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Certain basic integrals and integrii represen—
tations for a basic analogue of Fox's H-function
are investigated in this paper.

En este trabajo estudiamos un andlcro basico de
la funcidn H- de Fox. Obrenemos alpgunar integrales
representaciones integrales de la fun:ion.

INTRODUCTTON

The cbject of this paper is to define a basic
analegue of Fox's H~function and to establish some
of its fundamental properties. The results proved
are of general character and include, o3 special
cases, the results given earlier by Agavwal,

DEFINITION OF A BASIC FOX'S Hq—FUNCTIUN

We define a basir analogue of Fox's H-funvtion

as
IL X \ (b,
G(b.- ) LC(l—a.-l-c..S)TrZE As
] .
j=1 ] ,J j=1 11
3 A
(1-b.+a.s) -—0.5)G(l-8)s1
J .
where 0 < m; € B, 05 n] € A; oi's and :'s are all
positive, the contour € is a line parallal to RI
(s1s), with indentations if necessary, iun such a

-

A BASIC ANALOGUE OF FOX'S H-FUNCTION

manner that all poles of G(bj-gis), 1 ¢ 1 & m] are
te the right, and those of G l-a-+ﬂjs), lgjsmg,
to the left of C. The integral converges if RY slog
(z) - log sin ]'\ or large values ?flgS| on the
contour i.e., if " ‘-2m1—1105;|245|<*r.

LS

1f we set a4 = B = 1, lgjgA, lgigB in 2.1y,
then it reduces to the basic analogue of Meijer's
G-function, namely

If we put my = B, nj = 0; Bj = 0§ = 1, l< i <A,
1£j€B; in (2.,1) then it reduces tn an E,-function
due to Agarwalf 1], which itself is a generalizaticn
of basic analopgue of MacRobert's Eq-funceion given
earlier by Agarwal [2}.

From the definition (2Z.1). it readily follows
that
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GERTAIN BASIC INTEGRALS INVOLVING Hq—FUNCTION

The fellowing basic integrals are to he estab-

lish here.

(1) 1 -1 m, ,n, -p  {{a,a)
— 8§ x E (gx)H | 2 +q 1(q,x)
l1-q 0 A, B

A, B+l L
for R1(0) >0 and R1(p) >0 ITg Z-w,uw; ) |«
£ 1% - . 7 1
Ge1) 1 rr)!.:‘.l -u (a,a)|
— S X (l-gx)p-o-1 H :q 1(q.x)
1-q 0 A, B (b, p
l':]'H n, {a u)
G(p=a)l ) S
A+l , 1)
for Rl ( >0, RI( 0 0 ( ]
-1
AT log

r i
% & f ' . ”‘
( 1 X~ 3q
2iri A, B L (5‘:)‘
m, 41, | (a,a), (o, ]
G(1)H ~ Z 3q ‘ (3:.3)
A+1 ,B {(b,B)

wtere the path of integration € encircles rhe nulil-
pcint and also in the usual manner, can be deformed
irto a leop parallel to the imaginary axis.

Gy 1 my M, (
S J‘.‘“(“:-; )H X 1 1(q,x)
= 0 A \, B | (b,B)
| JlTF (1- {a,q0)
| 23| . (3.4
A+l, B (b,B)

for Rl1{c} >0, R1(p} >C and | arg z - wzwIl loglz|

| em.

G(L) 1 -1 1],:=t{ u l(.l,t‘.
—— 8 x (l-gx)p-o-1 H zx 39 (q,x) =
-3 O A5 B i(b,R)
m 1]1*'] (1= ‘\1,(1 1)
;(p—o)H ) z3q (3.5)
AFl B4 (b,B),(l-0,u)

for RI (o) >0, Rl (u) >0, Rl {p--1 > 0,

l{arg z - mzmzllogizi}i <m

(a,a) 1

m, ,0
G(1)H : z3q J
A,B+] (b,B), (1-o,p)

Proof: In view of the definition (2.1), the expres-—
sion on the left of (3.1), can be written as

d{q,x)

If we interchange the order of integration,
which is valid for Rl1(s) >0, and |{arg z - wywllog
\z\ ' < 1, then the above expression reduces to

| q

X4 S x SH - (thi(q‘ﬂ.ﬁ ds.
i

On evaluating the inner integral with help of
an integral due to Hahn [3} and interpreting the
result thus pbtained with the help of (2.1), we
arrive at the desired vesult (3.1)

The remaining integrals (3.2) to {3.6) can be

evaluated in the same way by making use of the re-

sults (3.16) and £ 9(b) given earlier by Haha
(3.

CERTAIN INTEGRALS INVOLVING

BASTIC MELJER'S G-FUNCTION

If we specialize the parameters in (3.1) 1o

(3,6) and make use of the result {2.2), the follow-
ing results are obtained.
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G(1) 1 iy my .0, T -u (a)
S __:(, 1 Ec (qx)("; ZX 3 g } d(q,x)
i-q 0 ‘ A, B L (b) J
. m.+u,n (a) ]
= ﬁfaj-——lv (e 1 1 zZ3q 5 (4.1)
Lo oe - A,B+ u (c),(b)
u u
1 G(q' )
i=1
where q' = qu, u is a positive integer, Rl(o) » Q,
_+_1.h1 ( =
c; =q' for i = 1,...,u, | arg z -w,w, log }
G(1) 1 53 m 0, r -u |(a)
—— 8§ x°  (l-gx)p-o-1 z 3q | d(q,x)
l-.q 0 A, B | | ) |
pti-1
G(p=0)G(o) u G(q' I
i L =
iv(n; 1=] (:(rt" " \
ml-l-u.nl | (a),(d}
G' z3q | . (4.2)
A B | | (e),(b)
where q' = q°, u is a positive integer, Rl(p) >
o+i-1 p+i=1
Rl(g) =0, dj = q', u ,(‘:i=q' u for i=1,..
eyl {arg z —mzml log|zl§| <m.,
x 2y
1 g My u | (u)l .
—— 1-“(.\').\; G ZX- 34 |dx
21i*C . A, B (b)d
u gt+i-1
G(1) T G(g' y ,
eLL) i G(q 4 i m, ,n (a),(c)
N i=1 SRR K Ul (e ' T
P ()‘(.)***7 G z3q , (4.3)
' A+u,BL l (b)

where the path of integration is the same as in the

agt+i-1
case of the integral (3.3), Rl(g}>0, ¢y =q' u ,
i=1,.,..,u; q¢' = qu.

G(1) 1 _ m. ,n u (a)
s XU t E {gx}G 171 ZX 3q 1(gq,x)

(1-q) 0 9 A, B

u i-o

R _

G(q u ) m, ,n,+u (c),(a)
_i=l Ry 2 | .
S e ¢ “30 £ sl

A+u B (b) |

where q' = qu, u is a positive integer, Rl (o) >0,

i-g

c; =q u fori=1,...,u.

G(1) 1 2y L u (a)
S x (l-gx)p-0o-1 G {z:—; 3q r ] d(q,x)

l-q 0 A, B (b)
-pt+i
G(p-0)G(l-o) u G(q' u )
G(l-p) 4 :_f_‘?-i
i G(q' u )

m,+u,n
R 1
G' : {z;q

(a), (d)]
A+u ,B+u (), (b)
where q' = qu, u is a positive integer, Rl(p) > Rl
iwe ip

(o} >0,d; =q u ,¢45qg u , for i =1,...,u.

G(1)G(1-0) ml,rll (a)

= s ¢ 2:q | i (4.6)
E[ G(q' 1T} A, Bt | (h},(.:'ﬂj
i=1

where q' = q'ﬂ, p is a positive integer, Rl{g) =0,

i~g
ci=9q p , fori=1,...,p.

It is interesting to observe that if we take m
=B, np = 0 in (4.1}, (4.2) and (4.3); and use the
relation

B,O [
G z3q
A,B

then (4.1), (4.2)_and (4.3) respectively give rise
to the results (6.1) - (6,3) due to Agarwal [l].

(a) ‘l N
) | = E‘,(![B;hp::\;;ki iz J

INTEGRAI. REPRESERTATION FOR

BASIC FOX'S Hq—FUNCTION

(a,a)*
('b],1),(1)2,1),(13,;5)*]
B 1
sz %4y
nl ]
1 J’ —a. 4.
{amz— a0 ““J}

C
]

j-=n1-+-1

't feay 1 a;-1 m
I —_— ] X E ho)d(q,A. I
il T 5 o Py im
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J”G(l)l b.-1 1 b.-1

5 E,(qu.)u.J d(g,u.)b — S u_~ X E

kl‘q 0 q ] ] ] 1-q 0 - q
b]; A ﬂli B H]

1qu2):¢0( ) -u, T A, I u_j‘/z)d(q,h__), (5.1)

; “j=l I j=3

vhere (a,n)* and (b,B)* denote the sequence of A
¢nd B-2 pairs (l—a[.al),...,(l—an , anl), { an]+ 1

1
on1+1),...,(aA,uA)i(b3,53),...,(bml,ﬁm]).yl—hml +1,
Bmi+1 y---,(l-bB,BB>; Rl(bj) >0, 2 i< B; Rl

(aj) >0, 1 g€ j € A.

m,n l-

1l
mn—-2 ,mtn L

(1_31’“1)""’(]'an’“n)‘[Cl’BlJ"'

(baB) veeen (BB, Uy ae) e

- B ) n G(l) 1  a.-l
m-— - - (:(I"‘,, ) { j' g Cleghc)-
] A 1=1 J =

(1- 2B 1-q 0O
m-2 JG(1) 1 b, -
] (q : el 11 _‘ {‘j ”k:'\ H_q‘lk]\‘_
| J k=1 l-q O k
1] E -1
1. f.llq.u]").r‘u‘uk ‘l?i—:.:} - ; ;f.‘\L!! --V:‘
K l-q 0
. h‘ n ri n—-2 -
i 7 "
1 ( I 1 1 {(5.2)
0 - i
e ! Yn-1 j=1 J =1 I
where R1(d:) > Rl(aj) > 0, Rlic) » RI(uy) > 0,

Fiag) > 0, Bp=Bp)=l, RI(3) = 0, L g j e ny lgk
§ m—2; a's and B's are all positive quantities.

| m, ,.-\—-ul (1-a_.,» ] Y wranisy (i—..A, ) (‘15_:‘ )
X |
A-2, B (b 1 Y o b X5 Bt Y (b_,a )
1 3 m" m
,(-’il'}. 1) B 1
: ] G(b,) —
(1= B s o0y (1=b ) m,+1{ G(1)27i
m,+1” "m+] BB b
1
=-b, m G(1) b, -1
e (u.)u, dduj B —— x{: (=i, _
(. 1 =3 1-q % k
N
A 6 L a-l
li(q.".l_)/(}(n -b, ) Il — X E (f',:-',‘ Yd
: ) . t=m+l l-q U t 9 -
1 1. b=l I:]', B =
(q,x.) s 5 o E (qA,),0.( -z 1 u.
I’} beg B * FENE n
yl B A X
.\1 .\.]l\ I :‘;Ft,"’.'-,\)d(q‘*!"J i gy
K=3 { t=m,+1 &
Rev. Téc. Ing., “niv.

where Rl{a.,) > 0, Rl{ap) > Rl(bx) > 0, 3 & k¢ my,
m+l & <JA, RI(b) > O, m1+l € t¢B; a's and B'a
are all positive quantities.

Proof: To prove (5.l) we start with the known re—
sult (2 ; (2.10)

G(a) b-1
!C((:\‘b::z) = j E( (qA) A 1¢I“(a;#l/z)d (q,1)
1 1-q o ¢

- G(;n-.sﬁ()‘(b-s}ﬁ:{ﬁfis

»

i C G(l-s)sin

where the contour C is a line parallel to Rl{ws)=0,
The integral converges if Rl[? log(z) - log sin wé]
< 0 for 1argglvalugs of[s] on the contour, i.e., if
| arg(z}—wzml log\z,}i < w,

The expression of the right of {3.1) can be
written as

m G(1) b.-1 1 G(b, -s)
1 = ] ; . 1

n —— J E_(qu.)u, ill@‘u.,‘ —_ —

=3 L1-q 0 ¢ 1 J " Jani C G(1-s)

(:(I},,‘,‘L)"'ZS B -B3.s A o.s

-b. A ] J =%
/e (udu, ddul M — e (@A, 3 ax,
c. 1 33 I swn. 41 G120 G, 9 773

] 1
G(1)

n G(1) 1 a.-1 m L
1 ] ; 3 | :
T4~ i “'f"l"v'"(q"‘,e)} - ]

1
i=4 1l-q 0

b.=1 (‘-(l\) 1 b,=-1
( ) I 1( ) — 'l" E (qu,)u 3 ]{({ W)
1. alq,u. E (q Ju. s U,
\(Illil\_ ; ] ]J q ) 3 3

L~y

G(l-s)sin 7s |
2 j=3

On changing the order of integration which ig
valid by absolute convergence of both the i ?n?e—
grals, for Ri{bz) » 0 and |{arg z —wzwll logle|g) <

<

3 the R.H.S5. for the above expression becomes
B 1 -b, A 1
m (——— f e (u.)u. J du . il —
C ] - -
_‘;Tll'H G(1)2mi C; ] J::1]+1 G(l):
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v-;xj ‘; ny (G(1}y 1 a.-1
! &::C‘_(‘;“‘l)"\_} - d)\_‘ 5 .\. }\— A hq(qi\i)d
g ; 7 =L Mg ¥

m, p,G(1) 1 b.=1 1
(g,A. )) -‘l j — 5 Eq(qu S d{q,u.) — J
| i

y 3= L1-q 0 2ni €
s A °'L1'5
3(b,~s)G(b,y—s)mz" | G
4 . =1 3 (G(J,) ] b~
B B.s i iﬂ_q_-g Lq“iu?)”?
3(1-g)sin ms T u.”

3 g-—
<l((|,u.‘)\‘.l ds
- J

On evaluating the immermost integral, it gives

B[ 1 i -b a [ 1
I ————— ) e (u;)u. J 4u. 1 'J—
j=m;+1 | G(1)2i ¢ 4 13 I 5=n,+1|c (1) 27i c;
L -

1 G(L) L a.-l
——é 2B (@28
1) o S R

_aj
e (AR di .
q( L]) 1 ]

==}

]
m (G ] | N 1 G(b,-s)G
i ; E (qu.)u = d(q,u.) i
i=4 | 1.q B 9 1 ] 27i C G(l-s)

\

A .8
e

( it - IE'-S |
\b: S)G(b,j 1;35) z T

J= — ds.
B B.s
sin 78 0 u.d
j=t
Similarly on using the known integral due ta

Hahn [3], (m1—3)—times and ny-times, the above ex-—
yression reduces to

B : -b. Y oA ¢ ]
n ) _ 5 E:r(lli)W.lJ J d'u_if II )

el e 1 i 1 013271
j=m, +1 [L\I)Z\l (,j i 1'1L+].5.m G(1)2ni

1

8., i

) G(b,-8)G(b,-s) ”,l. G(bj-

.]' =3
s (0%, 3 J=
| il d’j?‘ Zri C
‘] J G(l-s)sin TS
1:.]. A ‘d_iS i
ﬁ‘.w 1" G(a.+a.s) I AT 1z~ ds
.| 2 j=n,+l J
B B.s
I e
j=m, +1 b

1

Now again, changing the order of integraticn,
which is justified as before, and using the known
result due to Hahm ( 3 , §9(b)), (A-nj}-times and
(B-mp}-times to evaluate the inner integrals, we
finally obtain
m.,n {(l-a, ,a.),...,(l-a_ ,a_),(a \a )
g ! 1 z1q 1°71 n1 111 n1+1 nﬂ-l
A, B (bl,l)(bz,l)(byﬁa).-.(bml,Bmi) (1-'t>m1+

m
G(b,-8)G(b,-s) I

a ) =
""‘(aA’A . 1 s 1 2 9

L 4 ;
G(b.-B.:
J w]'%)

Yowian (Lobi B 2r1i C B A
5 B I G(b.+3.s) I C(aj—

_;:ml'i'l = = ]:ﬂ}'\"l

i1
n G(a.-i-u,s)wzs ds
=1 3]
(5.4)
ujs)G(l—s)sin s

which converges for |{arg z —mzw;l logiz[}i < W

The results (5.2) and (5.3} can be established
in the same way if we employ the results (3.16)and
§ 9(b) given by Hahn [3] , to evaluate the inner in-
tegrals.
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