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Ahstract 

The object of the present paper is to establish some resulta of triple Dirichlet average. ustng 
fractional caJculus. 
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El Promedio Triple Dirichlet y 
la Derivada Fraccional. 

Resumen 

El objeto del presente trabajo es eslablecer algunos resultados del Promedio Triple de Dirichlel. 
usando cálculo fracciona!. 

Palabras Claves: Promedio Dlrichlet. derivada fraccional . 

Inuoduction 

Carlson 1J1has defined Dirichlet averages 
of functions. which denote a certain kind of 
integral averages With respect to a Dirlchlel mea­
sure. Recently Gupta and Agrawal 121 have 
shown that the double Dirlchlet average Ls equi­
valent to fractionaJ derivative of two variables and 
il can be transformed lo AppeU fimctlons of two 
variables. 

We meation some relevanl deflnitions. 

Dirichlet measure: 
!.el b E Ck 

> : k ~ 2 and let E= Ek- I be fue 
Jstandard stmplex in Rk- • The complex measure 

Il" defined OD E by 

i 91- I ~1d flt.= B(b) Ul .. . 1L .... 1 

(1- u¡... u .....)brt-1du1... dut..-¡ ( 1. 1) 

where 

(1 .2) 

DirichIet average: 
!.et O be a convex set in C. lel z:= (zl . .. .. zkl 

E nk. k ~ 2 and let u.Z be the convex combinabon 
of ZJ •....•Zk. !.el f he a measurahle funcUon on !l 
and lel J.lb be a Dirichlet measure on fue standard 
stmplex E in Rk·] . Then fue definition Is. 

F(b.z) = f f (u.z)d ~ b(U) (1 .3) 
E 

where F is the Dirichlet average of fwith variables 
Z:= (zl., ..zld and paramelers h= (bl .......b¡J. 

If k= 1; we have F(b.z) = flz) . 

Dirichlet average 01 :1:0: 

Let n E N and Jet Ji b be a Dírichlel measure 
on the standard simplex E in Rk- J. k ~ 2 . For every 

C k
Z E define 

Rn(b.z) = f (u.z)" d/l¡, (u); (1.4) 
E 
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parlicuJarly when k= 2 . we obtain. 

R (R R' . ) _ f( [!r P') 
n ..... ..,. x,y - f( P) f( P') x 

1J(ux+ (1- u) yJ"u ~ 1( 1- u) W- )du (1.5) 
o 

where ~. po have positive real parts and x. y are 

unrestricted. 

Dirlchlet average of Xl: 

Let 14, be a Dirichlet measure on fue stand­
ard simplex E e Rk.-J. k;:: 2. Lel H be half plane 

ine - lo l. 

Lel n = H if t E e - N. but if t E N. Jet n = 
C . FOT every Z E nk define 

RI (b.z) = J (tu)' dJlt, (u) (1.6) 
E 

lf k= l . define Rtlb.z}= ZL 

where allerrlative noLaUon is R( -l. b. z) = Rt(b,z) . 

Triple average of function of one 
variable: 

!..el z be species with complex elemeots ZIJk. 

Lel u = (U] .. . ..u¡) be an ordered I-tuple of 
real non-negaltve weighls with Iu. = 1 and v = 
(V].: ...vm) be an ordered m -tuple ofreal nonnega­
tive weights LV = I and similarly w = (Wl ... . . WrJ 

J 
be an ordered n -tuple orrea! nonnegatiVeWeighls 
with IWk = l . 

We define, 

! m n 

u.2. (J. UJ==I. I. I. 
l = lJ "' 1k=1 

If Zljk la regarded as a poinl of lhe complex 
plane, aIJ tbese coovex combl:nations are poinls. 
in convex bull. denoled by Hlz). 

Lel 11 = ( J.L I .. ... f.t, ) be an ordered l-·tuple of 
complex numbers wilh positlve real parts (Re (¡J.) 

> 01 and similarly for a = (al •..... amJ and fl = 

U3¡.··· ..I3.J 
lhen W define dmJ1(u). dma(v) and <imp{w) 

as (J. I). Lel r be holomorphic on a domain D in 
Lhe complex plane. 

lf Re 1J.1) > O. Re (a) > O. Re I~) > Oand H (z) 

e D, we define. 

F ( 11, z. a. ~ )= 
111 f ( u.z.v.w)1 dm" (u) dIDo; (v) d.n:lp (w) (1 .8) 

Corresponding to the particular function Zl 

we define. 

R t ( 1-1. z. a. ~ ) = 
j j J (u.z.v.w)l dlllJ! (u) dma (v) dm~ (w) (1 .9) 

Fractional derlvative: 
One of the simplest definitions of an inte­

gral of fracUonaJ order is based on an rnlegraJ 
transformo called Riemann-Liouville operalor of 
fractional integradon. explamed in Oldham-Spa­
mee (4) is 

Do~: lJ(z)] = r;v) f!(L) (z- t)V- 1 d1 (1.10) 

Re (v) > O 

For further accounl of lhe subJecL one m ay refer 
Nishimoto [3). 

Main Results 

FoUow1ng resulls. expressing tbe equJva ­

lence of triple Dbichlel average and fractional 

derivaUves. have been estabnshed. 


Ro, ( f.t. f.t. : z; a. Q'. fl· 13') = 

(a)n (fl)n • 


(a+ a')n (!l+ l3")n Rn (J.L.~ :X. y)= 


(a)n @)n ( )l"'i1;l' r(1l+ ~') D -1" J!l ( )~- t 
(a+ a ')n (J3+ !l')n y-x r(~)!I->C y- X 

(2. 1) 

'. . . R R') _ r!J.L+ ¡:l')rta+ a' n _IDR (-v J.L. J.L. z. a . a . 1-" 1-' - r(~)r(a)f(~) 

Jt (l-d) l.,..-~· (1 -1) 1-a -a ' (l -g) 1-IHl 

x D 1~ D ~fD 1'~ [gfdf"(l_g)fl-l( l_j)a- l( l-d)f'- ] 

(2.2) 

R-v ( J.1. J.L.: z; a. a'. fl. fl') = r(~+ ~')r(a+ a ')D.l!:t..lD 
T(~)r(a)nll) 
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x (l-d) 1-jJ-jJ' (1 -0 l-a-(1' (l-g) I-Il-W 

(2,3) 

Proofs 

Lel us eonsider the triple average for 


=m =n =2) oC X -t trom (1.9): 


Rt t J.l., fl' : z; a, a', ~ , 13') = 
1 1 IJJ J (U.2,IJ, wj l drl1(I"IJ.')(u)
O o o 

x dm (a.a1(V) dm (11. W) (w), (2.4) 

where Re{J.l.) > O. Re(¡J') > O. Re(a) > O. 

Re{a') > O. Re(l3) > O. Re(p') > O. 

and 

2 22 


u.z.v,w.=I,I,I, U , Z,)~ v) W¡. 


1=1 .J= I Ic:l 


Assume in msl species 


7.Jl1 = a, Zl12 = b. Zl21 = C. ZI22 = d 


and in second species 


Z2 1 1 = e. Z212 = f. Z221 = g. Z222 == h 


alld Jet also, 


U I = u: U2 = 1 - u 


V 1 == v: V2 = 1 - v 

W I =W : W2 = 1 - w. 


If 1, thal 


(u,z.v,w) = (uvw{a - b - c + d - e + f + g - h) 

+ uv (b - d - f + h) + vw (e ~ f - g + h) 

+ wu le - d - g + h) + u(d - h) + vlf - h) 

+ w(g - h) + hl 

and 

f( +u') . J.I- 1(1drTltll 1(u) = ­ [' - II -
,,~,~ r&t} rÜ1') 

VI'­U, Id 
L/, 

r«H n') 
== - -

a- t (1- Id
drl1(o..u') (v) v (1 - u) u. 

f(a) reo:) 

drTl(~ Wl (w) = ru» W) uf- I( 1- w)W - ¡dw, , np) ron 
Pulting thes value in (2 .4), we geL 

'" ' '_ r(p+ f! ')!Ju+_a ')r(¡»j')
Rt Ifl, J.l. , z. a. a ,11,13)- r(f1)r(fl')r(u)ra')f(I3)f(W) 

1 I 1xI J J I uvw (a - b - c + d e + r + ~ - h) 
O O O 

+ uv(b-d -f+b) + vw( e-g-f+h) + wu( -d -g+h) 

+ u (d - h) + v ( f - h ) + w ( g - h ) + h 1I 

• ul'-I(J -u)I" - 1 va- 1(1 _v)Q'- 1 w' I (l -w)W- ' du dv dw 

(2 ,5) 

In order lo oblaln Ule fradlonaJ derivativt' 
equtvaJenl lo the bove inl graJ o consider lhe 
following cases: 

Case 1: lf a =x: e = y: b =e =d = f =g == h =O and 
t == n in (2,5), lhen we have 

' " ' . _ r(fl+ fJ' )r(a~u')r(!l+ 11')
Rn (¡J. fl, Z. n, a ,13·(3)- f(fl)r(¡.l')r(u)r(u')r(\3)rU1') 

I I 1 
x J J f I uvw(x.-y) + vwy)" UI'- l (I _u)J.i'- 1 

o o o 

" va- I(I_v)(l'- 1 ~l (l -W)I3'-l du dv dw. 

Using tht" dellniüon 01' Bela runclion ane! 
due lo suitable adJustmenls, we arriv al 

Rn (¡J, fl' ; Z; a. a' . (3. Ill= 
(a)n «(3)n D¡.t+ ~I ' ) 

(n+ a')n (!l+ W)n . r(¡.t)r(fl·) 
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1 

1 J[uxt (l-U)Y( tf-l (l -Uf'-l tiu 
O 

using 14\ we arrive at fue result 

Ro (¡.t, ~'; z; a. a', p. W)= 
(a)n (PhI f(¡.L+ 11') 

(a+ a')n ((}t P')n' f(¡.L) 

X (y_x)l-I1-I1' D11' ~(y_X)P- l 

Case ll: lf a = dfg: b =: df: c= dg: e= fg: h ::: 
1 and l = - v in (2.5) we get 

" _ ' '_ r(¡.t+ ¡.t')r(u+ u')fq>+- w)
Rv (¡.t, ¡.t, z. u, u ,J}.I3)- r(¡.t)r{J.1')r(a)ra')r@)r({3') 

r1 I I 
x L J J [ uvw{dfg - df - fg - dg + d + f + g - 1) 

o o o 

+ uv (dí - f - d + 1) + vw{fg - f - g + 1) 

+ wu(dg-d-g+ 1) + u(d-l) + v(f-l) + w(g- l) + 11 -v 

lt u ...- l(l -u)~¡'- I v(X,-l(l_v)a'-1 ifl (l -w)fJ'-ldu dv dw. 

Further, on suitable adjustments of terms, 
we-have 

1 I I 
x f Jf 1(l -u(l--d)) (L -vO-O) (l-w( l-g»J'v 

o o o 

Putting u=6· 1J=0' w = l~g' 

we obtain, 

x (l -d) 1-...-...· (1 _t)I-a.-a.' (1 _g)l-Il-W 

_JI-9fl- JJI -d~ r~ l -p)( l-q)( l -rlrv rll- 1(l_g_r)l3'- l 
o o O 

,.- qa-I {l-f-q} a'-) pll' l (l--d-p) ...'-l dp dq <ir, 

Now USing definltlon of fractlonal d@JivnHv~ 
(l . JO), and 00 obvious adJustments oC lerms, we 

gel 

'., , , _ r{J!t fl')f(ut U')f(jH- W)
R-v ( ~, Il ' z, a, a, ~, ~ ) - f(~)f(u)f(~) 

x (l-d) l-I'1l' (I -1) . -0.-0.' {l _g)l -~-~' 

X Dtd DtiDl~ IdJgrv(l_g)~l(l_j)a-l(l-d)p-l 

which completes fue analysis for (2.2). 

Case IIl: ti a =d+ f + g -2, b = d+f - 1. 

e =d +g - 1, e", f +g - 1, t = -v and 

h ::: 1 in (2 .5) then we gel. 

' . , . • _ f(¡.L+ ~t')qa+ a')f(1!! W)

R-v Úl. ¡.t , z. u . u ,13.13)- f(¡.l)f(¡.t')r(u)r(a')r(~)r(I3) 


J< Lr1 JIJl I l -u (l-d) - v( 1-0 - w( l-g) rV 

o o o 

J< ull-I(l -u)"'-I va-1(J _v)a'-1 ~I (l -w)P'-ldu dv dw. 

onputttngu = 6 · V==0' and w = 1~g' we 

get 

'. . . ' _ fOH ¡.t')qa+ u')r(f}t ~')
R-v Úl' ~ • Z, 0.. U ,f}.~)- f(¡.t)r(J.1' )r(u)r(o.')r(j})r(j}') 

• (1-d)1 ....-...· (1 _01-a.-0: (1 _g)l+W 

I-v B- J ( )p'-}I l-p-q-r r- l-g- r 

lt qa-l (l -f-q) a'- } p"'-) (l-d-p}...·-l dp dq dr, 

Now ustng tbe definition of fractlonal derl ­
vative (1.10), we have, 

'. . . • _ r(¡.1+ I·í)f(a+ a')f(1!+ P')
R" ( ¡.t. ¡.t . z, u, u ,j}, f} ) - f(¡.t.)r(a)r(f}) 

:lO (l_d)l'11'11' (1_1)1-a-a.' (J _g)l -IH~' 

x D1'.dD~jD~ld+J+g -2rV 

which compleles the analysis oC (2 .3)_ 
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