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A8STRACT 

In eourse of an attempt t o unify And ex Len d 
the resul ts of basi hypargeometric functions, the 
authore define a basie ana l ogue o f H-fune t ion of 
two variables and investigate some of i ts ma n pr o ­
perties. The basic aoaIogue of R-func tion of two 
variables 15 extend ed t o several variables. 

RESUMEN 

En un inten t o par a unific:4!r y extender l os re­
sultados de fu nciones hipergeometrieas básicas, los 
autores definen una analogía básica de la función H 
de dos variabl es e investigan algunas de sus prin­
cipales propiedades. La ana l ogia basiea de la fu n ­
ción B de dos variables e s extendida a varias va ­
riabes. 

1. INTRODUCTION 

Ibe G- and B-funetions have been studied eJt ­

tensivel~ by several autbors [2,3 ,71· Munot and 

!talla (4 J have extend ed tbe H-funetion in the do ­

main of two variables, wbereas Saxena [5] and Srt ­
va ­vastava [7 J have treated [ he case of several 

riabl es. 

Tbe great suee.ess of tbe theor y of byp!Tgeome­
trie functi ons in one and various va1:iables has 
stimulated the development of s eorresponding basie 
analogue of t hese functions . Let q be a parameter 
whle h in general sball be 1:estricted to the domain 

Iql < 1, and 

(l. L)
(q)q,O = 1 

A BASIC ANALOGUE OF H-FUNCTlON 
OF TWO VARIABLES 

8 a +1 a +n- I 
(a ) ( l-q i ) (l-q 1 ) ... (l -<¡ i ) , n~l,2, ... 

i q, n 

1. (1.2) 

Ihen 

(el¡) (a2) ••• (ex ) 
g .n q.Q r 9.n nr z 0.3)

(q) (PI) .. • (p )
n=o q, n q ,n s q, n 

Iz I<1 

ls a funct i on of z and of r+s+1 parameters ell • ••• , 
a ; PI, ... P ; q, which reduces to a general i zed 
h~pergeometr!e ser i es r's' if r~s+l a nd q+l. r~s 
i a called baste hyperge01l1etric series. I t should 
be observed that the notatioDs in [A. erdélyi : Hi­
gher Transcendental Punctions, Vol. 1, McGraw-Hill, 
New York (19 53), pp. 195J bave not been explained 
adequa t e l y. 

I n t his paper we introduce a basie anal ogu e of 
B-function of two varia,bles in t he theory of gene­
ra l ized hypergeometric series, which ia an e>tten­
aion of tbe baste lI- function defin ed earlier by 
Saxena, Mod i and !talla [6]. Some of its main pro ­
parties are estsblished. Ibe results are then ex­
tend ed t o the case of several variables . 

2. DEFINITION OF A lIASIC H·FUNCTIOO 
OF TWO VARIABLES 

A basie analogue of H-function of two varia­
bl es [4 1 is defined in terms of a doub l e Mel l in-
Bames ~ype i ntegral as : 

- 35 -

Rev. Tée . Ing., Univ. Zulia, Vol. lO, No. 2, 1987 

http:Saxena.nd


(Ci; Vj' vj) 

A,(H¡ :N¡ ),(H2: N2) 
H 

(a
j 

,a
j 
); (aj ,aj ) 

C,D, (P nQd ,(P2: Q2) ( d
j 

;oj , 6j ) 

( bj , Sj); ( bj , Sj) 

= -
1 
-- f 1x¡(S ¡ ;q)xZ( t ;q)x3 ( a, t ; q) x 

(21Ti) 2 e¡*o! 

(2.1 ) 
x 


G(l-s)G(l - t}sinlTs s rr t 


"here Iql< l , l og q~W=-(\o1¡+iW2)where ".101, \01 2 are 
constants , W¡ and 1012 beíng real . Fur t her 

ing inequa l1tiea O~A~C, O~~Qi ' O~Ni ~ Pi , D> O; 
Vic{1, 2} . The con tours r.t a od C~ are lines parallel 
t o Rl (WiS) = O ( 1 1,2) with 1nden t at i ons, if ne­D 

c essary , in su ch a manner t llat al1 t he poles of 
G(br Bjs) f or j t;. {I, .. . ,M¡} and G( b3 - B.!t ) for j 
d I , .. .Hz} 11e to r1ght snd t hose o f Gt1-Cj + YjS + 
vj t ) f o r j d l .... ,A} : G(l-aj +ajs) f or j dI . .. . . 
NI} snd G( l-sj +aj t ) for j C{ 1, . . . ,N2} ; 1ie to the 
l ef t oí t he c ontours. An emp t y produc t i s int er­
prete as unity. The pol e s of the integrand are a s­
sumed t o be simple. 

he int egrals converge if 

Rl [a og (z¡}-l og sin-;¡s]< O a nd Rl [t log Z2 log 

sinut] < O f or large values of It l a nd Is l on che 

contours Le. I{ r (Zi)-wi" 1 1012 log Izil}1 11 for i= 

1.2 . When A = e = D = O, ( 2. 1) reduces to a product 
of t\o10 basics ana logue o f Fox's H-function due to 
Saxena, Modi and Ka lla [61 . The r e su l t i 5 

Q¡ 
11 G(l -bj + Bjs ) 

j=M +1 

H 

O.O.(P I, Q¡ ). (P z, QZ) Z¡ 

Cl+n -1 


G(a) (1- q }.
(rr ) 
n=o 


MI,NI 


H 

H2 

11 G(b!-i!' a )
j~l J j 

{1-a'+o's}
j j 

PI, QI 

__ 
x 2 ( s;q) 

(2.2) 

If we make su itable c hanges in the parameter s 
in ( 2.1). it can then give rise t o t he defin1tions 
of the bas!c aos1ogue of several genera l ized ape-

A c ial. functions, Ru c h a s G - func t 1on of two 
1T G(l-c. S+'f ' ) variables, Kampe de Feriet's f unction of two varia­

j
+Vj j

j=1 bl es: Appel l 's functio n of twa variables FJ , F2, F3xa (s, t ; q) = __-""L.......:______ ____ 
and F~ and Wh i t t aker funct10ns o f two variables,e D 
etc, For the sake ot brev i ty t hey are not presented

1! G(Cj-VjS-V 't ) 11 G(l~j +6js+6j t)j here. 
j =A+l j-l 

From the definitian (2.1), i t is readily seen 
r ha t 

Vj and Yj(l.s1~C): 0r 0j (1.s1~D); (lj Cl.s1.9'I), 

al Oz H A,CM I :N ¡ ),(Mz:N2) [ZI
0j (l~J~P~), Bj (l~~Q¡) , 8j (1.s1~Q2) are positive num­

Zl %Z 
bers, A, D, e, Pl. P2, Ql, Qz, MI, M2, NI and N2 
are non-negative integers, sa t isfy1.ng t he f o110w- C,D,(P¡:Ql),(P2:Q2) %2 
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al + ch A, (M I+1:N¡),(M2+l:N2) 

• (-1) H x 

C,D ,(P¡+1:Q¡ +1 ).(P2+1 :Q2+1) 

(e +Yj o¡+Yj 0 2; Y , Yj)j j
 

(a +a/l1 ,a ). (1 ¡.1); (aj+ajoz.aj). (1+02.1) 
j j 

(d j +Oj o¡+ója2 ; Y ' Yj)j 

(l.l), ( bj + ajo l .aj );( l ,l),(bj+Sj 0'2.6j) 

and 

ti 

q 
Z2 

( 2.3) C+l .D.(PI:Q ¡).(p.. :Q.. ) %2 

(l - P;ol . o .. ) • (e iY •y;)
j j 

(B j .o.j); (al ,aj) 

(e ;)Y ,y;)
j j 

(Sj .o.j) ; (0.; .0.;) 
d (q;x) 

(d j . ; e , ój)j 

(b .6 ); (b .Sj>
j j j 

A+l. (MI :N¡). (M2:N2) %¡ 
z H ;q 

%¡ (,3.1 ) (dj;oj' 6;) 

H x (b );(bj.6j); q j • Sj
D,c . ( Q¡ :p¡) • ( Q2 :P .. ) 

for Rl(p» O. Rl(p¡» O, Rl(p ..» O. I{axg %i-W 2W¡1 x 

x1og lzt l l l<n Vi €{1.2} ,I q l< 1. 
(l - d

j 
;6

j
, j ) 

O -bj'6j );(1 - bj 'SJ) 

(l-c ¡Y ,Yj>j j 

(1,1) , (1 - a ,a ) , (O , 1 ) ; (l. 1 ) , (l-a; .0.1) •(0,1)
j j 

(2.4) 

(e j ¡Yj ' rj) 
PI 

%¡x (aj ,a ); (a
j j 

,0.;) 
3. CERTAIN BASIC INTEGRALS INVOLVING Hq.FUNCTION 


OF TWO VARIABLES: 
 ; q d(q.x)(d . 5' o')P2 j' j' j 
Z2X 

.a >¡(bj.aj)The fo llowing basie integrals will be es t ab11­ (bj j 
shed 

O¡ 
tlx 

A+l,(M¡.NI).(~2,N2) %\ 

¡q ~ G(P-o)H 
;qo .. C+l,D+l,(P\.Q\),(Pz,Q2) 
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(l-P;lJ 1 , lJ2) • ( C ; Yr Yj)j 

(a .a ); (aj ,aj)
j j 

(d
j 

;Ó
j 
,oj)' (1-O;I!I.1l 2) 

(bj.Bj);(bj.Bj) 

fer RI(a) > O. Rl(lJ ) > O, Rl(p-a) >0 ,i 

W2W~1xlog ' Z l' } , <11'11 t: (1.2}, 'q ,< lo 

A, (.Ml ,NI ) . ( M2 :N2 ) 

1 f eq~)x-OH 
2111 c C,D, (:PI :Ql ), (P2 ,Q¡) 

( C • Yj'Yj)j
 
(a

j 
,a

j 
); (aj ,aj ) 


(d j; Oj .oj) dx 

(bj,ej );(bj.ej) 

where the path o f integrat10n C encircles the null ­
poine snd also 1n the usual manner. can be deforllled 
into a loop parall e! to t he imag1nary ax1s. 

The proof of these int egral s can be deve10ped 
on similar lines as given by Saxena. Mod1 and Kalla 
[6], on anploying t he integral s due to Rahn [IJ. 

4. A BASle AN ALOGUE OF H·FUNCTION 
(3.2) OF SEVERAl VARI ABLES: 

I{arg zi ­ A bas1e ana19gue of R-funetion of several eom­
plex variables [5J can be defined analogously. The 
defiolt1on 1s as fo llews : 

A , (M :M )PI 
R n n (2:) ,q 

C,D. (:Pn :~) « j (n) ,a. (n»); «b.(r) ,e. (r»)pz q 
J J J 

= _ 1_ f ... (n). .. f 
( 2111 ) 0 c~ c* 

r 

n 
11 

1=1 

wher e 

qG(l )9 
C+l.D. (P ¡ :Ql ),(P ¡ :Q2) Z 2 

(C ; 'Y .'Yj) ,(O;P l .D2) 
j j 

(a , (lj) ;(a j , j) 
.1 

(d ;Ó .oj )
j j 

(bj,Bj) ; (bj.ej ) 

A n (1) 
11 G(l - c + L Y. s.)

jj ~ l 1-1 J ~ 
e 
'rr G(c. ­

Jj =A+l 

(3.3) 

- 38 -

Rev. Tec. Iug., Un1v. Zulia, Vol. 10 , No. 2 , 1987 

http:bj.Bj);(bj.Bj


G ( b (1) _ a ( i) s ) f or j e: { 1, ... . Mi }
j j 1 

a nd i E {l, ... • n} Iie to r igbt aod those oi 

n ( 1)
G(l -c + E Y. Si) for j E ( 1 .....A } aud

j l a l J 
(4. 1) 

i
G(l_a/ ) f or j e:{l, ... , Ni} and+ a/1} Si) 

and Y (1) .1 <~ <C . 6. (i) ,1 <, <D. a (1) 1 <; <p 
j ..,jJ- J -.:.J_ j • ..,jJ- i' l~ ~ Qi ' 

lldl ... . . n } are positive nl1lllbers. C .1<i<C· d • e: {l , .. , ,o} , l ie to l eft of the contours. 
j ..,jJ-' j 

l~~D;aj (1) .l~g1 and b ( 1) .1~~Qi are complex
j An empty produc t i5 interpreted as un ity. The 

po l es of the int egrand are assumed t o be simple.numbers. A, C, D, Pi' Ql' Mi and Ni are non-negati ­

ve integers. satisfying the fo~lowing lnequalities Tbe integrals converge 1f Re[a log(zi)-log sin 
ns1<0 for 1ar~e vaIues of IZ11 00 the contours i.e.

O~A~C, O~i~Ql' O~Nlgi.D~O V i dl , .... n } , aod I{arg(zi - WI W2 l og Iz 1 1i I< 1T for i = 1.2, .... 0 . 

Iq 1<1. 
Flnall y , i t ls int eresting t o observe tbat the 

The contoura ct's are lines parallc1 t o results (2 . 5), (;3 . 1} .(3.2) a nd (J.)} can be extended 
Re(wis) ~ 0 ,(1#1 ... . ,0) with indenta t lons. ti ne­ to basie aoslogue of the H-functloo of several 
cessary, in such a ma nner that al the po l es of varia bles defined in t his section, 
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