 1.
Let h,= (h,.hy,....h, ) and
ki= (koo ) = Ry (hy)

Let B = nh by Lemma 2 one has that
ﬁl = Ry (BE{). This means that
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h= X 1Bk, @ YT A S (CB < . (36
4 i=1
v since the homomorphism m:C(T) — L{K) defined
Y ; " by m:(fl = iC) is completely bounded. In particu-
b= kS Bk
L ; P(%J; ryB i ; Jz, p(rgad)B 3 (32) lar, if the family of generators iIs f; = 2 . with
i=0,1,2,..., we obtains the following corollary.
Therefore,
Conallam 1.-(Halbaskt Theotem [2) Cup-
I Y o o B poseT e I{H). Then'T is similar to a contraction if,
= ; Pu(@ JBR K, - and only if, there exist a Hilbert space K, a
¥ — contraction C € L{K) and operators A,B € L{H,K),

. & "; "E“;z
- 3|5 S wenamon| + 303 k-
=1 &1 E1 =1

(34)

= 2; ri; jzﬂ,#n(a‘;)Bh.{“A+ Z ,Z/"hﬂaz < |}7L+g

where we made use of (7) and the fact that = ok

Thus, the reverse inequallty Is proved and
we conclude the proof of the theorem.ll

i’ < Z n, (€ JBPK,

—

As an application of the above result to the
Operator Theory, we will characterize those op-
erators that are similar to contractions. It is
known that T € L{H) is similar to a contraction if,
and only if, the homomorphism p:P(D) — L{H]) to
defined by

p(f = AT) (35)

is completely bounded, where P(D) denotes the
space of the polynomials on the unit disc(see
theorem 8.11 of [3]). Then by the result of Paulsen
mentioned In the Introduction, it suffices to
prove that p Is completely contractive homomor-
phism. But, in virtue of the Theorem 1, it reduces
to find a Hilbert space K, a contraction C € L{K),
operators A,B € L{H,K), and a countable family
{/} of linear generators of P(D) such that

such that,
> r-A Bl <. (37)
=0

From this corollary, one can obtain the
results of Rota [4]and the Sz-Nagy and Foias [5]
about similarity to contractions by more direct
procedures than those used in the proof by
Paulsen in [1]. See Holbrook [2].
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