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ABSTRAeT 

In thiJ DJUQf ua tnvestloace i UiücIcte in[g 
~rnl ~~ansformatlon on the r al line, which, with 

respect ta the convolution structure , lS becter 

adapted than the discrete Hermite transformation, 

introduced by Debnath. The kemels are omplex­

valued rational functions which are the Fourier 

transforms of che Laguerre polynomials anu which 

were introduced by N. Wiener. Sorne remarks about 

a real' version, followin a paper of Christov are 

added 


ABSTRACT 

Bu e te trabaJo se investiga una ransforma­
C10n integral discreta sobre la l!nea real, la 
cual, considerando la estructura de la convolucion , 
se adapta mejor que la t ransformación discre t a de 
Hermice introducida por Debnath. Los núcleos son 
funciones racionales de valores complejos , las cua­
les son transformadas de fourier de los polinomios 
de Laguerre in t roducidos por N. Wiener . Se inclu­
yen algunas observaciones sobre la version real. 
siguiendo un trabajo de Christov. 

1. TNTRODUCTION 

Tn 141 . [51 Debnsth has invest ieated the 
discrete Hermlt transforma. that are the Fourier­
coefficients with rcspect lo the complete 
orthonormal system (CON) of t he Hermite functions 
on the real line o As was pointed out in {5] , the 
convolution lheorem exists on l y for odd arguments 
(see also [6 1, :71), a gap, which can be closed 
considering the Hermite transformation o E genera­
lized functions (see [a]). The reasou for the non­
xistence oi a general onvolution Lheorem (In the 

claasical cnse) is the non- existence of a lineari ­
zation Formula for the produce f two Hermite 
polvnomials. 

Therefore another CON on the real line o which 
consists of omplex-valued racional functions , and 
which was lntroduced in [12 1. 1.03 by Wiener, 
seems lo be better adapted for the seudy of 'U1 
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ON TH~ WIENER·LAGUERRE TRAN~FQRM"TlON 

integral transformation on the real l ine o There 
exis t l iq~Ifir in fi[ion forrnUln~ ui~h respect to the 

1¡¡Uffien[ lJ moll nft ui~h respect to ~n; indexo Th@ 
~nMb~rs or t~e CON are essentially che Fourier 
transforns o t he Laguer.re functions. In [3] Chris­
tov has given a real-valued CON, which is connec­
ted with the complex- valued CON aboye anatogous to 
ehe func t ions cos x and sin x with the function 
exp Ix . 

In section 2 we repeat some results on the 
kernel of the ~~egral transform under con idera ­
tion , usi ng 12 j , 1.03, [9]. 2.6 .4. and [3 . AJso 
we give. a linearization of the product of two 
kerne l s wirh t he same index and difterent argu­
ments (see (2.13». In section 3 we define the 
transformation ~ in certain original spaces . An 
inversion theorem is proved and a connexion bet­
ween r. and thé 2 - and Stieltjes- transformations 
is derived. Sectlon 4 deals wíth the operational 
calculus of the associated intP-gral transformatíon 
including convolution theorems in the original­
and in t he image-domain, which are missing in the 
case f the Hermite transformation . In sectlon 5 
we will remark on a real version of the kernel and 
the transformation, folloWlng ~lristov [3'. 

It must be mentioned, that in [3 J Chri8tov 
has explalned, that che CON of the \~iener-Laguerre 
-functions iR ery well adapted for lhe determina­
tíon of solutlons of interesting non-linear dif­
ferential equations of mathematical physics which 
are square i~tegrable on the real line because o[ 
the asymptotic behaviour of the functions of the 
CON at =~(like x-') and the existeoce oE lineari ­
zation fomulas. 

NOTATIONS. In th18 paper • denotes the set 
of natural numbers , No = N U fol. Z the set 
of integeTs, R the field or real numbers. R+, R­
the subsets of positive and negative real numbers 
respectively. I~ith ~ we denote the fieU of 
complex numbers snd ~* i9 the complex conjugate of 
a. 

2. THE WIENER-LAGUERRE FUNCTIONS 

le ís well known, rhat the !.aguerr fuoctions 
(of order zero) 
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n~N 
o 

(1.1) 

where Ln are the Laguerre polynomials 

,)-1 t/2 nn( -t n)L (t) (n. e e t , n €. No (2.1' )n 

forro a ~omplété orthonormal system in L2( R+) , Let 

r. be ~Il~ (unitilry) FOUriQT tran~forma.l:ioD deHned 
oy 

l'" . 
r;[f] (x) ~ (2n)- /2 ¡ f(t)e-utt dt (2.2) 

and ~ be the Heaviaide functían 

t > O • 
~ (t) (2.3) 

[ < O • 

From che fact that [he sequence 

conelude that [he sequence [poi n=O with 

e r;[1f ~(t ) l (2t)] (x), X ~ R , n € N 
n 0 4 

(2.4) 
+ . 

forms a CON in that subspace L2 of L1(R), for 
which the inverse Fourier transforms vanish on the 
negative renl line R-. Similarly by s[raigh[ for­
ward calculatíon we have chat the sequence 

fot1ll$ a CON in L2(R- ). The'tefare. the sequcnce 
[n _n n:' with 

p (x)" r, [-If~( -[) J (-2t) (x). n €. N (2.5)
- n n-

forma a CON iu thar subspnce L2 af L_ ( R ) for 
",hieh [he inverse Four~er transforma vanish on 
[he positive real line R+. BeCJuse of L2( R )=Lí+ 
L2 + we conelude • that the see [Pn") n::-" fortlL'I a 
CON in L2(R). rf wc take the Laplace transfonn 

-
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... ·n 
L(n ; 1 e f(t)dt, (2.2') 

o 

then from (2.4) we get 

p (x) = _1_ L[1 ] (iX) , n (N • (2.4')2n 2~ n a 

p (x) = -=.!. L[I J (- ~x). n E:N (2.5') 
-n 21if n 

Using (2). 4.11., (31) aHer a simple e81­
eula[íon from (2.4). (2.5) we have 

1 (ix-l)n 
p (x) =- l_n{Z x E. R • (2.6)
n Iif (ix+l)n+ 

Far details we refer to [9], sect40n 2.6.4. 

In the foHawing we let n,m,k E Z and e,x.YE 
R. ow let us look at Borne properties of the func­
tions Po' which are proved by strai¡tht forwa'td 
calculstions. From (2.6) we derive 

1< 
- p (2.6')Po -n-l. 

1< 
p (-x) = P n(x), (2 . 7) 

TI 

and 

ID 1.: 1/1; . (2 . 8) 
n 

!he asymptotie as x tends to ± ~ is given by 

r (x) '" -l/¡;x.x~ ±,. (:!.9)
n 

By means oE rhe iirst of the formulas 
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(2. 10) 

and 

2ix p <x)/Cix+l) (2. 10')n-o 

~e can derive the recurrences 

P~ ="2i [n "n-! - (2n+l) 'n + (n+1)Pn+1 ] • (2. ll) 

and 

p (x) P (y) <: P (~)n n n!,;i(x+y) x+y 

and 

f) (x)p *(y) -1 p (~)
n n (2.14')

Irri(y-x) n y-x 

Directly from che definition we can get a generat­
ing function for the sequence [o ' : 

n 

'.o 

I
• Iz I >1 

(2.15) 


From the recurrence for che Laguerre polynomials, 
see [1],10,12 , {~), anü (~dl'). (Z.f), (7.')')' 
after a ~h~¡, iQ¡~Ulaliünl le ob[nin 

(x-i) pI (x) =n p 1 (x) - (n+1) P (x), (2.12)n n- n 

and 

(2.12' ) 

OE special importance are two lineari7.ation for­
mula~ for che product of twa members of che CON 
[P } : 

n 

(2 o 13) 

and 

r. - p (2.13' )n-k n-k-l ' 

In addilion to che reBul 1'\ cited in .3J une can 
easily c,lculat¿ the relations 

-

Rev. ·rét. lOb" ;niv. 

ro 

.(t+z-*1-1tl-r IT 

(2.15') 

Now let S be the differential expression de­
fined by 

Su(x) (2.16) 

chen we have the linear first order dlfferential 
equation 

s (2n+l)i Pn' n E Z • (2.1]) 
n 

Wi.th 

(2x2+1 )u(x) (1,16' ) 

from (Z.16) it followq at on e. that the func~ions 
n are solutions of he linear differential 
e~uation ol second arder 
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-(2n'¡'1) l n ~ 2 . (2.17') spaees oE [unctions with continuous derivatives 

up to lhe orJer k. Then we conside¡ .h. rollowinl 
original 3paces of functions. Let v>O , then 

Similnrly, as in the case of the functions (~)~ 
inx n O <It l) 

-V-j 
, (3.2) 

point of view. Let 
e n € Z, we can consider (2.16') froro another 

¡t ~"' •.i O.l . .. . , k} 

(2 . 18) 
and 

then from the conGiderations above we see ,that th~ 

se~ fnn , O-n-I t fonn: a fundament~l Qygtatll for 
(2.18). We returo to this result in the seetion 5. 

0.2')Let R denote a right inverse of S, i.e ~ 

where ¡, I 1 (R) is the space of locally integrable 
[ unctloñ~ °gn the real lineo Obviously we have 

SR ( 

snd let y = Rf, so y is solution of the differen­
rial equation .., Ek+l .., ... . (3 . 3) 

~ V J 

Sy f 

Remark : In the followin8 all re 5 ul t s are 
The 801utlon of this inhomogeneous linear di Heren­ formulated in the largest spaces in which they ilre 
tial equation oí [irst order is valido 

From (3 . 1) we get the 

l'" 1 
y(x) (x 2 +l) - -/Z[ f f(c)(l2+1)- /2dt + cJ . Cf~. 

x TREOREM ] . 1. Let f e: E rhen r,[fl exi sts. ¡; is 
a linear transformati!')~ If fe: Ek then 

v 

The special solulion with e = o i~ denated bv 
R, 50 tha t 

+n -,. - 'Q (3 . 4)F(n) 

<X2+1) _1/2! f( L) (t2+ l) _ 1/1 deRf(x) (2 . 19) 
x 

For l ile proof we refer to (3.1) and (3.2) and froro 
the (írst of these formulas we get (3.4) by means 
of integration by pares, using (see [nI. 1.2..6,4 . ) 

3. 'fUE TRANSFORM 

As the Wiener- Laguerre-transrorm (WLT) of a (x+a)p- -=--=-- ---:- +funetion f we define the sequenee of Fourier eoef­
(q-lXx+b)q-lficients of f with respect to the CON [en n-~~J 

T[f] (n) F(n) ! f(e) Pn(t)dt, n E' Z. (3.1) .L 
( q-l).'" 

ir che incegrals existo In preparation ror an inversion for!'lula we 
wan t to remark. that instead of (J . l) rhe Fourier 
coefficients (in the usual notation) are the num­kc k E N with CO ~ e be the bers; , o 
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f f (t ) ( 1: z- n p (t) dt 
o0 =0 

Berause of (2.6' ) and n (Z He can choose the 
definitlon 0 . 1) , but one has to be carefu l in - iz 
ormulating the inversion formula in the Hilbert 

/;(z-1) 
space L? (R) , that is the Fourier enpanBion of f 
wit h, respect to t he CO rD} "" • From F,f )W'W 

I 11 1 n ft-- o 
get lrnmedlat e J 'Uf all 

iz 
h[f](a ) - YLf( - t) ] (-a ) } • a " i H z 

I;(l -z ) 1-" 

dt 

f(x) - L 0 . 5) An a l ogous by means oE (2 . 15" ) He have 

'.c 

~he val~ditv ol the invers i n formula (3 .5 in t he 

senil ij[ ürOlUary [On~@r~Qn~g fOl l~U! ~as~y fram 
(2 .8) and (3.4) : 

- iz f ( t ) 
THEOREM 3. 2 . Le t I E: Et aod F = df] theo t he f 

¡; (z-1) t - a 
inversion formul a (3. 5) holds and the conve r gence 
i s absolute an d uni form o 

Remark : With the help oE (2.6') in stead of iz r ] r,
(3.5 ) we can write (YlE (-a) - y f (- t )J (a ) } . 

' 11 
Le t fEEv t hen f rom (3.1) we get immedia ely t ha t 

f (x) í: F(n) P* n 
(x) (3.5 ' ) F(o) = 00) if o tends to : .. . Therefore the z ­

n=-'JO traosfonns z[Y+J {lod Z"F- ] exist for al] z with 
Iz\> l. Wit h z=re1il , r .• l, andN = 1 + r ' 
2rco ~ ~ > O we ha ve 

and Theorem 3.2 is also valí . 

A connexion with we l t ab ,,1 are d i n tegra l 

transforms can be derive d i n t he following manoer: 
 N (- 2rsiod + i (l - r L» 
Let z be t he Z -trao sformat i on oE a sequen ce 
a = ( an}~=O tha t i s 

¿ a z-n and t he refo re Im « ~)a) < O if P I, tha t isz al (z ) (3 . 6) n ( » 
0= 0 

¡arg «~) a) 1 rr is satisf ied Rod hen ce t he St íe l tjes 
r + ] +trans[orms ( lf (- t) ( - a ) exist o Summar izing the 

and y the Stieltj es t rans f orma t íon, d f i ned by cons i d ra t i on above we have the 

THEOREM 3.3. Lec f E: E" and F+ resp . . Fl+i he re s ­
trict i ons o f F to o resp . N • a "• r:z . then ('" f (t) dty[f] (x) \" r g (x) \ < TI (3.7)J, x+r 

= 

_-...::i",-"_ (Y(f] « ~)a)- y _F (- t ) ] «(;) a )l, 
Iñ(l - z ) 

Furt he rmor e l et F+ r e sp. F be che restr ictíons of 

F =~[f l t o o r esp . N-, t hen we have ( fírst of all 

pure l y formal) by means of the gen rating f unct ioo 

(2. 1 ) Iz\ >l. O.R) 

J f(t) (í: p 
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Because of ) [E] = L(L f] one can use the 

tables of the Stieltjes transforms (see for exam­
pIe [2J. vol. 11) as well as the cables of the 
Laplace transforms ([2], vol. I~. Tables of z ­
transforms are contaiaed in [lOJ I 

4 . OPERATIONAL CALCULUS 
From Propositíon 4.1 and Lemma 4.1 we also have 
the 

For appli ations oE the WLT the operationa1 
Conclusíon 4.2. Let f ( EO and k ( N~. thenrules are f great importance. From (2.7) and (2. have the integration rule~

6" \ole have 

i k(n) '" (2n+1) F(n). 	 (4.5)
r.[f<-x) ] (n) -F(-n-O (4. L) 

Ibe con~Cruc[ion oI a conuolution Íft ~hé or1­
ginal domain will be prepsred by a generalizedIntegrating by parts by meaDS o[ (2.11) resp. (2. 
translatíon onerator Ty. Y E R, fixed with12) \ole can deriv~ 
domain El and 

r.[f') (n) =t (2n+l)F(n)-nF(n-l)-(n+l)F(n+L)]. 
(T f) (x) ~ ---=--­ (4.6)

(4.2) y Iñí(y-x) 

snd 
Proposit~on 4. 2. Let f E El. Then fo r each fixed 
y E R the opérator -y is s linear operator of 
El into El and the formulas 

r 1 1r 	 ]r,Lxf l (x) = IL(n+l)F(n+l)-nF(n-l)-F(n) , (4.3) 

J 
f E E (4.7)\J 	 ~ 0* (x)

y n 

From (2.16) and (2.17) we ha ve by mean~ of inte­
gration by parts the differentiation rul~ 

(4.8) 

Prollosicion 4.1. Let fE E +, snd S the differen­

tia1 expression of (2.16) v . O snd
Then SE E Ev 

are sstisfied. 

~ [Sf] (n) z -(2n+1) iF (n) . (4.4 	 Proof. From (4.6) we have iromediately, hat Ty is 
a linear operator oE El into El. Also (4.7) [01­
lo\ols from (2.l4') by aking the complex conjugate.

By complete induction we hsve the 	 Substituting t : = (x~l)/(y-x) and using (2.14) 
\ole get 

\Alnero.. 1 . 4 • 1 Let f E EkV+k' k E: NO. then Ski€' E~vus l:n • 

(4.4') 

COl1versely with the notatwn of (2.19) we MVC In tenns of the operator T y \ole are able to define 
for the ti ght: inverse operalor R oC S the a convolution in E~ by 

Lernma 4.1. Let f E: E~ Then Rf e: E¡ snd SR[ = f. 

ClProoL From (2.19) and f E: r we have RfE snd (f*g ) (x) f f(t) T g(x) dl. (4.9) 
RI(x) = O!T.!-t as x ~ ~ Q. Now \ole have - ,. t 
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o 
Theorem 4.1 (Convolution Theorem) . Let f 7 ~ ~ El' 
Then l~Q (~ anJ the convolution is commutative\ 

as o~i~ttv~ anJ J~stributive. 
Furthermore \Je have 

r, [f*g] FG. (4.10) 

Proof. From (4.6) \ole conc1ude, that also (T tO (x ) 
is 0(1(1 -!) as Itl- ofoT each fixed x (R aOn 
therefore the integrand in (4.9) ís 0(t-2) as t ~ 
., , that is, the convolution f*¡; eliiGttl,ObViOuSlv 

it belong~ to Elo too. FroID the theorem and ~4.8) 

W@ h~UQ 

.JO O" 

.., 

! f(c) f ( 2) (x) r (x) dxdl 


t n 

G(n) f f(r) \) (t) dt F(n)G(n)
n 

-.o 

As usual, working in che imag dom:ün, Qne can 
deriv the propert i''; oi the convolut ion stated 
in the theoTem. 

Similarly the convolutíon in the lmage domal.n 
depenos on a generalLzed translation operator T

k
, 

k ( Z, tixed, define J (see (2.13'» bv 

(T F)(n) = __1__ [F(n-kl-F(o-k-tl]. (4.1l) 
k 2,1; 

Herl! \JI' have 

l'heorem 4.2. Let f E: E and F ~ r[f1. then the v 
equalitil!s 

(4.12)¡; 101 

n n 

and 

(4. 13) 

are sat isfied 

I'roo[. The [irst of che result,; follow8 directly 
from (2.l)' ) . From (4.11) snd (2 . 13') w~ have 

-
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Hence (taking ~ ) the reaule (4.13) follows . 

By means of the operator Tk we define a convolu­
tion in che image domain by 

(F<g G) (n) r. F(k)\ GCn) (4.14) 
k",·o.., 

Theor~m 4.2. Let i. g E E! ,md F = r.[f], G = 

r; [g]. Then F ~ G exists añd the convolut ion is 
commutative, associative and distributive.Further­

E2more we have for í ( (ol' g E E2) 
\l V 

F® e, (4.15) 

lhat i!l 

f~. (4.15') 

Proof. From (4.l1) and 0.4) we condude, that 
F(k) and Té is ()(¡k¡ )_1 as Ik,~~ snd there­
fore the suro at the Tillht hand s i de o f (4.11.) 
exi.sts. With the help of (2.13') and (3.5' ) ¡md 
becau"e oi f e: E~ we h,1ve : 

deg] \n) s f f(t g (t) n(t) dt 

! ¡!; (t) l: F(k) r * (t) o (t) dt 
k~-'" k n 

3) ­
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[G(n-k) - G(n-k-l) ]
2.;; 

E Fk (T G) (n)
k

k=-'" 

5. REAL VERSTON 

Analogous to the theory of the Fourier trans­
formation where, besides of the complex version 
xist real transforms (Four i er-sine and F o u r le r­

cos i n-transforms ), we would be ab1e to gíve a 
real version of the Wiener-Laj!,uerre transformation. 
We inelude no formulas for the tr ans forms ,but, 
follnwing Christo [31. only sorne definitions and 
results on the kernel s . 

Instead of the complex valued functions p 

Christov considered the real valueu functions S n 
n'n' which are conneeted with Po by 

(o +p ) /i12 D ( Z ( 5. 1) 
n - n-I 

n € Z or (5.1')e 
n 

(c + iS ) ! /2 n E: Z (5.2 )
n n 

Because of 

-c n E: Z (5 . 3) S 
n- 1- n 

REFE RE 
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FW1ct.¿m~". Vol. n. McGraw-Hill Book Comp . , 
New Yo r k, To r on t o , London , 1953. (Ba t eman MSS 
Pr oj e t ) 
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we see, that the set (Sn,e ) ; =0 lOrm5 a n
1z(R). The set (s ,e ) fQrmB ñ real.v~luQd 
men~i' oyócem forO [n~ linOA~ ~~eond order 
ferential equation ( 2.1~). From (2 . 6) we 
tbat the behaviour a t :t . ~ is given by 

-1s (x) x x + 
+ 

n 

rz -2 .\.
ex)( ", /=-(2n+1)x , x + -'" 
n ~ 

CON in 
fUftdA­

dlf­
find 

(5.4) 

Analoeolls to the sine- and t.:osiru - functions, 
the S Ilre odd and the e are even functions. The 
recur~ences (2.11,11 ' , n 12 ) and the linearization 
formulas (2.13, 13', 14, L4 ') can be transferred 
ro che real valued functjons Sn and en anú there­
fore the results oí thé. sections 3 and 4 can be 
translated to tranaforms of the type 

(5.5) 

and 

r;C [f] (n) (5.5') 

We will nat explain his in detail . 

6. CQNCLUDrNG RE~l<\RKS 

The IfLT with the camplex valued functions 
Pn in t he kerne l investigated in this paper can 
of co urse be general i zed t o suit ble spaces of 
generaliz d fun ctions . Por applica t ions, s~ecia­
l ly for o r i !1: i na l f unc t ionR defined in R+ only, tbe 
\,JLT with the r eal-va l ued kern ls Sn resp.cn (when 
the o rig i.na l s a r e to be cont inued c: dd r esp. eve n 
t o R- ) is o f i nt e rest. The se probl ems ancl some 
appl ic a t i ons a r e con s i. dere d in two f oll owing 
papers . 
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