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ON THE FRACI'IONAL CALCULUS OPERATOR INVOLVING 
GAUSS'S SERIES AND ITS APPLICATION M CERTAIN 
S A T I m C A L  DICTRIBWONS 

The fractlonal derivatlve of f íx )  f o r  Re(a) r O 1s given 
bv 

This paper 1s deallng with a generallzed fractional 
calculus introduced by the  f i r s t  author. The irnages of 
some elementary functions under the  operators of th ls  d" 
calculus a r e  presented in terms of multlple ~ ~ f ( 2 ) = - P + " ' 8 - " ' 9 - "  dzn  O' f (z), 
hypergwmetric functions. These results a r e  applied t o  a 

(1.2) 

certain statistical dlstributlon and a generallzed 
Dirichlet distributions. Further results concerninn - 
these d1strIbutions and h 0 - m  particular cases a r e  also provided tha t  n 1s a posltive Integer such tha t  -Re(a) < 
mentloned. n S -Re(a) + 1. 

RESUMEN The ~ a u s s  hypergeometric function F(a,b;c;z) 
appearing in (1.1) 1s a special case of the  generallzed 
hypergeometrlc functlon 

Este t rabajo t r a t a  de  un cálculo fracciona1 
generalizado Introducido por e l  primer autor . Las 
Imágenes de algunas funciones elementales bajo los -.  P 
operadores de e s t e  c&lculo son presentadas en tCrminos m l l ( a j ) m z , ,  
de funciones hipergeomttrlcas múltiples. Estos j-1 
resultados son aplicados a c ier tas  dIstribucIones pFv(a'' ' ' ' b i r  ' ' bq; '1 = 7- 

"'O l - t (b i )m 
m! 

estadísticas v a distribuclones generalizadas de 
Dlrichlet.  demás se  mencionan t a h b i t n  resultados 
relativos a e s t a s  distribuciones y casos particulares 
conocidos. 

where 

1. INTRODUCTION 
r ( a  + n)  

(U)" = - 
r ( a )  

, for n = nonnegative integer, 

For a ,  ,3 and i) any complex numbers with Reía) > 0, 
we define the  fractional Integral of a function f (x )  by 
(see IiiI) 

IO"? f  (z) = 

1s the  Pochhammer symbol and F(a,b;c;z) = F (a,b;c;z), 
2 1 

1.e. p=2, q=l. 

Special cases of (1.1) yield the  Riemann-Llouville 
( t )dt  (l.') and Erdtlyi-Kober Tractlonal calculus operators  
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( a  ) abbrerlates the -y of p patameterp a l . .  ... a 
? P. 

etc. Especlally. we d d  wlth tm such serles: 

S-- 
ggf (.) = i;? f (S) = 

( Jt"1 Jt%k-';l 
.) ía = a*."$ 

C1,Cq: -; e-.; -; 

m fract1OO.l E.IO.~U operatar I:;P of Integral for ( l c , l * . . . * IcnI '  < 
and 

(1.1) and of dlffcreklal  (1.2) ras lntroducsd by the 
f i r s t  author 1111. and l a t a  on applied t o  varlous 
problems in analysis, hcludlng the Euler-Duboux a : 61; . . -; b.; c l ,q ;  
equatlon (121, 1191. the theory of univalent functfons ( n ) ~ : 2 i  = F 
1201. [El. 1161, the potential thmry [SI. the theory d :  -; ...; -; 
of integrrl t ransfams 1211. 141. 1151 and SO on. A 

e; 

~ I O J I U S  for  thwpetntoro q?'' ami i t s  -ari.jo~nt f o m  
PP." aíso disnissed in 1131 on the spia F 

=t. 
P.C (1.6) 

defined by A.C. UcBrlde and on i t s  dual space of 

generailzed functions F:,#. . for  ~ m x  ( I c , I  . . . . . l  onl) < 1. 

l'he present paper 1s Intended to  apply o w  l'he series (1.5) is a generalization of the 
fractional calculus operator to  ctrtain statlstlcal ~ u r ~ a l l a  fourth sefres i61 
dlstrlbutions. We ffrst mentlon several formulas nivine - - 
the fractlonal dlfferlntegrals calculus of some 
functlons in termo of multiple hypergeometrlc functlons 
(1.5) and (1.91, below. T h e  results a re  then applied 
t o  our problem of statistical distributlon. Further , l > " ' i b n ; ~ ; ~ ~ , . " , ~ . ) . , z n ]  
results concerning these distributions are obtalned, and 
known particular cases are  also mentioned. Incidentally. 
the fractlonal calculus o p r a t o r s  have been used in = 5 (a)m,+...+m.(bi)mt ' ' ( b n h .  c. 
statlstlcal problems, d. e.g.1iOl and 1221. 

mi,.-,m.iO (c)ml+-.+mi 
mi! 

In thls work we shall use the generallzed K m @  de 
FCrlet function (see118. p.381) of the form 

OD zl" 2,'. 

= A ( s l , . . . , s . ) 7 . . . - -  

,l....,,.-O 31. a,,! ' 

where 

for  max (Jx1l,  . . . , J  xnl) < l. 

It p known (d.118. p.351) that the mnfluent series of 
F: has the form 

@$)[a, b l ,  . . . , bn-1; c; .h. . . ,S,,] 

- - C (a)m,+...+m.(b~)m~ . . . (bn-~)m,,-~ c. , , 

~ I , . . - , ~ . = O  (c)mt+.-+mrn ml! m,,! 

and its generalization relating to the series (1.5) is 
(1.4) recognized to be 
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m 2 (a~L,+"*.(e)m,+...+~.(h)~, . ..(6.-1) m.-, c., , 

-I.-.c.-o (cr)m,+.-.+r.(s),,+...h. mi! -! ' 

(1.9) 

express the Gauss serles by a series expansion, and 
in tega te  term by term. Thus. (2.3) can be written In 
the form 

Then an appllcatlon of the formula [9.(7.4.4.911: 
Thrwghout thls paper we will denote K E A,3.,, If 

complex numbers K. 13.31 satisfy the Inequallty 

3F2 ( O ,  b, C ;  d, a - n; 1) = 

m 1. ~f Reta) > O. K E A@,,,. a a poslt[ve 

number, c Ls 4 c0mpleX mmber and for  a 0. -1. -2, ... and Re(d-b-c) > n with 
nonnegative integer n. implies the formula (2.2). where 
the relatlon 

I L I  < 1, then 
z + a  

(a - n - k). = (-1)" (1 - a)n+k 

(1 - .)k 

=RK 1. Whm c=O in L e m a  1, we r m l v e  the 
foliowing known formula due t o  Saigo and Raina [14, 

PROOF. Let us by in the P.16 L e m a  11 wfthout anY restrlctlon on the order cr o€ 
the fractional integration or differentiation: 

integral 

LElYHA 2. If K € A , a J and c ( j  J = 1 ..... r )  are 

(2.3) complex numbers. and max [ 1 al x 1 ,..., 1 ar x 11 < 1. then 
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REMARK 3. Another known resul t  of Sr ivas tava  and 
t. -C Goyal 117, p.649. Eqn.(3.7)1 

PROOF. ~f we use  t he  expansion f o r  n (1 - '. 
J =1 J 

and change the  order  of surnrnation and integration in 
L.H.S. of (2 .5) .  w e  obtain: 

c 
r-1 

,=1 1 
L.H.S. = - 

r ( I  + = r * + q $ ) [ l  +6,cl , . . . ,c.- i ;  I + ~ + o ; a , r , . . . , a . - , z , a , r l .  
r ( l + ~ + n )  

m 
( ~ 1 ) ~ ~  . ' ' ( c ~ ) ~ ~ ~ ~ ~ ~  , , , a , m , l ; ~ i ~ Z n + r n i + . . . + m r  

provided t ha t  rnaxl lala[ ,.... larel 1 < 1, and a is 

a rb i t r a ry .  follows frorn (2.7) when ,3 = -a. 
Invoking t he  known resul t  (2 .4)  and then in terpre t ing  
with the aid of definit ion (1.5), we ar r ive  a t  (2 .5) .  

REMARK 4. On replacing a by b/ X and c by X and 
REMARK 2. A known special  case  (f3 = -a) of (2.5) i s  

letting + m in  (2,5),  and in  vierw of the relatiLns 
the following formula 

i ( )  ( )  = 1, a n d  
IcI-m 

-e 
iim (1 - a) = es, 

e-m 

~ ~ ) [ 1 + ~ , ~ , , . - . , ~ , ; 1 + n + c u ; a ~ z , . . ~ , a , . . j  (2.6) 
we find t ha t  (2.7) can be obtained frorn (2 .5)  too. 

valid for  a'1 values provided that 3. STATISTICAL DISTRIBUTION. Let  us  define a f'arnily of 
max[ l a l x l  ...., I a r x ( l  < 1. which i.. recorded in distributioiis having t he  probability density function 

Sr ivas tava  and Goyal 117, p.649, Eqn. (3 .6) '  (p.d.f.1 of the  forrn 

By using Lernrna 4. 1141 we obtain: 

LEMMA 3. If Fc E A f3,11, a ( j  = I ...., r )  a.id c ( j  = 

l. ..., r - 1) are cornplex numbers ,  an 1 
r n a x i l a e l  ,..., Iar_leIl < 1 then 

- h ) P - ' ( k  - 2)"- 'F k - h  

. n[l -a,( . -  h ) ] - " ,  for h < z  Sk, 
,=1 

0, elscwhere, (3.1) 
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where K > 0.B.ii.a c > O(j = I*...sr) are Let us mnsider the function g(o) of the form J' J 
with p-l S A 

B.iiand 

max ( a ( k - h ) l  < 1. h * k. and 
ISJS. 

with d > O(J = 1. .... 6)  and max lb (k-h)l<l. and let 
(33) J i S J 4  

a p.d.f. f(e) be giren by (3.1). then we have 

To verify tha t  (3.1) represents a p.d.f.. we notice 
that  

j=i 

whme u = k-h. An application oí Ltmma 2 yields: 

Introducing the substitution e for  e - h. .we have 

wnere 

where u = k -. h. Making use of Lemma 2, we find that  
(3.1) is  indeed a p.d.f. and u = k - h .  

4. EXPECTATION OF FUNCTION. For any function g(x) ,  the 
expectation of g(x) with respect to  the p.d.f. f ( x )  is  5. CUMULATIVE FUNCi'lON- 'Ihe cumulative probability 

given by function f o r  the distribution function F( t )  i s  given by 

- 57 - 
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For the p.d.f. f í e )  defined by (3.1) and for  h 5 t 
S k, we have 

= 1 /<(, - h p l ( k  - Z ) ~ - ' F  
A  h k - h  - 

U - Z  
z p l ( u  - Z ) ~ - I  F ( a  + B, -ni a; y) (5.2) 

where u - k - h. Using the continuation formula of the 
Gausa functlon 

t - h  
.l(t - h).  . . . ,%(f - h) ,  U-j 

(110 - h) ,  . , cs(t - h) ,  - 

In terms of the generallzed KampC de FCriet series (1.6) 
and by vlrtue of the integral representatlon of the 
Lauricella functlon (1.7) ísceI21): 

where u - k - h and Al is defined in (4.5). 

For t < h.F(t) = 0, and for  t > k, F(t) is 
rmgnized  t o  be (5.3) by replacing (t-h)/u with 1. 

REMARK 5. The formula (5.3) reduces in the special 
case to the result given in 12, p.2211 ln the special 
case 6 - -m. h = 0.k = l. 

and the Euler transformation 
6. CHARACiEF3STiC FUNCTiON 

F(a,  l; c; z )  = 
The characteristic function p(t) of a randorn 

varlable a with respect to a p.d.f. f ( e )  is defined by 

(1 - z)-'-~F(c - a, c - 6; c; z ) ,  1 arg(1 - z)l < ñ 

m 

~ ( t )  = E+'=) = /_ e'- f (.)d.. 
in the resulting two terms on the R.H.S. of (5.2). using 
the series vpanslon for  the Gauss function and 
Integrating term by term. we a re  led to the result 

For the p.d.f. f(e) In (3.1). we have 

1 r(- ,9+n)r(P-B)r(p+a+r]) t - h  
F ( t )  = - 

Al r(-m(ir + n)rb - p + n ) r ( ~  + 1) (Y) 1 
~ ( t )  = - l k e i - ( z  - h r l t h  - z)a-l 

p :  el; ...; G; -a -V+ l , p + l ;  A h - .+l,.% l P + ,  : ; . ..; -; 8 - 9 + 1 ;  (6.2) 

( 
\ r 

F a+&-9; 
(5.3) 
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ü~ puttlng O - h = 2.í6.2) ghes 

( 0, eleewhere, 

(7.3) 

and 

W i m  u - k - h. Now wIth the help of Lemma 3, we arrlve 
to the followlnp repult: 

~ ( 2 )  = 

y ( t )  = eih' 
I 

- h)*-'(k - Y ) ~ - ' F  
k - h  

I 

np- bj(y - h)]-'1, for h 5 y 5 k, 

whse  a > 0.A > O,@,n,p.p.a.c > O. ( j  = 1 ,..., 1-1, 
J J  

b d >O (1 = l.....&) are real numben wlth 
1' 1 

~MX 1 bfk-h)l<l, A 1s deflned by (3.21, and V Is given 
In this m l o n  we ftnd the form of thc ir,k 

<IJstrlbutlon of the ratlo X/Y. where the random 
varlabla X aad ,Y have p.d.f. p(e) and qíe). by 
1wpectively. we Ret 

X 
w = and 

so ümt Y - ~ o g  w - log x - ~ o g  Y. m e  charactwistIc , [ q * q - ~ + ~ :  '1; ...i d a ; ) l ( k - h l  ,... 
function for v ie then q - p , q + A + p :  -; I -, I 

We e n l u t e  the i n m a l s  1, and Iz occumlng In 

(7.2) when p(el uid q(0) are deflned by (7.31 and (7.4). 
we have 

1 h .  

(7.q 11 = x~ z U ( z  - h r l ( k  - z)O-'F 
k - h  

, 
~ e t  h k and let the p.d.f. p(e) and q(y) be of , [l - a j ( z  - h)]-' dz 

the type (3.1) deflned by j-1 
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where, as before, u stands fo r  k-h. Applying suitably 
Le- 2 as 

Itl < 1. max (lalul ..... laruI) < 1. we get 

Similarly. proceeding a s  before we evaluate I2 and 

i t  i s  given by 

p + i t , p + i i - @ + q :  ci; ... ; 4 ;  -it;  h 
~ ~ + ~ ~ F ~ [ ~ + ~ ~ - ~ ~ + ~ + ~ + ~ :  -; ...; -; -; a l * . ,  . .%u9-;] 

9 - P , q - i t - p + p :  d l ;  ... ; d.; it; h 
. ( ,+~)F:A[  - , t - , , ,  q - i t + A + p :  -; ...; -; -; biu.. . . .b.u. -;] 1>, 

where A is  given by (4.5). 

(7.9) 
and 

The equation (7.8) may be rewritten a f t e r  putting 
It = e a s  

(7.11) 
q - i t , q - i t - p + p :  d,; ..-; d.; i l .  

- 
q , q - P + P :  4 ;  .-.; d.; bl" , . . ,  b," 

'.'F:D - p,q + + ,, : -; . . .; -; 
involving the multiple series, where, f o r  convenience. 

,=1 1'1 

In view of (7.2). (7.6) and (7.7). the  density 
function fv(o)  f o r  v follows readily by effecting t h ~  

inverse Fourier transform. and we get  ~ x p r e s s i n ~  the contour integral in terms of the Meijer's 
G-function [71. we s e t  the density function f o r  ra t io  w 
= X N  on replacing e by a given by 

h - (a , (k  - A)),' .. . (a,(k - h)),, (bl(k - h))"' . . . (b,(k - h ) p  (--) 
k - h  
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1 - n , l - p - M - m , l - p + P - 7 - M - m ,  where p > O. A > 0.p > Oí1 = 1, .... r1.p and p a r e  r ea l  

m , q + N + n , q - p + p + N + n ,  numbers with p - 1 E A and 
P ~ P '  

where L i s  given by (7.10). and A and V a r e  given by 

14.5) and (7.9). and M.N a r e  the  sums of inteners 
defined by (7.12). 

REMARK 6. Each of t he  resul ts  s t a t ed  in Sections 3 To verify tha t  (8.2) represents a p.d.f., we - 7 above would yield several known o r  new results.  For observe tha t  
exarnple, if B = -a, k = 1 and h = O. then in th is  
special case  al1 the  resul ts  s t a t e d ,  in this paper 
correspond t o  the  resul ts  discussed in 12. pp.219-2401. 
a f t e r  carrying out necessary simplifications. /. . - / / ( E , , . .  . ,z.)drl. .  .dz, 

In this concluding section we present an extended forrn ( = n ~ ( ~ ~ ,  . . . ,p.) /lp ZE~- - ' (Z  - a)v-'(p - z)'-'F A + p, -P; a; 
of tfie Dirichlet distribution [2, p.222, f7.2.11. We 
know tha t  the  Liouville's extension of the  Dirichlet's = R B ( ~ ' ,  . . . ,p,)r(~)uA+'~~;f2{up-'(u + a)EP6-'}, 
result (see[il)  is 

for  any integrable function víz).  where the  integrated 
region in L.H.S.is a 2  O ( i  = 1. .... r). a 5 x + ...+ 

.z S p with O < a < p, Reíp,) > O, ( i  = l. .... r). the  
r 

sigrna denotes a surnmation with respect t o  i throught 1 
to r ,  and B rneans the  generalized beta function 

where u = p - a. Now using Lemma 1 and in view of (8.3). 
we find tha t  the  value of R.H.S. of (8.41 i s  unity, 
showing thereby tha t  (8 .2)  is a p.d.f. 

The character is t ic  function. the  distribution 
function and the expectation of certain functions can be 
obtained f o r  the  multivariate distribution (8.21, we 
skip the  details and end this paper by rnentioning tha t  
the  distribution (8.2) corresponds t o  the  Dirichlet 
distribution [2. p.2221 in the  special case  when a = 0.6 
= 1.p = 1, and p = -A. 
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We consider the multivariate density function a s  assistance. 
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NOTE: 

I t  i s  worth mentioning that  generalized fractional 
calculi whose operators involve the Causs function have 
been considered also by: E.R. Love (1%7-19741, 
S.L.Kalla and R.K. Saxena (1969, 19741, S.L. Kalla 
(1980). A. McBride (1982, 19841. etc. Al1 these calculi 
a r e  quite special cases of the  generalized fractional 
calculus dealing with C- and H-functions a s  kernels: 
Kalla (1969. 1980). Kiryakova (1986-1989) Kalla and 
Kiryakova (1990). From this  point of view. the 
applications of the results in Section 2 to  statistical 
problems in Sections 3-8 a r e  interesting a s  showing some 
of the  various applications of this topic. and have 
practica1 importante. 
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