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Abstract

The object of the present paper is to establish some results of triple Dirichlet average, using
fractional calculus.
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El Promedio Triple Dirichlet y
la Derivada Fraccional.

Resumen

El objeto del presente trabajo es establecer algunos resultados del Promedio Triple de Dirichlet,
usando calculo fraccional.

Palabras Claves: Promedio Dirichlet, derivada fraccional.

Introduction _ [(by)...T (b
By = T(b1+ ...+ b) 0.2
Carlsen [1] has defined Dirichlet averages

of functions. which denote a certain kind of
integral averages with respect to a Dirichlet mea-
sure. Recently Gupta and Agrawal [2] have
shown that the double Dirichlet average is equi-
valent to fractional derivative of two variables and
it can be transformed to Appell functions of two
variables.

Dirichlet average:

Let Q be a convex set in C, let z = (2)....,2K)
€ Q% k >2 and let u.z be the convex combination
of Z1,....4 zk. Let f be a measurable function on Q
and let py, be a Dirichlet measure on the standard

simplex E in R*!. Then the definition is.
We mention some relevant definitions.

Fb2=| fezdp,m (1.3)
Dirichlet measure: =
Let b e C* : k> 2 and let E= Ex.1 be the where F is the Dirichlet average of fwith variables
standard simplex in R The complex measure 2= (21....zx) and parameters b= (b;,...... bi).

b Semmerlon B by If k= 1; we have F(b.) = flz).
Dirichlet average of x™:

Letn e N and let p | be a Dirichlet measure
on the standard simplex E in R*, k > 2. For every
(- uyu, )2 Ydu,...du, (1.1) ze C* define

where Ru(b.2) = jE (w2 dy, (u): (1.4)

l _ -1
d]..l.h= ﬁi kal 1 are ut_‘“,’
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particularly when k= 2, we obtain,

e TCBED)
Fn (B8 9=y rp *

1 .
Io[ux+ Q- y"u® - w P ldu (1.5

where , p' have positive real parts and x, y are
unrestricted.

Dirichlet average of x":

Let p, be a Dirichlet measure on the stand-
ard simplex E c R*!, k> 2. Let H be half plane
inC-{0}.

let Q=Hifte C-N,butifteN, let 2=
C. For every z € QF define

Rt (b,2) = IE (u.z)' dy, (u) (1.6)

If k= 1, define Ry(b.z)= 2"
where alternative notation is R(-t, b, z) = Ry(b.2).

Triple average of function of one
variable:
Let z be species with complex elements zx.

Let u = (ui....,u) be an ordered I-tuple of
real non-negative weights with Yu, = 1 and v =
{(v1.....vmm) be an ordered m-tuple of real nonnega-
tive weights Evj = 1 and similarly w = (w1,....wy)
be an ordered n-tuple of real nonnegative weights
with Ewk = 1.

We define,

If zjjk is regarded as a point of the complex
plane, all these convex combinations are points,
in convex hull, denoted by H(z).

Let p = (pH1.....); ) be an ordered [-tuple of
complex numbers with positive real parts (Re (u)
> 0) and similarly for a = (ay...... Om) and P =

Then we define dmy(u). dmg(v) and dml,(w]
as (1.1). Let f be holomorphic on a domain D in
the complex plane.

If Re (1) >0, Re (&) > 0, Re (B) > 0 and H (2)
c D, we define,

Flp.z.a.B)=

i f(u.zv.w) dmy (u) dmg (v) dmg(w) (1.8)

Corresponding to the particular function 7
we define,

R:(p.z.a.B]:

If] (uzv.w' dmy (u) dme (v) dmg (w) (1.9)
Fractional derivative:

One of the simplest definitions of an inte-
gral of fractional order is based on an integral
transform, called Riemann-Liouville operator of

fractional integration, explained in Oldham-Spa-
nier [4] is .

1 rf(t)(z—t)""dt (1.10)

-~ _ 1
Do.z U‘(z)] - Tw) s

Re(v)>0

For further account of the subject, one may refer
Nishimoto [3].

Main Results

Following results, expressing the equiva-
lence of triple Dirichlet average and fractional
derivatives, have been established.

Ra(p.pizia, o, B.B) =

(@)n (B)n v -
@+ Q) (B B o G50

(@n B)n ) T T+ ) P -1
@+ ) (B B I e DX G-
2.1)
e oran. il _ D (e a)U(B+ B
Rv(p pizionof, B p) = T(OT@r(B)

K(l'd) Ip-p' (l_n 1-x-a (l_g) 1-p-f

x D% D% D ¥4 lgfd ™ (1-9)* ' (1" (1)
2.2)

. . o _ Dt (o o)T(B+ BY)
Rev (i s 0 o B B) = = i NeT ()
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x (1-d) ¥ (- o (1 1R

Dy DT% D a ldfrg-2T (1= (1" (1-gF
(2.3)

Proofs

Let us consider the triple average for
( =m=n=2)of x * from (1.9):

Ri(p phzo o, B P) =
11l
t
.U d
jo Io Io (wz.v.w]” dmgy(w)

x dm (e.a)(v) dm (B. B) (w). (2.4)

where Re(u) > 0, Re(p’) > 0. Re(a) > 0,
Re(a’) > O, Re(p) > 0, Re(p’) > 0O,

and
2 2 2

u.z.v.w.=zzz Uy B ¥, Wy

=1 1 =1

=[uz, \v,w, +uz vw, +uz,v,w,
F U Z19oVo Wy + UgZy V(W) + U7,V Wy

+ UyZoy (VoW + UyZoy VoW, |

Assume in first species

zii1=a,ziiz=b. zj21=¢. z122 =d
and in second species

z211 =€, z212 =1, Z221 = g, 2222=h
and let also,

uj=u;uz =1-u

Vi =vivy = 1-v

wi=w:wg=1-w,

vch that

[uzvw]=[uvwia-b-c+d-e+f+g-h)
+uvb-d-f+h)+vw(e-f-g+h)
+wu(c—d-g+h)+u(d-h)+v(l'-h)

+wig-h)+h]
and
dmgn (u) = T ) (1= uf du,
' () M)

_ Mota) a1y a-1
dme.a) (V) = Fo) M) o™ (1= v)* du,
dmggy (w) = Fl;g*’rl(sﬁ)) u” l( 1- w)D" Tdw,

Putting these values in (2.4). we get,
Fp+ )Mo+ o)+ )

Re (. w2 o 0BBY= o mMaFa ) r@INS)

x_[;j;j; [uvww(a-b-c+d-e+l+g-h)

+ uv(b-d-f+h) + vw{ e-g-f+h) + wu( c-d-g+h )

+uld-h+v(f-h)+w(g-h)+h]

P - v ) W (1-w)P T da dv dw
(2.5)

In order to obtain the fractional derivalive
equivalent to the above integral. consider the
following cases:

Case:lfa=x;e=y;:b=c=d=f=g=h=0and
t = nin (2.5). then we have
F(pt+ pOlNot a)l(P+ )

Ra (. w2 0 6B B)= b r M@ rGIre)

< Jl Jlr [ uvwix-y) + vwy]™ u** (1-u)*!

070°0
« v v wP ! (1-w)P ldu dv dw.

Using the definition of Beta function and
due to suitable adjustments, we arrive at

Ra (p p': z: o, o, B, P)=
(@B C(pt+p)
(o o)n (B+ Pn - TOT(Y)
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1
x [ Tt (1w ¢ 0w du

0

- (@n B)n -
@ @ B+ B, 2 H 3% Y)

using [4] we arrive at the result
Ra (1 p' 2 @ o, B, )=

@nB)n  Tp+p)
(@ o) B+ P)n " Ti)

X (y ¥ D¥ Xy

Case ll: Ifa=dfg:b=dfi c=dg:e=fg h =
1 and t = - v in (2.5) we get

ey vy L+ pOCet+ o)+ B
Rov 46 20 0 BB b M DT T BT )

. j;f;j; [uvwddfg - df - fg -dg+d + f+g - 1)

+uv(di-f-d+ 1) +vwifg-f-g+ 1)
+wu(dg-d-g+1) + ufd-1) + v(f-1) + wig-1) + 1]
(1) v v WP (1w du dv dw.

Further, on suitable adjustments of terms,
we ‘have

Sy va o T o+ o)+ B
Ryl wiz & BB b i r@N @) rer®)

1 .1.1
« T toua-a) g -wi-gl
0°0°0

" - v (1) wP ! (1-w)P ' du dv dw.

o T e @)+ B
Rov 1 2 0 @B B)= 1 M @)D) T BT ()
= (1-d)' M (11 (1g)' PP

1-g d-f d=d
x " - A g P!
LT mepeguar g

= q*' (1-f-q) T p* 1 (1-d-p)*! dp dq dr.

Now using definition of fractional derivative

(1.10). and on obvious adjustments of terms, we

get

T+ )Mo+ o)T(P+ B)
TN@r)

x (1-d)' ¥ (10" (1-g'*F
xDa D% DT ldfal™(1-9* ' 1=p" " (1-d)*!
which completes the analysis for (2.2).

Rv(p iz a o, B.p)=

Case Il fa=d+f+g-2.b=d+f-1.
c=d+g-l.e=f+g-1.t=-v and
h = 1 in (2.5) then we get,

e D T o)D)
Ry . Wi 2 o0 € BB)= 1o ReR @M BN ®)

= J:J:I; [ 1-u(l-d) - v(1-) - w{l-g) Y

z uﬂ’l(l_“)ll'—l va~1(l_v,(!'-l Wﬂ—l (I_W]ﬂ'-]du dv dw.

r

P g e
On putting u = o U l_f.and w= l_g.we
get

o o g Tl (0 @I+ E)
Ry (. Wiz o B B)= o RN @I E)

= (1-d)"* ¥ (-9 (1-g)' PF
Jeg A=f d-a :
N I gI I [1-p-qrl™ ' (1-g- P2
o "o ‘o
= q* ! (1--q) ! p* ! (1-d-p)*! dp dq dr.

Now using the definition of fractional deri-
vative (1.10), we have,

Dt p) (ot )T+ B)
T (B)

Rv (M. p:z a, o,B.B) =
x (1-d)" ¥ (1'% (1-g" PP

= D¥aD%DP,Id+f+g-2I"
which completes the analysis of (2.3).
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