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MSlRACT 

It is _11 Ilnown tMt there exists in eco no ­
.tc "ha t la referred to as "Itink.ed" demand ·curves. 
Tbat is, curves that are Lipschítz continuous. !bis 
papel' presenta a technica l theorem on the existence 
of partial derivatives (aod the appl icability oE 
the chaio rule 1'0 compute them) of certain clasa of 
camposite Lipschitz continuous vector valued func­
tions that appe.ar in Mathematical Economics. 

Es bien conocido en economía la existencia de 
curvas de demanda "kinked". Esto ea, curvas .que SO n 

Lipschitz continuas. En este trabajo se presenta un 
teorema Bobre l a exi stenc ia de derivadas pa re ia­
les (y l a aplicabilidad de la regla de la cadena 
para calcularla) de una c l ase de funciones vect o­
riales compuestos y Lípschitz continuoa. 

The purpose of t his article ia 1'0 present a 
theorem on the existance of partial derivatives of 
certain c lass of composite Li pschi tz e o nt i nuo liS 

vec tor valued func t i ona. Li pachitz function s often 
appear i n econornics ....hen the dernand curve is "kink ­
ed". That is, f unct ions that may be only p ieceW'ise 
di fferen t iab l e. A pheoornena not uneornmon in t he 
resl W'OrI d. 

In order to simpl ify t he proof oE the theorem, 
W'e wil l present first t wo prelimi na ry l cmmns and 
che d f inicion of a Li psch z eoncinuous f un e t io n 
fo r the pll r pose of cornpleteness. 

Le t the vector p ¡: RO rep rescnts 
funet ion me M(p ) rep r esent s incerne 
vector val ued dernand funct ion. 

p 
and 

r ic es, 
í(p.m) 

the 
the 

Defi nit io n 1. 1. A funetíon M that sa tl s fíe s the 
folloW'Íng inequali ty, 

( 1.1) 

NOTATECNCA 

ON lHE DIFFERENTlATlON OF VECTOR 
VAlUED COMPOSfTE UPSCHITZ 

CONTINUOUSFUNCnONS 

f~r all (PI,P2) in a regíon D, and K a f ixed posi­
t:Lve number, 1.8 said to be a LipB<:hitz cen ti n uo us 
f unction in D ~ 

Lemma 1.1, Let M be a Lipschitz con t inuous fu netíon 
on U, a n open subset oE Rl. Let E be a Borel set in 
al with mcssure zero. then m(E)~ o im p l iea that 
M~r o a.e., onMil(E) . 

Proo!.: Lec g be a"y fut1Ction wh.i.ch has de r ivative 
(fini te oí infin'te) on a set E with m(g ( E» ~O.then 
g-. O a.e. , on E. (Ref. 1). 

Sinee M ia Lipschitz cont inuous on U i t is ab ­
801ut ely continuous on U and M-exists a.e. on U.Let 
f be t he set of measure zero 00 ....hich M~ does not 
exists . Then M-= O a.e., on M-l(E) - F. Hence a .c., 
on M-l CE). 

We W'i l l now generalize lemma 1.1 as fol low: 

Lemma 1. 2 . Let M. be Lipschitz eontinuous on t he 
open set n C Rn. Let E be a Borel set i n Rl with 
meaSure zero. !hen on M- I( E) we have dM(p) = O a.e., 
wltere dM is t he Frechet derivative of M. 

PToof: Fix a parallel to t he p i axis (i .. , fíx all 
but the i th coordinate ) . Then M as a f unc tion of a 
single variable defined i n this l ine satisf i es t he 
same Lipschit7. cond ition as M 0 0 n, so by the pre­
vious lemma 

al'! a.e. on M-l(E) intersected with any 5ueh adI' = o 

. . aH .
l 1.n S~nc e -a- < K a. e . , \4he re K 15 the Lipschit z 

Pi 
M cons tant, aa (d efioed a.e., in ü ) ls int grabl e 
Pi 

over E. 

By Fubini' s Theorem 

1-1M dx= Jdxl··dx . l ' .dx JdM = O. (l. 2)1-1 dx .
Pi 1. - n 1.Ji dP i 
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aHRence, ~ o a.e., on E. ince Mis differentiabl e 
Pi 

a.e., see (Ref. 2), che lemma follows. 
, 	 . 

We will no", prl<senl: che rheoTe.. rhar pro es 
tbe existance of partial de~ivatives of eompos i te 
Lipsehitz vector valued functions. 

Tbeorem 1.1 . Ler f (p ,m) be Lipschitz conr i nuous on 
QxRI, where n is an open subset of RO; let Bp and 
Bm be SGrel sets of measure zero i n n aud Rl res­
pectively. (Ref. 3). Assume that: 

(A VA ) , 
p 	 m 

(ii) ~ exista 00 (OxR1) - A ,i- 1 . 2, ... n. 
dP1 	 p 

where A = (B XRI ),
P P 

lf Ma M(p) is 8 Lipsehitz cootinuous tune rion 00 íl • 
theo for the composite function we have: 

afoM(p) = ~ oM(p) + :f oM(p) :H (p ) a.e., (1.3)
api élPi om gPi 

iH
where am o M(p) ~p) i8 understood t o be z ero 

ap.1. 

if aH O. D 

aPi 

I t should be noted that foH means the eomposite 
tunctioo feM(p)~ {(p,M(p». 

PToof : If P E: (11 - B }('¡( 11- M-l (B» then df 
exists 81: (p,H(p» Pand dM existSma.e., 0 0 rhis 
seto (Ret. 2). Then by the ord1nary chaio rule the 

. 	 dfoM ' 
des1.red formula for -a--- (p) holds for a lmost al l 

Pi 
p in this seto Sinee B0M-1(B ) is a set of roeasure 

p m 

zeTO it remains onl y to preve the t heorem for the 

following csse, p E: ( 11- B }() (M-l (8 ». 
p ro 

By lemma 2 . 1, ~!~ (1')= O a.e. o on thi set So by our 
notaliona l convention we must provetha t H M~(p ) = O 

a(foH ) dilhen -(1-- (p)~ -(1 - oM(p).
Pi Pi 

Let . be the vector wirh the i component equal to 
l and~all othe r componentE O. 

Then 

f( pHe. ,M(p+te.}) '" f(p+te. ,~t(p) + O(t » o 0 .4 ) 
1 1 1 

and by Lipschitz eontinuit y 

f( p+te.,M(p+te. » = f (p+te . ,H(p» + OCt ). (1. 5)1. 1. 1.< 

Therefore 

lim (f(p+t ei ,M Cp» - f(p,M Cp») /t ( L.6) 
~ 

<lf (Poro) I 
= dPi m=M(p) 

and the t heorem lS proved . 
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