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ABSTRACT

The object of the present paper is to find
the sums of the following infinite series:
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where m= 0,1,2,..., -I<x<l. Some particular
are mentioned.

Simpler proofs of the Shafer-Knuth formula are gi-
ven.
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El objeto del presente trabajo es evaluar las
siguientes series infinitas:
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SUMMATION OF CERTAIN INFINITE
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donde m= 0,1,2,..., -1<x<l. Se menciona algunos ca-
sos particulares. Se dan demostraciones sencillas
a la formula de Shafer-Knuth.

1. INTRODUCTION
An expository article dealing with the result
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was given by Ross [:]. The same result was obtain-
ed in connection with a probability problem by Cal-
lan 2] . The two formulae mentioned at the end of
Callan's paper are equivalent to

z 5x"1a : 1 (0<x<1), (2)
=X+l -x
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The proof of (2) follows directly from the generat-
ing function
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while (3) is obtained by integratin. both sides of
(2) from 0 to x.

The extension
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of (1) was suggested by Shafer [IO] and proved by
Knuth [7 . In a recent paper by Lehlmer [85’ several
interesting infinite series of the types
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X a 6  and I a /6 are summed, the
n n n n

n=0 n=0

a 's being very simple functions of n.
In this paper various generalisations of the

foregoing results are established and simpler
proofs of (5) are given.

2. EXTENSIONS OF CALLAN'S FORMULAE

In this section we prove the following genera-
lisations of (2), (3) and (5):
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where m is a positive integer,

u= 1+ /Ix (8)

and the @ 's and B 's are constants to be determin-
n n
ed,

Proof. From (4) we see that

i n
—Zanxj. (9)

2
Setting x= 1-t” in the right side of (9) we find
that it takes the form
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The expression between the square brackets in (10)
is a polynomial of degree 2m+l in t. By mathemati-
cal induction it can be proved that this polynomial
is divisible by (1-t)®+l and (10) may be written
as
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where the ¢ 's are real constants that satisfy the
following récurrence relations:
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Values of o (n= 0,1,2,...,m) corresponding to
m= 1,2,...,6 are presented in Table 1.

Table 1
» s, (= 0,1,Z,...,m)
Elx, &
E] 3
2 i, H ¢ g
29 5 3
O Rl 1 FR A
i 125 345 175 s
128 ’ 128 ' 128 ' 138
5 - 843 809 469 189 63
f 256 Y 128 T 13@ ¢ 128 ' &6
5 1 4167 1651 3963 2415 1617 231
‘ 1024 ° 1024 * S12 ' R12 ' 102§ ' 1024

For m = 0 the formula (6) reduces to (2). Multiply-
ing both sides of (6) by dx and integrating from 0
to x we get (7) in which the Bn's are defined by

m m 5
z B t's= oo (e-1) R (15)
n=0 " n=0 ©
so that
i V-n V.
B= L (-1) (n) o, (n= 0,1,2,...,m), (16)
v=n
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m
n
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Setting x = 1 in (7) and comparing the result with
(5) we obtain

m
; 1
R (18)

Table 2 contains values of 8 (n= 0,1,2,...,m) cor-
responding to m= 1,2,...,6. .

Table 2
m By (0 =0,1,2,...,m)
1 1
L 13 7 3
1 3 3
211 5§ '3
3 1 1 5 2
2 ' 4 ' 3% ' %6
4 2 5 15 35 35
I " 32 * &4 Y am. f A2m
5 X A 21 L3 63 63
32 ' 32 * 128 " 32 * 256 ' 256
& 3 7 7 21 105 231 231
64 ' 1I28°' 64 ‘' 128 ‘' S12 ‘' 1024 ' 1024

For m= 0(7) reduces to (3). For m= 1,2,3 and x= -1
we get
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3. PROOFS OF THE SHAFER-KNUTH FORMULA

The formula 4.387, 6.p.588 of [3] may be writ-
ten as
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Setting cos x = t in the left side gives the defi-

nite integral
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Expanding the logarithmic function in powers of t
and putting r= sin® we find
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n=l " O

Applying the formula
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(k= 0,1,2,...) ,
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we obtain (5). It is to be noted that the formula

(5) is a special case of the general functional
relation

 sene IR, § - Ko
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given by,Kalla and Ross [5]

v=m+ 35 and noting that

Setting X = m+l,

m
§,= T(m + 2)//iT{mt), Yat)= - v+ I n°
n=1

Y= -y - 1n 4,

where vy is Euler's constant we obtain (5). A more
general functional relation is established by Kalla
and Bader Al-Saqabi [6].

4. SUM OF THE INFINITE SERIES
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This formula agrees with the series (1009), p. 186
of [4] Equations (1) and (23) show that
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If m is a positive integer then
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From (3) and (26) we get
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where u is defined by (7). For m=l this reduces to
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p.451  of

Tr h does not agree with equation (7),
8] due to misprint*,

If m= k + % » Where k is a positive integer then

= 0% m -
SH' 1/2(-1)' 2 g m- 2 g secO(sec 9-1) dé.

(32)

From this we have

$,,2(-1)= 2 1In (/7 + 1), $3/,(=1)= /2 - In (JT41) ,

3
S5/2¢-D= 3 m0/B-22 s (1)e
(33)
1
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5. SUM OF THE INFINITE SERIES
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Following a procedure similar to that adopted in
Section 2 we find

m (1- I=2)/Vz »
1) =2%& £ 2®8 1+t 2)" e,
L n=0 T o0
-a T .n 1 2. m-n
I-(l)- 2 nEO 2 Bn (j)‘ (1 +¢t%) de, (36)

where the B,'s corresponding to values of m are
given in * Table 2. Thus we get the following re-
sults:

Ip(e)= 1 = A=, 1= 1, T(-1) =1 - /2 5 (37

L= (- DA + 42 - D,

* the term + x(ln 4-1) in this equation must be
replaced by -x(ln 4-1).

Il(l)- 5/6 , Il(-l) = (] - 2/5)[6 ; | (38)

1

1.(z)=
277 120

7 (= /T2) 12 + 132 + 642 -
z
- (124192) /1= ],

L (1) = 89/120 , 1,(-1) = (49 - 56/2)/120 ;  (39)

L) = 242 '!'g (40 + 382 + 4727 + 2562° -
560 z

- (40+3824812%) /T% ]

I,(1) = 381/560, I,(-1)= 9(9- 16/2)/560 (40)
6. SUMS OF THE INFINITE SERIES
@ ) L] 8
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Consider the definite integral
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Using the generating function (4) and applying the
formula

1
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on using the formula 4.387, 5.p.588 of [3] Writing
(42) in the form
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expand ing the logarithmic function as a

power

se-

ries in u and integrating term by term we arrive at

the expression
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o n(2n+2m+l) !}
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Collecting these results we have
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where the formula 4.387, 4. p.588 of [3] is
From (44) and (45) we get

4
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(44)
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It is worthy of mentioning here that
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Applying the two formulae 4.241, 3
and using the expansion

; - chZn
boxto= -1 ey
! o e
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7. SUMS OF THE INFINITE SERIES
@ (-1)"§ o (-1)"8
K, = 2 -2 =y — 0 5
0 (D) ™ 0 (2n+2m4l)

(m= 0,1
It is easily shown that
1 2m+l
Km= 4 f t—l‘_t_ dtc =
0 J.+t2
/4 P
= =4 [ tan” 0 sec 6 ln =an 8 d6
0

~ 58 —

1
Jie = (47 = 60 T D)
1= 325 ,
3.2 =5 (319 - 420 1n 2)
3* 3675 ,
oh
= - 5% y o
1 Gees (1879 - 2520 In 2V 5
m m '
=3z, =g @2 -1), 3
= _ e T -
3= sa7 (60 In 2 - 37), = 7l (840 1n 2 - 533).
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(48)
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s243004) (30)
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t>0 v=0 °~
v > /4 v 23
tan =+ In tan 3 + S z sec” "0 d(secB)},
2 8 0 o

Applying the combinatorial identity (27) we obtain
the closed expression
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m
. 1 o 2 M 1
+ L { ==y I I} . (51)
oo 2w WV Do Tw
Thus we have
K, 4(/Z -1) + 64 1n 2V - 2) , (52)
Kf% [5-4/2Z-61n (22 -2)], (53)
K= == [60 1n (2/2 - 2) + 43/ - 47] . (54)
2 225
sunalarly we have
1 2m n/b
K'= - f £ int g - - F tan2m6 sec 01n tan 6d6,
m
L 0
1+t

(55)

but no closed expression is available for this in-

tegral. For m = 0 we have

o (-1)"8 1
R' = I “_( ) B e It de
0 0 ()’ 0 142
/4
-f sec® 1In tan 6 d6 = 0.955202 (56)
0
It is shown by Bassali ‘fll that any of the three
following integrals have the same value:
1 -1 m/2
f —-ix-lxh—l dx = [ sin—1 sin29 de =
0 0
W2 -1
cos  Yecos O dO . (57)
0
These ac= to b2 zompared with
1 -1 2 ® n
I R A e L
0 * o 5% 0 (2n+1)°
= Catalan's constant G= 0.915966 (58)

SEe]e series (990), p.182 and series (995), p. 184 of
4.

From (41} and (50) we deduce that

o §

p= 1 — - Tk, (59)
n=0 (2ntmtl)
© éq i

Q= ¥ ——5-vz( <K) . (60)
=1 (2n+m) - n m

Applying (46) and (52)-(54) we hava
Py 2T+ 2 .n (/2-1), By =

;—[5—2/2——3111 Wz -6],

=4 a1y s (61)
P, 555 [43/Z + 60 In(/Z 1)] ‘

4" 4 ~2/7 - 2 1n (420>
. /2 = 13)
Q=73 [2/2+3 1n(2 s
[94 - 43/7 - 60 1n (4/Z - 4)] . (62)

- 9
Q= 335

Corresponding to (48) we have

- 59 ~
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n
; 178, . f‘(l __1.lax ve see that R = %T-. Substituting for R its value
L 22 A _m.) % 9% given by the “formBla 4.261, 16. p.541%0f [3] we
get
/4 8
=4 [  secO tan 5 In tanB d8 .  (63) & el (-l)k 2
0 T Tty ‘[f el B 2]° -
m
_ 20+l k2 '
. (1)
8. SUMS OF THE INFINITE SERIES - f 5— =13 ) « (67)
k
o 6n @ 5 ] Similarly dealing with the integral
T= I —m—— Ma P oo™ (m=0,1.2 )
T s 7 (==0,1, |
n=0 (n+m+l) n=0 (Zn+2m+l 1 2,2
% ) - Ri= EARE g (68)
(64) 0 "
Consider the integral
we find that R"l- 2T'. Substituting for R' its va-
1 2m+l . 2 lue furnished by “the formual 4.261, ™15. p. 540
t 1
R= / LRt .. (65) of [3] we obtain
0 2
b 2m k 2n k 2
paZo [z yn2)?es L L 3 (69
Using (4) and applying the formula m 4w .k 1 kz 12
k.2 2 The summation of infinite series involving po-
g t Int dt = (k+l)3 (k>-1) , (66) wers of § will be considered in a future comunica-
tion.
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