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ABSTRACT

This paper is dealing with a generalized fractional
calculus introduced by the first author. The images of
some elementary functions under the operators of this
calculus are presented in terms of multiple
hypergeometric functions. These results are applied to a
certain  statistical distribution and a generalized
Dirichlet  distributions. Further results concerning
these distributions and known particular cases are also
mentioned.

RESUMEN
Este trabajo trata de un cdalculo fraccional
generalizado introducido por el primer autor . Las

imigenes de algunas funciones elementales bajo los
operadores de este célculo son presentadas en términos
de funciones hipergeométricas multiples. Estos
resultados son aplicados a ciertas distribuciones

estadfsticas y a distribuciones generalizadas de
Dirichlet. Ademds se mencionan también resultados
relativos a estas distribuciones y casos particulares

conocidos.

1. INTRODUCTION

For @, B and n any complex numbers with Re(a) > O,
we define the fractional integral- of a function f(x) by
(see [11])

27f(@) =

z—a—Fh

T /(z—t)" 1 (a+ﬁ,—7], 1—-—) f@)dt. (1.1)

ON THE FRACTIONAL CALCULUS OPERATOR INVOLVING
GAUSS’S SERIES AND ITS APPLICATION TO CERTAIN
STATISTICAL DISTRIBUTIONS

The fractional derivative of f(x) for Re(a) = O is given

by
dar
B2 f(z) = g2 5™ " f(a), (1.2)

provided that n is a positive integer such that -Re(a) <
n s -Re(a) + 1.

The Gauss hypergeometric function F(a,b;c;z)
appearing in (1.1) is a special case of the generalized
hypergeometric function

H (al )m

PFQ(alp"':ar;bh" y Z J-x = (13)
= H(b dm
it
where
I(a+
(&)= %, for n = nonnegative integer,

is the Pochhammer symbol and F(a,bjc;z) = zF‘(a.b;::;z).

i.e. p=2, g=1.

Special cases of (l.1) yield the Riemann-Liouville
and Erdélyi-Kober ‘fractional calculus operators
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Reu(#) = BS*f(2) = s [ (2 = 07 fe)e, and

E21() = B2 () = o [e - oo se,
respectively, (cf. [11])

The fractional calculus operator lz'g’" of integral

(1) and of differential (1.2) was introduced by the
first author [11), and later on applied to various
problems in analysis, including the Euler-Darboux
equation [12), [19], the theory of univalent functions
[20], [8], [16], the potential theory (S}, the theory
of integral transforms- [21], [4], [1S] and so on. A

calculus for theoperators l‘:'em and its adjoint form
T 'g"' was also discussed in [13] on the space F' .
X, i

defined by A.C. McBride and on its dual space of
generalized functions F: mr

The present paper is intended to apply our
fractional calculus operator to certain statistical
distributions. We first mention several formulas giving
the fractional differintegrals calculus of some
functions in terms of multiple hypergeometric functions
(1.5) and (1.9), below. These results are then applied
to our problem of statistical distribution. Further
results concerning these distributions are obtained, and
known particular cases are also mentioned. Incidentally,
the fractional calculus operators have beepn used in
statistical problems, cf. e.g.[10] and [22].

In this work we shall use the generalized Kampé de
Fériet function (see[18, p.38]) of the form

(ap): (Bg); -==; (B2
Limy;--ima Z1 "y Tn

(1) :(Bimg); -5 (68);

o0 z'l z‘-
= E A("l)"'y’l);_x!'“ g

o, 0m=0 8-

where
_IZ[(aj)l|+"~+:. ﬁ(b;)” . ﬁ(bgﬂ))'"
A(s1,-+,8n) = ’7‘ ;m=lx ,': ,
T G B

(1.4)

(a.') abbreviates the array of p parameters al.....a.'.
etc. Especially, we deal with two such series:

a1 eae | OO0 b b
(‘)FN = F?:O;';o T1," "1 %n (1-5)
a,a% =5 i =

for max (|¢‘|....,|¢n|) <1, and

wFigl = Fig

(1.6)
for max (| |,....|« |} < 1.

The series (1.5) is a

generalization of the
Lauricella fourth seires [6]

Fa by, -+, baicizy, -+, 2]

= f: (a)m1+-~~+m-(bl)m1 o (bn)m. ™ . Yl

(S)my +-4mn m! my!

my e me=0

(1.7)

for max {|x |,....|x |} <L

It(n’ls known (cf.[18, p.35]) that the confluent series of
Fn has the form

Qs;l)[aybh Skt bu—l;c; Ty, ;zn]
— i (@)my+-tma(B1)my " - - (Bn1)mmey 22™ Lz
my, - ma=0 (©)rmy+-+man my! My!

(1.8)

and its generalization relating to the series (LS5) is
recognized to be
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(@)oo (@) tmma () = (bt 31™ 2™
(Cl)-.o-no-.(eﬂ)-.fwn. my! my!

2. FRACTIONAL CALCULUS OF ELEMENTARY FUNCTIONS

Throughout this paper we will denote x € AB-"! if
complex numbers k, 8,n satisfy the inequality

Re(x) > max[0, Re(f — n)] — 1. (2.1)

LEMMA 1. If Re(a) > 0, x € Aﬂ.n' a is a positive
number, ¢ is a complex number and

l-i—’< 1, then
z+a

T(1+K)C(1+x—f+4)

B {4+ 0™} = Fre— pfT st an)”

~~(z+a)

FA3 ayc: a+f-m l+x~f4m = z
Ol 1+ m—fltrtatn: T a iz+a'z+a
(2.2)

PROOF. Let us substitute t by «(l-v) in the
integral

I;,'_’f"' {z"(z + a)"'}

z—o P

T T(e) jox(t i EaE (a +p, -1 - %) dt,

(2.3)

express the Gauss series by a series expansion, and
integrate term by term. Thus, (2.3) can be written in
the form

Isbm {::“(z -+ a)“} F T{x-+1) z*P(z + a)~°

(a+r+1)

P (@al

= (a+x+1)mm!

Fa(atmatf-na,atn+1+m)(-2)
z+a

Then an application of the formula (9,(7.4.4.9)]:

SFT(a:brc;dva_n;l)=

O(d)T(d - b—c)

L Py (—n,b,¢; —d+1,a—n;1
r(d_b)r(a;_c)sl%( "xb)cyb+c +lLa-n )

for a = 0, -1, -2, and Re(d-b-c) > n with

nonnegative integer n, implies the formula (2.2), where
the relation

n(l —a)n:f
(a—n—k)_:(—l) TITG)T“

1s invoked.

REMARK 1. When c=0 in Lemma 1, we receive the
following known formula due to Saigo and Raina [14,
p.16, Lemma 1] without any restriction on the order « of
the fractional integration or differentiation:

afn,x _

oo = PO+AM0+R—ptn)

T+ k-AT(A+r+atn)

(2.4)

LEMMA 2. If x € AB-TD

complex numbers, and max (|al xl....,]a.r x|] < 1, then

) aJ and c](_j = 1,...,r) are
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¥

2" [[(1 - a;z)™%

=1

B

=3

I,

(- flo-e]

_ T+KkI(A+xk=B+n)

x—f
TT(4k-AT(1+x+a+n)

(2.5)

C

1+x14+x=F+n:
1+x-f,1+xta+n: —;

T gy, e Oy T

)

() F7 o

r -C
PROOF. If we use the expansion for]l;ll(l o a,Jc:) ]

and change the order of summation

and integration in
L.H.S. of (2.5), we obtain: <

uﬂ.nrn+m.+-~+mr

0,x

“ G

Invoking the known result (2.4) and then interpreting
with the aid of definition (I1.S), we arrive at (2.5).

REMARK 2. A known special case (B = -a) of (2.5) is
the following formula

5 I'(1+ &)
@ ® . —-cj = :».+a
0,z {I Hl(l a,z:) } T(l+x _+ a‘)
3=
Fg)[l+N101,"',Cr;1+fc+a;alz,---,a,.j (2.6)
valid for all values of « provided thét
max||a x|,...,|a x|l < L which s recorded in
1 T

Srivastava and Goyal (17, p.649, Eqn.(3.6)!

By using Lemma 4, [14] we obtain:

LEMMA 3. If k € A

8.0 aj(j = 1,...,r) and c,(j =
l,..., r = 1) are complex numbers, and
max[]alasl,...,lar_lmll < 1 then

Rev. Téc. Ing. Univ.

r—1

z e H(l — a;z)™

=1

52

}

F(1+x)L(1+xk—F+n)

= x—p
FU+K—ﬂWU+n+a+mI

@7)

1+x,14x—-B+n: c;
1+x—-B1+x+a+n:

" et Cpotl

2:1 =1

“ (%30 ! ‘&z, 0, 8,-12,6, 7).
]

REMARK 3. Another known result of Srivastava and
Goyal (17, p.649, Eqn.(3.7)]

p=x
R§. {:z:"e"‘ H(l - a,z)":} (2.8)
=1
_ _I(+x) 24008 1+ k1, ooy oy LA K F G @Z, 8o Z, 00T
I(l+«+a)
provided that maxl|a|,..,|laa|] < 1, and a s
arbitrary, follows from (2.7) when B = -a.

REMARK 4. On replacing a by b/ A and c, by A and
r

letting A » ® in (2.5), and in view of the relations

. g
i fiuls (-) =1 and (2]
lul= o0 7o
-6
I (l_f) e (2.10)
b 9 €

we find that (2.7) can be obtained from (2.5) too.

3. STATISTICAL DISTRIBUTION. Let us define a family of

distributions having the probability density function
(p.d.f.) of the form
flz) =

1 p—1 a-lp Yl

—A—(I—h) (k"I) a’+ﬁ|—r,)a)k_h

. [l—aj(g;—h)]_c’| forhSISk,
1=1
0, elsewhere, (3-1)
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where a > O.B,n,aj,cJ > 0o(j = 1,...,r) are real numbers

with p-1 € Aﬂmand

max |a (k-h)| <1, h # k, and
1S jSr

F(a)r(P)r(p—ﬂ+"), +p—1

= k — h)**?

= To-AGprarn " 62
CF| L BETEET S k=R anlk = B

To verify that (3.1) represents a p.d.f., we notice
that

[ fle)de = [ 1)de

r

10— ay( — W™ de. (53)

J=1

Introducing the substitution « for @ - h, we have

[ fe)dz = Zr(@)ustorgen { Mma- )} ,

i=1

(3.4)

where u = k - h. Making use of Lemma 2, we find that
(3.1) is indeed a p.d.f.

4. EXPECTATION OF FUNCTION. For any function g(x), the
expectation of g(x) with respect to the p.d.f. f(x) is
given by

Elo(=)} = [ f@)az)ds. (4.1)

Let us consider the function g(e) of the form

9(z) = H, [1—bi(z—h)™% (4.2)

with d, > 0(j = I,...,0) and max |b’(k-h)|<l. and let

15 )¢
a p.d.f. f(«) be given by (3.1), then we have

Bg(2)} = S T()u* 18" (43)

: {u’"‘ 111 -aju)™ II L= b,-u)“'} ;

i=1 J=1

where u = k-h. An application of Lemma 2 yields:

1
Flg(z)} = —
fo(a)} = "

Fai pip—B+n: ey 55 ofy g criivde
(r+a8)¥ 2.0 p=PBptatn: — -5 — —; 5 —;

au,-- 'yarurblux' "lbcu];
whnere

pp=B+n: e oo &

Ay = (1P
TR g Bpratn: = i

ayu,--- ,a,.u]

and u = k - h. (4'5)

5. CUMULATIVE FUNCTION. The cumulative probability
function for the distribution function F(t) is given by

F(t) = _/_‘w f(=z)dz. (5.1)

sy
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For the p.d.f. f(«) defined by (3.1) and for h = t
< k, we have

Fit) = /_'  fle)d

= & [ (a2

< [0 = aj(z - h)]™ dz

=1

L N L e a-1 u—z
i A 2 (u—2) F(a+ﬁ,—n,a,——u—-) (5.2)

. fI [1-a;z]™ dz,

j=1

where u = k - h. Using the continuation formul; of the
Gauss function

T(e)(c—a—1b)

F(a,b;c;2) = T(c—a)T(c—b)

F(a,bja+b—c+1;1-2)

T(c)l'(a+b— c)(l
T(a)r()

— z)c—-—b

F(c—a,c—bjc—a—b+1;1-2),
|arg(1—z)| < =

and the Euler transformation

F(a,b;c;2) =

(1-z)bF(c—a,c—bjc;z), |arg(l—z)|<m

in the resulting two terms on the R.H.S. of (5.2), using
the series expansion for the Gauss function and
integrating term by term, we are led to the result

F(t) 1 r( ﬁ+")r(p ﬁ)I‘(p+a+ 'I) (t—h)’
A T(=A)N(a+n)(p—B+n)T(p+1)

5 Gy —a—n+1,0+1;
B—n+1;

pP:

< ey F112
(r+1)4 10,1 p+1: —; - —;

(5.3)

olt)= 1+ i " ez — Rk - )t

ot =), ot 1),

1 T(B—nl(p-AT(p+a+n) C-hy*"
AT (a+AT(p- B +n+ DI

p—F+n: ey vy Gi—a—n+1,n41;

oL
Raeai] P TR P i

ai(t —h),-+-,a.(t — h), %]

in terms of the generalized Kampé de Fériet series (1.6)

and by virtue of the integral representation of the
Lauricella function (1.7) (see[2]):

FD[aybl)'"1bu;c;zlv"')z-]

—P(C) ! L c—a—1 z —b;
I'(a)I‘(c-—a)./o v*1(1 —v) jI-'[l(l—::,«u) bidy,

where u = k - h and Al is defined in (4.5).

For t < RhF() = 0, and for t > k, F(t) is
recognized to be (5.3) by replacing (t-h)/u with 1.

REMARK 5. The formula (5.3) reduces in the special
case to the result given in [2, p.221] in the special
case B = -a, h = 0,k = |.

6. CHARACTERISTIC FUNCTION

The characteristic function ¢(t) of a random
variable « with respect to a p.d.f. f(«) is defined by

p(t) = E{e*} = ‘[: &' f(z)dz. (6.1)

For the p.d.f. f(«) in (3.1), we have

(6.2)

F (a +6,—na :___—:) E [1-aj(z — k)] dz.

- 58 -
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By putting € - h = z,(6.2) gives

plt) = %I‘(a)u“'”c‘“l{,";""' {u’"e“‘ I"I 1- aju)"’} :
=1
(6.3)

Whiere 4 = k - h. Now with the help of Lemma 3, we arrive
to the following result:

¢(t) =™
\
21 pp—B+n: a; -5 o; it
(r+l)om[p_ﬁ,p+a+": iy erg L g W ,Gv'h'“r
; pp—B4n: a; oG '
(f)F?J:a[P_ﬂ'P+a+'I: =t s o au, vFvu]

(6.4)

vthere u = k - h.

7. DISTRIBUTION OF RATIO

In this section we find the form of the
distribution of the ratio X/Y, where the random
variables X and Y have p.d.f. pl@) and qla),
respectively. We set

w= ZY(_' and
(7.1)
v=logw,

so that v = log w = log X - log Y. The characteristic
function for v is then

ult) = f_: [ épla)aty)dsdy

- /.m z*p(z)dz /_m v a(y)dy = L1, say.

(1.2)

Let h # k and let the p.d.f. p(@) and q(y) be of
the type (3.1) defined by

p(z) =
L e = 2y F (ot B - o
A . y il 1 B h
T -ajz—-h, foch<z<k
j=1
0, elsewhere,
(1.3)
and
(=) =

1 k-
Sy =Tk =y F (A + py,—p; Xy — 2
gl =AY y') ( th=p g

: qfl-bj(y—h)]"’, for h<y<k,
J-

0, elsewhere,
(7.4

where a > O,A > O.B,'n.u,p,a.j,cj 2i0.(3 = L...1m),

bl.dl>0 (1 = L,...,4) are real numbers with

, max la’(k-h) |<1,

15 )5

-1 € A -1
i B,n Hres Au.p

max |b (k-h)|<l, A is defined by (3.2), and V is given
15 )Sg ]

by

_Tr@r@—-u+e),
T(g—uT(g+A+p)"

j 1 h)l{-q—l (7.5)

GI—ptpi dii i iy ), bk~ R)

n FZ:I
Wf 20 q_“'q+A+P: - 03

We evaluate the integrals l1 and lz occurring in

(7.2) when p(e) and q(y) are defined by (7.3) and (7.4).
We have

hy= %/,..’“(’ —hy=i(k - z)'F (a+,8. -n;a; E%)

r

101 - ai(z — W] de

J=1
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1/ w u—z . 24 ptitp+it—pf4n: ca; i Gy =it h

v i F("*ﬂ.—n;od - ) eFaol it ppriteatn: = i = = “""'"’“""_5]
. 21 g-it,g—it—p+p: dy; oo di it h

"”’F"’[q—it—u.q~-’t+l+p: e I

= ST(@uPrghn { it (14 ﬁ) Mo~ a,-u)f°f} ,

. l:I [1—a;2)"% (h+ z)"dz

=1

where Al is given by (4.5),

Gg—p+p: di oo d';blu,~~-,b,u]

_ 2:1
before, u stands for k-h. Applying suitably Vi= (‘)FM[ g—tq+ArA+p: —; 05 —;

where, as
Lemma 2 as
(7.9)
Rl <1, max (layl|,....|aul} <1, we get and
_T(p=Pr(p+a+nl(g—wl(g+A+p) (7.10)
I(pT(—-B+(Tg—p+p)
f= it +it —f+nlp—Al(p+at M (k — hy*
Tp+it— AT + i+ a+ I —F )" )
a1 prit,p+it—B4n: o -5 6 —it h The equation (7.8) may be rewritten after putting
__('“)F"[P+vt—ﬂ,p+|t+a+n: -; : _; ,: a4, - dvu'—;] it =06 as
N P TR
fulz) = - (1) my = (r)me (d1)my - (di)m,
(76) ’ A v' Y Ry g A0 my!- o mptming!-- - n,in!
h min
. a;'u Wi 'a;"’b‘l" . b'" (___K) (k — h)M+N
Similarly, proceeding as before we evaluate I and -
P b & Al fle I(m—0)(g+N+n—-0)(g—pn+p+N+n-96)
iLEE & ey, 20t Jioo TOT(p— B+ M+ m A Ot o+ n+ M+ m+0)
T+ +M+m+ O (p=p+n+ M+m+6) .
r(—a)r(q AiN+n-0Tq+r+p+N+n—0)
By Mg —i)Mg—it—p+AP(g—WTg+r+p), By
T(g—it—uT(g—it+ X+ pT(QT(g—p+ )"
Fr1 g—it,g—it—ptp: dyy o5 d., it by b~ A (7.11)
PR it pg—itA e = o =
(.)F%’al q_:':;';::: ‘E' e d_" by, - ”-"] involving the multiple series, where, for convenience,
(77) r Il
M=) m;, N=3n, (7.12)
j=1 j=1

In

function fv(a:) for v follows readily by effecting the

fv(z) =

view of (7.2), (7.6) and (7.7), the density

Expressing the contour integral in terms of the Meijer’s

inverse Fourier transform, and we get
G-function (7], we get the density function for ratio w
= X/Y on replacing e by « given by
L /ao e T(p+it)T(p+it—F+1n) o i
2wV, J- it — i 2 - 1 )my "2 (S )me (d1)my <+ (da)m,
=S Lip+it — AL + &t atn) L= = AV, Vl — ,.,,,g_:,,...l.._,__o m;!- --m,!mlin,! ~I~~n,!n!

| T(g—it)T(g—it—p+p) - - " A
T(g—#t — wl(g—it+ A+ ) O R =)

(7.8) (7.13)

- 60 ~
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3 l_nyl—P_M’-myl—P'*'ﬂ_ﬂ_M—mr
6,6

mqg+N+nqg—pu+p+ N +n,

:

)

where L is given by (7.10), and A‘ and Vl are given by

(4.5) and (7.9), of
defined by (7.12).

0,g—pu+N+nqg+A+p+N+n
L1-p+f-M-ml—-p—a—-n—-M-m

and M,N are the sums integers

REMARK 6. Each of the results stated in Sections 3
~ 7 above would yield several known or new results. For
example, if B = -a, k 1 and h 0, then in this
special case all the results stated ( in this paper
correspond to the results discussed in (2, pp.219-240],
after carrying out necessary simplifications.

8. MULTIVARIATE DISTRIBUTION

In this concluding section we present an extended form
of tna Dirichlet distribution (2, p.222, §7.2.1l. We
know that the Liouville’s extension of the Dirichlet’s
result (see[l]) is

/~-~/x’l"—l'--z’,"_‘w(zl + -+ z,)dz, - dz,

= By [ Pl (8.1)

for any integrable function ¢(z), where the integrated
region in L.H.S.is crlz 0 (i.=1, ..., r),, @ = L TS
x = B with 0 < a < B, Re(pl) >4 VR 2 1L..5F), the
r

sigma denotes a summation with respect to i throught 1
to r, and B means the generalized beta function

L(p)---T(p,)
Clpr+--+p,)

B(Ph"va)

We consider the multivariate density function as

Sy, \T)
- i =3
Sl:',‘"' =t (Z I, - n)p l(ﬂ— Zz,)x lF(»\-#-u“ﬁ} \-ﬂ‘ﬂ__:)
- a<z, <Az 20(i=1-rh
0, elsewhere,
(8.2)
- 61
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where p > 0, A > O,pI > 0(i
numbers with p - 1 € A

1, ...,r),u and p are real

, and
P

TPT(P—B+0) 5 15T 51
Tp-wipritnl P

. paa M =—Tp: Abm—p p—p+p
| p~pp+Atp: A =

Q7' = B(pr,- -, pr)

a “a

= g

3l

(8.3)

To verify that (8.2)

observe that

represents a p.d.f., we

[ [ 1 z)de o da,
=af-f MR Thate il (Ta-a) " (-2=)"
.F (A P _p;"\; ﬂﬂ-j:az-

= QB(py,---,p.) /: SEP1(z — oY (B = 2)*'F (,\ =i N g—:—;) dz

)dz,---dz,

=QB(py, - ,p.)l‘(a\)u““[‘;\"_‘" {u'—'(u + a)En—l} i

(8.4)

where u = B - «. Now using Lemma 1 and in view of (8.3),

we find that the value of R.H.S. of (8.4) is unity,
showing thereby that (8.2) is a p.d.f.
The characteristic function, the distribution

function and the expectation of certain functions can be
obtained for the multivariate distribution (8.2), we
skip the details and end this paper by mentioning that
the distribution (8.2) corresponds to the Dirichlet
distribution [2, p.222] in the special case when « = 0,8
=1L,p=1 and p = -A.
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fractional

calculi whose operators involve the Gauss function have

been considered also by:
Saxena

S.L.Kalla and R.K.
(1980), A. McBride (1982,

(1969,
1984), etc. All these calculi

E.R. Love (1967-1974),

1974), S.L. Kalla

are quite special cases of the generalized fractional

calculus dealing with G-
Kalla (1969, 1980),
Kiryakova (1990). From

applications of the results

and H-functions as kernels:
Kiryakova
this
in Section 2 to statistical

(1986-1989) Kalla and
point of view, the

problems in Sections 3-8 are interesting as showing some

of the various applications

practical importance.

of this topic, and have
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