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ABSTRAeT 

A c.omprehensive review of the world literature 
dealing with vibrations of turbine blades is pres­
ented. This review inc.ludes studies of single 
blades using discrete mass matrix methods, dis trib­
uted mass studies, and finite e¡ement investiga­
tions, Analyses of bIade groups by t hese methods 
are also included . !he contents of 114 papers on 
blade vibrations are each briefly summarized with 
comments rel a ting to how each publication contrib­
ut es to the present sta te of knowledge for this 
subjec t , 

RESUMEN 

Se presenta una revisión de l a litera t ura exi s ­
tent e a nivel mundial sobre l as vibraciones de ála­
bes de turbinaa . Esta revisión inc l uye estud i os de 
álabes simples usando los metodos·de matriz de ma­
sa, estudios de distribuci6n de masa, e investiga­
ciones sobre elementos finitos. Se incluye tambien 
el análisis de grupos de alabes con dichos mé~o~ 
dos. Se resumió el contenido de 114 publicaciones 
sobre vibraciones de álsbes con comentarios sobre 
el aporte de cada publicación al conocimiento de 
dicho problema. 

EARLY TURBlNE BLADE VIBRATION STUDIES 

The first investigation of vibrations of t ur­
bine blades was publi shed by Campbell (1 ) in 1924. 
Campbell discussed problems of blade failure due to 
tangencia l mode vibra tions and presented guidelines 
for avoiding blade reBonance by de-tuoing . The in­
t eraction becween blade 'natural frequencies nd 
various f l ow-related excicat i ons is conveniently 
summarized on t h so-called Campbel l diagraro, which 
is fir st presen ted in this papero 

EarIy design prac tice and operatiog procedures 
were discussed by Al len (2) for HP, IP nd LP t ur­
bine hlad in¡:. Haterial s elt!ct i on , mnnufa<.:t ur ing 
procedures, likel y cause s of failure , J amping , 
steady and non-s t eady steam l oading, and centr ifu­
ga l loading. are discussed . The existing s t ate of 
knowledge for s t r e s ses associated wi t h var i ous 
loadings and other procedu res are revi ewed. Kroon 
(3) applied di f ference ca lculus to f ind t he effect 

TURBINE BLADE VIBRATION LlTERATURE REVIEW 

of l ashing wires and centrifugal force on steady 
stress levels and on bending deflections of turbine 
bl ade grolips. An important findíng ",as that the 
root bending moment increased as the lashing wire 
stiffness dec.reased, under steady st~ loading. 
Other work do~e by Kroon (4) dealt with turbine 
blade vibrat ions resulting from partial admission 
operation. An optical syst em fo r viewing bl de v i ­
bration i n a ro t at ing turbine was described . The 
importance of daroping in turbine bIades was also 
emphasized but only damp'ng of bldde m t erial 
(elssti hysteres is) was considered i n aoalysi s. 

Nolan (5) cons i dered t ha t stoam damping waa 
amal l compared wit h material damping bu t dded that 
dampi ng a sociated with friction contac t surfaces 
(e.g. bl de / d i sk root interfaces, slid ing tie 
wires, tenon/shroud assemblies, etc. ) was signifi ­
cant in decreasing vibratory amplitudes. No l an 
also discussed various sources of blade excitarion 
(variation in steam pressure, lack of uniformi ry in 
nozzles or blades, partial admission) , resonant de­
t uning of bl ade structures usÍDg a Caropbel l ·dia­
gram, t he need· for rotating blade test i og, calcula­
tion of design frequencies, and blade fatigue test ­
1ng under a combination of tensile and alternar ing 
l oads to determine t olerable levels of centrifugal, 
steady steam bending, and vibrating stress levels. 
!he possibility of orrosion fatigue is also me n­
tioned , and the need for blade Toot designs which 
include large fi l let radii was emphasized. 

Smi rh (6) gave an analysis of blade group natu­
ral frequencies in which specific groups of ident i ­
cal t urbine blades were studied. n,e bl ades were 
rigidly fixed to the wheel at the ~oot, and were 
connected to one nother by a caver band at their 
t i ps. The blades were allowed to deflect due to 
bending but shroud extension was no t perm'tte • 1n­
plane tangential vibrations only 'qere considered. 
No ax i a l or toreional modes were s t udied. Resul t s 
were presented f or a 6-blade and a 20-blade ~r~up 
by plot ting che frequ eocy rat io vs the cover r~g1d­
ity rat io , with ma ss ratio as a var i able par ameter. 

Results are given for the fir st sidcway mode, 
and a secood group bending mode was ident ified. 
This is the f irst anal ys i s of mode groups. It show­
ed tha t blade group vibracion is more complex than 
previous singl e b l ade studies h~d revealed . 
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TAPERED TWISTED SINGLE BLADE STUDIES 

Modern analys i s of turbine blades begins with 
the work of Mendelson and Gendler (7) who used"sta ­
tían funct i ons" to calculate coupled benJing-tor­
sion vibrations of cantilever beams. It was assumed 
that the inertia and deflections are continous be­
tween specified stations along the beam. Coupled 
bending-torsion vibrations ware calculated in this 
manner. The first antilever mode was found to be 
0.9 percent lower than the exact value for a uni­
forro cantilever when one station was used, aud 0.3 
percent lower when two stations were used. The sec­
ond mode gave results that were over 100 percent 
low for one station, but this error decreases to 
1.8 percent lower than exact value when two sta­
tions were used. 

10 and Renbarger (8) developed equations 01 motion 
for a rota~~g cantilever beam. Their results 
agreed to within 0.1 percent vith a discrete system 
calculation bv Sutherland (9) ~\o used Myklestad's 
method. Lo and Renbarger mentioned that the vibra­
tions oí a rotating beam are influenced by the ori ­
entation of che beam principal stif[ness axes with 
resp ct to the plane of rotation. Vibration perpen­
dicular to the plane of rotacion causes higher nat­
ural frequencies than vibrations in the plane oí 
rotation. Lo snd Renbarger gaye the following equa­
tion Eor che increase in natural frequency due [O 

centrifugal stiffening 

.mere 
p i5 the angle of blade orientation with re­

spect to the rotor axis 
n is the rotational speed 
wL is the beam natural frequency at zero rpm 
uJ is the out-oE-plane natural frequency of 

the blade ae speed Q 

Lo (10) ~tended the abave ana1ysis tO the case 
o[ rotating beam vibrations including Coriolis ac­
celeration effects. !he direction of vibration is 
again not perpendicular to the plane of rotation. 
Ocher work concerning secondary inertia terms in 
rotating cantil~ers was done by Bogdanoff (11) who 
developed expression5 for the coupled and uncoupled 
corsional-bending modes. Schilhansel (t2) sIso ob­
tained the equations of motion for a rotating can­
cilever, and solved [or the firsr natural frequency 
using a Ritz procedure. Agreement within 2.2 per­
cent snd 0.1 percent as obtained, compared to the 
exact 501ution for the first and second approxima­
tions respectiyely. Schilhansel also verified the 
Lo and Renbarger (8) result for the lowest natural 
frequency of an oriented blade. 

The uncoupled vibrations of rotating beams were 
studied by DiPrima and Handleman (13) who eveloped 
the equations o[ motion in the plane of rotation, 
and used a variational procedure to solve these 
equations. !hese auchors indicate that the results 
of their method showed good agreement vith Rosard 
(14) snd with the Mendelson and Gendler (7) result, 
but no comparison data is presented. An extension 
of the DiPrima paper wbich included coupled tor­

sional-longitudinal motions showed tha t t hese ef­
fect s were not signifi cantly affected by pre-twi st. 
Gere (15) and Gere and Line (16) devel oped equa­
tions of motion for t orsional and coupled torsional 
-bendi ng vibrations of thinwall ed open croas-see­
t ion beams. Various cross sections and end condi­
tions were studied , Ziekel (17) (18) developed the 
general theory of pretwist columna and beams, and 
studied the bending snd buckl~g loads. Troesch, 
Anliker and Zielger (19) obtained equat ions of mo­
tion for a thin cross section beam. aud solved the 
eighth order frequency determinant for this case. 
Integrals relating the vibration of uniform and 
tapered cantilevers were developed by Martin (20) 
who used these integrals to evaluate the effect of 
twist on turbine blade vibrations. Conway, Becker 
snd Dubil (21 ) derived expressions for the trans­
verse vibration of beams with different taper, and 
obtained elosed form solutions in terros of Sessel 
functions. Cl~mpcd-free, simply supported, and 
clamped-clamped boundary condicions were consider­
ed, and eigenvalue results were ~iven but wichout 
experimental confirmation. Nordgren {22} obtained 
an ~act solution using shallow phell theorv for 
the vibrarion uf pre-twlsted rectan~ular plates 
which showed good correlation with Reisnner and Wa­
shizu (23) and wich DiPrima (13) results. 

DISCRETE MASS FINITE DIFFERENCE STUDlES 

OF SINGLE BLADES 


In 1944 Mykelstad (24) presented a method for 
the bending vibratlon analysis of rotatLng beams, 
such as propellers, turbine blades.!he mechod is 
an extension of Holzer's iterative procedure for 
calculation of natural frequencies, in which the 
beam is divided into rigid disecere maases separat­
ed by massless beam sectiona. This method has been 
adapted Lor turbine blacle analysis and is still 
widely used Lor this purpose. Myklestad's (24) dis­
crete mass procedure for frequency calculation oE 
beam systems is widely used by lurbine des1gnera 
because oi its efficiency for [he computer solution 
of blade group frequencies. Rowever, cartain quali ­
ties which influence turbine blade calculations i. 
e. root stiffness, shear effects, bending and tor­
aional inertias are sometimes not easily included 
without empirical guidance. The ~tyklestad method 
may also be used to compute [arced response of 
blade groups. Its effectiveness for stress calcula­
tions is inferior to that of the fir.iteelemen~ 
methad which can previde greater stress detail 
Jarret and Warner (25) extended the Myklestad pro­
cedure for the calculation of natural frequency oE 
a rotating, taper~twisted turbine blaue. Ibe point 
of root fixiey wss assumed as shown in figure l. 
Their theoretical results and test frequency re­
sults show -2.76 percent difference for the first 
mod , including centrifugal stiffening. This dif ­
ference iB attributed to differences in root condi­
tions during teating and in the calculation. !he 
aecond and third modes of ·vibration showed +7.57 
percent and +4.77 percent error infrequency when 
compared to rotating test results. !he effect of 
bending-torsional coupling was not considered but 
the exteusion to include this effect is given in 
Myklestad (24). 
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argotf (26) described a transfer matrix ~dap­
tion oC che Myklestad procedure whicb allows Íre­
~uenc' and mode shapes (O be obtained directly. The 
complete matrix for coupled bending-torsional ~i­

bration of beam sectl0ns 15 also lncluded. Suther­
land (9) used the Myklestad method to study the un­
coupled modes and freouencles of rotating ,¡ibra­
:10n5 ln che plane of rotation. 

In a series of paper5 by ?lunkett (27) '28) ma­
tr1X methads are used to obtain static ' deflecclan; 
free vibration frequendes. ·'ind forced vibration 
response Jf beams. with particular ~eference to 
turbina blades. Plunkett'g work iB similar ro stud­
ies made bv Carnegle (29). WblCh contained aoalyti ­
~al fonnulotions und blaue lrequency data. 'fhough 
oc as ~Qmpreh~n~ive as Carnegie's efforts, Plun­

kett 30) studied rectangul r dad triangular crOBS­
sectlon lates oi rectangular cantilever platiorm, 
lnd ~htalned ~~perlment3lly natural frequencies and 
~Ode8 f ~ canv length/width ratioa. !heee ~e8ulte 
sn~ed KO¡~ ~orrelation w1th work by Darton (31) 
vho uti11ze~ the aitz mechad or place !ength/width 
~atl~ r ng1ng fram 0.5 to 5.0. Ueing a Rayleigh­

1 Z rocedlll:e Plunkett found ~ltat the methad wae 
l~centable for 'niform rectan~la ' ~antil~/er 
pl~t V1lhout ske\J. ut far ~k~wed plltes th fre­
~enc orr lacion obt31ned was Lnaccuratc. compar­

:d wah • ne arcon resulta. Poor resulr _ ;Jere also 
bt.~ned tor riangular ross sec'ions. PIunkett 
-UR~e .. t·.· thar fln.l.cí> di ferencc procedurcs as de­
"r:-rl etl 1.Il He loJsh (32 !lIlght ¡n.ve improved results. 

In '9~J Rosdrd (14) ,be incd analytical resulte 
o~ IJíst d int:l.lever beruna \Juh JUfereut \Jidth 

eo thickncss ratios. A discr te - 1IIil S method W S 
us d 'o .btaln naturnl frequencies for a uniform 
Cunt ü ver bealll, for di fferent widch!tll1ckness rA­
l. ~ood currcl~!:·on 18 eV1Jent for trs1ght 

OCilillS. but. currelation 'iminit¡hes for hl.gher twist 
an les nús álscrepllncy was attributed to the sim­
ple tese {'cocedures used, 

Led:ie nd Lindberg (33) compare<! the effec­
~iveness of four blade eypes of Jiscrete analysi~ 
ror [ade c.~ lculationE, .~ •e. fiuit difference, 
"Iv¡".l<lstnd. oncentrated' lasticlty. and a comb1ned 
Ivk.l -ltad-eonCeDtrated elastl.city approach. Thes!! 

111"oc('dures were llpplieá to th., uno:uupled. trans-' 
·.'erE" ni ration Df be.ams. fhe accuracy ~t the com­
'aneal Mvk.1estlld- concentrated elasticity approach 
~as inversely proporcional to che fourth power of 
"he number oi stations or elements used. The otner 
"hree ethods were shown to require mor _ elements 
·0 .Iclll.eve :iLlDilar accuracy in chill study. 

rru\lka and 13aumains (3-4) (35) used Carnegie' a 
f'qllat~(ln' oI motinn lnd HvkIestad's lDeLhod ro de­
:enll1ne he uncoupleti beDding-bending and torsiollLll 
vibrations of rotating. tapered turbine bIades. Ro­
tary nert~ dnd sheer effects \Jere included us~ng 

I europea mass Jnalysis. The results ahowed a ).8 
~ercent dnd 8.1 percent irequancy difference tor 
:11 f.rsl: ..nd aecond modes. respectively. when the 
she.. r deformation and rotar:y :'ne.rtÍ<l "ffects \Jere 
DOC included. Tbe result LB 1mportant because estl ­
')!Beeg , f crt'or va.Lues are noc easy to determine. 
Many errors ln frequency calculations may be ac­

-

tributed to inaccurate determination of the cross­
sectlonal area, and the effects of shear detorma­
tion. in the blade ~~rfoil section. Fu (36) recent­
1y used a ~umped mass methad to calculate the 
coupled bendl.ng-bending-torsional -,ribrations uf ]:Ire 
-cwisted :otating Timoshenko beams. Ibe natural 
irequency resulC9 compared favorably wich Dawson, 
Ghosh and Carnegie (37). A shrouded blade ·~s also 
estimated by upplJing approxímate boundary con­
straints to a single blade. This type of analysis 
is not generally ~cceptable beoause it ~ncludes 
other group modes. 

~~ 
~\ ~ ~ASSUI!ED POOO___ ­'lf/U - ;;.~.;.~.:.~. 

Fi~ure I ~sumed Peine of ttJchment of Beam Car 
Analvsi3. From Jarret and .:arner (25). 
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Figure 2 Details of Frequency Riae ve. Speeu for 

Rotating Blad~, From Carneg~e. Stirling snd Fleming 

(41) • 

l'APERS BY CARNr:GIE, rHa-!A.S ANO RAO 

The stacic bending of tviscad c:antilever blades 
was studied by Carnegie (38) for ?retwiat angles 
t>etween zero :m.d 90 degraea. Deflection equations 
were developed usiog variational caleuIus and eK­
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l'erimental deflection results vere in good agree­
ment \rlth this theory f 1.0%). C;¡~!ie (39) used 
Ravleigh's methad to salve the equations of gation 
for ilat snd cvisted cantilever Ulades. For a 
Btraight cantilever with a un~form cross section, 
agreement within 0.3 percent of the well-known ei­
genvalue solution was achieved for the lovest bend­
~ng frequency. However, experimental results vere 
7.3 percent lover chan ~i8 theoretical resulto 
Thi~ was st r~buted to differences LO the modulus 
oE el3sticity and density oí the blade used LO the 
test. This poínt 18 signif1cant. Tt demonstrates 
that the accuracy oE the analytical methad is only 
as good as material property values used. 

The first four predicted torsional frequenciea 
hawed agreement to within 2 p~rcent of meaBured 

'talues for pretwist ngles between zero and 90 de­
rees. Experimental values oE uncoupled v~bration 

mod~s are , Iso ahown for these anKles. Exper~ental 
JetennlnBtion of ~enteT Di flexure aud ' enter oC 
torsion for airfo~l cross sectione WBS studied by 
~arncgie (40) in a discussion of bending-bending­
torsion v1brations of ~ pretwisred cancilever blade 
by Hamilron's rrinc~ple. Results vece in clase 
agreement wiLh values obtnined previously by Carne­
g~e (J9) using Ra~leigh's method. Carnegie (29) 
agatn used Rayleigh's method to derive a frequency 
express10n ~hich includes the effect of centrifugal 
sti(fen~ng on the lovest natural f.equency of a 
rotaeing cantilever. In a later paper by Carnegie, 
Sterl1.ng and FIernng (41) deac:ribed a rotaring 
bIade test pparatu~ bv which experimental oatur~ 
rrequenciefi were obtained for straight blade~ of 
var~ous sizea, rotationa l speeds, and atagger an­
gles (angle "f vibration with reapect to the pIane 
of rotatíon). ~mst tests gave lower blade natural 
frequencies than tbe theoretical values. This is 
attr1buted to additional bIade root fIexibility tn 
che test facility. For higher modes, the centrifu­
bal increase in frequency become~ less pronounced. 

Carnegie (42) (43) considered the additional 
'ffects of bendins, torsioo, shear detleetion, eo­
taey inertia, and Coriolis acceleration. Solutiona 
to the equations of motion vere [ound by variation­
al methads and Hamilton' s principIe. Rao and Carne­
gie (44) also included the non-linear Coriolia cf­
fect ~n and analysis of the fundamental mode uf a 
straigat, unifórm, rotatín!!, cantilever bIade, vi­
brating in 1CS plane of rotat ion. Cood correla tion 
was obtatned with araIytical work by Schilhans (12) 
and vith experimenta by Carnegie, Sterling snu Fle­
m~ng (41). 

Montoya (45) snlved numerically the coupled 
bendiag-corsional equationR for a single roraring, 
twisted cantilever blade using Runge-Kutta integra­
tion, and gave results for che firac six modes of a 
28 inch free staading, tvisted turbine blade vith a 
fir tree root, at various rotational speeds. exper­
imental data obtained from rotating blade test 
~howed correlacioa tO witlun 1 percent for the 
first, second, and third modes, aud to withio S 
percent for che fourth. fifth aod sixtb mades, Data 
on higher modes was not given. 

Rao (46) applied the Calerkin method co aCantila­

ver beam vith a rectangular croas section and uni­
form taper, and found the fundamental ben4ing fre­
quency. The Calerkin method waa .hown to give con­
sistently high results compared to the exact solu­
tion, for cases of uniform width and thicknes8 ta­
,er. Martin's mechad (47) gave anewera cons1stently 
iover than the exact frequency. 

Carne~ie and Tbcaas (48) used finite differ­
ence ¡rrocedure integrating the Bernoulli-Euler equa­
tion for lateral vibratioa. of a tapered eantile­
ver. A solution byaatrix iteratíon wa8 obta1oed 
for he resulting simultaneous equationa. Camparí­
80n of thia mechod with exact resulta for a unifora 
beam shoved -0.4 pereent error in the [irse mode 
and leas than -0.1 perce.nt error for mades ClI'O 

through five. The auchors show the aecuracv of thi~ 
method tO be excel1ent campared with other' theoret­
ical and test results, and atao with results by Rao 
(4&) and by Martin (47). 

Davson (49) used the Rayleigh-Ritz mechod to 
determine the firs t five modes nf coupled bending­
bending vibration~of pretwisted cantilever blades. 
Cnrrelation with - 2.0 perc~nc for high aspeet ra­
tio beams (16:1) ro within - O.~ percent for medium 
aspect ratio (8:1) beams, and for low aspect ratio 
(4:1) beams, compared to results by the transforma­
tion method of Carnegie, Dawaon and Thumas (50), 
and wich results from che matrix diaplacemenc meth­
ad obtsined by Dokumaci, Thomaa and Carnegie (51). 
The mode shapes of pretwisced beams of rectangular 
cross aection vere calculated by Dawson and Carne­
gi (52) using s combination' of mntrix transfer 
mechods and tinite difference calculation. This 
work was extended to straight asymmetrical airfoil 
cross sectiona by Carnegie and Dawson (53). Carne­
gie and Thomas (54) used a finite difference proce­
dure to calculate the bending-bending natural fre­
quencies of eapered bIades wich prctwisc. Yrcquen­
cies and mode shapes vere found for various cases 
of taper and precwist. Cood agreement with matrix 
dísplacement results was shown. 

Petricone and Sisto (55) used the Rayleigh-Ritz 
mechod to solve the thin shell equat~ons for natu­
ral frequencieg and mode shapes of low ~5pact ra­
tio J tw~ted compressor blaeles mounted on a rigid 
base Results vere first obtained for flat canti­
lever plates of rcctangul:l.r and ¡¡lu!wed geometry 
which compared favorablv with earlier data by llar­
ton (31). Better correlation was shown wnen compar­
ed against fin~te element results by Draper (56), 
whose vork also ineluded experimental data on skew­
ed plates. 

In 1970 Rao (57) published a comprehensive re­
view of bis ovo turbine uJade frequency scudies, 
wicrr particular reference to use of lhe Ritz, Ga­
lerkin, dnd olloeatton methads. Tbesc methads are 
shown to be powerful analytical tools Eor calcula­
tion of blade natural frequencies with taper, ~re­
twist, rotation, sh.ear un.! rotary inen:ia, snd 
8symruetrical cross sectiona. Using the Galerkin 
methad, the eftece of taper on lateral vibrations 
of cantilever blades was examined by Rao and Carne­
gie (58) who showed good correlatíon with experi­
mental results from C3rnegie, Dawson ánd Thomas 
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grees O! treedom at each node. Using this matrix,(50). The Garlekin method ",as further used by .ltao 
the natural frequeneies for a uniform cantilever(59) to study the effeet of dep t h taper on torsl~n­
pla te with a 3 x 3 element grid were com)uted, anda l ibrati on of eanti l ever b l ades. Good eorrel atlon 
were compared to exact results given by Barton",as sbown with t est results by Rao (57 ) f or the 
(31) . Corre1ation for the fir st five natural fre­first mode. The effects of shear deflection an ro­
quencies was within 1.4 pereent, 2.8 percent, 4.3tary iner t ia on natural frequency were studied us­
percent, 1.1 percent, and 4.8 pereent error respee­ing the Ritz method by Rao (57). Galerkin methods 
tively. When compared to the test results the fi­for l inear vibra t ions of blades, and for non-linear 
nite element method gave 1.2 pereent, 2.5 percent, • 

vibracions, ",ere developéd by Rao (6) (62), but 5.5 percent , -1.1 percent, and 3.5 percent errorwithout experimental confirmation. The effect of 
for the same cases. Though good eorreLation ispretwist and the effec t of asummetric erossseetions 
shown, the power of the finite element method is were also studied by Rao (63) (64) using the Gale¡­
not demonstrated in this case because a unifqrm

lún method. Good correlation was achieved with 
eantilever plate W8S calculated. !he method aIsopretwist when eompared to test results by Dawson 
handles tapered twisted structures with the same

and Carnegie (52). Good agreement was also obtained 
convenience .

for the effeet of asymmetric cross sections. Recent 
work by Gupta and Rao (65) using Hamilton ' s princi­

Dokumaci , Thomas and Carnegie (51) eave 8 t 8
pIe examined the torsiona! vibrations of pretwisted 

mass and stiffness matricies far a twisted beam,
cantilever plates with aspect ratios between 1.0 to 

They then formed the structural dynamic matrix for8.0 and with pretwist angles from zero to 90 degre­
a twisted cantilever beam for bending vibrationa 

es. Results for zero degrees pret\~ist and aspeet 
with 2 displacement and 2 rotational degrees of

ratios from 1.0 to ¿.O compared favorably with data freedom per node. Frequency results for 3 and 4 el­by Leissa (66) (0.01 percent eotre1ation) for the ement cantilever models give less than 0.1 percent
firse torsiona1 mode ,The Rayleigh-Ritz method was difference. for the first 4 freqqencies, with 30
used by Swaminadham (67) t o study vibration charac­

degree and 90 degrees pretwist, when comparedterist ics of r otating , tapered and twisted turbine 
with analytical work by Anliker and Troesch 71).blades. A rotating est rig was developed to obtain 
This method was extended to include ' tapered audtest results for rotational speeds up to 10,000 twisted bIades by Thomas, Dokumac i and Carnegierpm. Jumaily and Faulkner (68) applied modified (72) , whose results showed less than 1.0 pereentshell theory to investigate the "vibratíon charac­ differenee for the first S frequeneies at 30 de­teristics o( hollow. symmebrical turbine blades. grees. 60 degrees and 90 degrees pretwist, whenCorrelation to within 2.0 percent was achieved with compared wirh finite difference results by Caene­

ex~erimental natural frequency results for th~ gie, Oawson and Thomas (SO).
Eirst J modes of a single blade elamped at 1es 
base. Rawtani and Dokainish (73) studied the static 

deflections of a pretwisted cantilever plate o A 
triangular shell element having a 9 x 9 bending

FINITE ELElreNT ANALYSIS Btiffness matrix aud a 6 x 6 in plane stiffness ma­
trix was developed. An 18 x 18 element stiffness

Studies which used eoegy methods have shown ex­ matrix was formed, by incorporating local stiffness
cellent correlatioo with exact solutions far rec­ matricies into a global stiffness matrix. Deflec­
tangular cr0SS sectiona aod uniform cantilever tions of eantilever plates involving 2x1, 3x3. 4x4,
bearos. However, turbine blades are general1y skew­ 5x5 and 6x6 element grids for a 6 in. x 6 in. x
ed. tapeced , twiste , a1ríoil sections, and ~~acc 0.125 in. cantilever were examined. with pretwists
solu~ions are theTefore not possible. The difficul­ oí O degrees, 20 degrees, 40 degrees. and 60 de­
·ty is overcome by finite ,tifference solution OL the greeB . Convergence based on gridwork were compared
equation of motion, point by point throughour. the to results by Chetty and Tottenhan (74), who used
stn.lcture. ~lore recently the finite element method Bongard's shallow shell equatioos. Tip defleetions
has been applied to turbioe bIade vibration analy­ agreed to within 3.6 percent.
sis, first as a beam procedure and lately wLth a 
Rolid elemeot approach. TIlis iB an energy ~elhod Rawtani and Dokainish (75) applied this trian­
whic.h gives arCllrate resulLs when a RU:lcable gular element to the vibrations of pretwisled can­algorithm is used for eigcnvalue extract:ton or tilevet plates. Cases of O degtees, 40 degraes and
equation solving . lt is also well a~apted to .the 80 degrees pretwist were calculated with 3x3. 4x4digital -:ompllter because oí its matr1X fonn~latl.on , and 5x5 meshes . A 5x5 mesh for a square cantileverand is simple to use because the element st1ffneS5, plate sbowed freq~eney agreement to better than 2.0 mass ami dllmping matricies may be formed interna 1­ percent for the first modes when comp~red to .Bar­1>'. A rigorous basis for the finite elemenL meLhod ton's resulta. A further com~arison w1th exper~en­may be found in the following parers for turbine tal results oy Carnegie (39) foe seven. dlfferentblades. and in Zienkiewicz (64) . 

pre~st angles from O degrees to 90 degrees showed 
correlation to witlún 5.0 percent [or the first 

ln l %J, 11<;] osh (3:!: developed an clemen t three bending modes. 
stiffness matrix for a simple plate and fOT"l'led a 
structura l matrix from assembly of plate Btiffness Dokainish and Rawtani (76) extended their tri­
mateicies . Dswe (70) devclop d a dynamic matrix angular plate element formulation to calculat~ the 
(stiffness and inertia) for s 12 x 12 quad:ilatera naturnl frequencies of rotating, flat cantilever 
plateo with onp- displ~cemenL and tWO rotal1onal de- plates. Centrifugal stiffening was incluued as a 
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~;o pass operation by ~alculating the in-plane 
stress distr1bution under rotat1onal force and tnen 
using these stresses to increase the plate bending 
qt iifness in manner simil ar t o plate stability 
analysis. Comparison of 4x4 and 5xS patterns gave a 
maXlmun variatian ot l ess t han 1.6 percent, far the 
f irst five modes. Cent rifuga l s t iffening coef f i ­
cients wer e calcul ated and t abulated for t he fi r st 
t hree ber.d i ng modes and ~he f irst two t orsional 
modes, f or aspec t ra tios o f 1, 2 and 3 . Rawtani and 
Dokainish (77) f urther developed an 18xI8 tri angu­
lar shell elemen t with t hree displa cement degrees ­
of- freedom and t wo in-pl ane ro tat i onal degrees af 
freedom. Tbe preceding centrifugal s t iffening meth ­
of was again used t o obt ain t he natural frequencies 
of low aspect ratio, twisted turbomachinery blades. 
The effeet of disk radiu6, pretwist arid ,~peed of 
rotation were s t udied for different blade angles. 
Dokainish and Rawtnni (78) a l so discussed t he 
"pseudo-at.atie" deformation caused by centrifugal 
force and free vibration. The same 18x18 triangular 
shell element was again used by Rawtani (79) to 
study the effect of camber on the natural frequency 
of low aspect ratio blades. Results for 2x2. 3x3, 
4x4 and 5x5 grid patterns were studied, for camber 
angles between zero and 90 degrees and aspec t ra­
tioa of 1.0, 2 .0 and 3 .0. Experimental results tor 
a JO degree camber blade agreed within 6.58 percent 
for the first four modes. snd with 3 . 93 percent and 
2 . 79 percent agreement for che first two modes . 

Rawtani (80) introduced variable thickness to 
the l8xl8 triangular element and calculated the 
natural rrequencies of wide chord low aspect ratio 
compressor bLades. A 7x3 thickaess grid pattern was 
modeled, with four angles of pretwist frcm zero to 
34.0 degreea. Agreement with Plunkett ClO) within 
5.0 percen for the first two modes, for all pre­
twisted waa achieved. An actual compressor Llade 
WAS modeled by 5x5 mesh, and o natural frequencies 
for the first two modes agrced wi~ experimental 
data by 3.35 pen:ent andO 2.72 percent respectively. 
Dokainish and Gossaiu (81) used the constant thick­
ness shell element mentioned previously to calcu­
late the natural frequencies of an automobile fan 
blade at difierenc rotational speeds. 

Studies of cantilever pl~te vibrations were un­
dertaken by Anderson, Irons and Zienl:i.Nicz (82) 
usiog a triangular plate element developed by Zien­
kiewicz and Cheung (83). For che first three mod7s 
of vibration, a four·-element madel gave resules 
within 4.0 percent oE test results by Plunkett. 
Similar agreement was achieved with results by Bar­
ton (31) . Subsequently a 64 element model gave re­
sults wich 2.0 percent oÍ test data by Plunketc 
(30) for the firsr 12 mades. Results f ar a 8 ele­
ment skewed cantiJever also s howed excellent corre­
lntion with Barton 'g (3i) results. 

Ahmad, Anderson anu Zienkiewicz (84) used a 
thick shell isoparame t ic s ol id t hreedL~entiona l el­
emenc to model a single taperad, twisced gas t ur ­
bine blade. Natural frequenciea wer e obt ained, and 

ompared to chin shell analysis, and t o tea t re ­
sul ts from a unspecified 50u~ce . The th~n ,a hell 
model gav e +23 .6 percen t , +46.2 percent and - 3 . 5 
pereent di screpanc ies with blade frequencies t est 
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Figure 3 Detaíls of Frequency Rise vs. Spced for 
Rotating Plates Prom Dokainiah and Rawtani (76). 

results for the tangential, axial and toesional 
modes respectively. The thick shell model gave re ­
sults which agreed by +0.2 pereent, +27.6 percent 
and -6 . 9 percent with the cest results. The thick 
shell agreement was gen~rally better p~bbably be­
cause shear effects are included. !he first four 
mode shapes ar~ also shown . Bossak and Zi enkiewicz 
(85) added centrifugal stiffening to the Lhick 
ahe11 elemene and achieved good corcelat ion wit h 
blade vibracions results by Carnegie , Sterl~g, and 
Fleming (41 ) an& by Dokainish and Rawtani (76). 
These results are shown i n figures 2 and 3. 

01son and Li ndberg (86 ) develaped a fo ur node 
cylindrica l ahell element with seven degree of 
freedom per node for analysis of a curved fan 
bl ade. A 4x4 element grip gave results f or the 
first 12 modes t hat agreed withi n 10 . 0 perc en t wich 
experimental resul t s, with the pooreBt correla cion 
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in tn~ lower modes due to rigid body effects. Good 
agreement was obtained between the calculated 11\ude 
shapes and the experimental mode shapes. Lindberg, 
Olson and Sarazin (87) developed a h~gh-order trl ­
angular shell element with a 36x)6 RciFfness ma­
tn.x, and made extensiv., slud i es on unifonu-and 
lapered thickness fan blades. and wilh a clamped 
cy1l.ndr~cal shell panel. ExcellenL correla Clon with 
test results was achieved in each case. Rieger and 
Walker (88) developed a 40 degree of freedam ele­
menl wlth parabolic chickness taper-and calculated 
natural frequencies or a curved fan blade. Compari­
son oi natural frequency restllts with Olson and 
Lindberg (86) experimenta ] data, as well as with 
che Olson-Lindberg 28)(28 rertangular element was 
mad~. Wich exception of che 4th mode, che first 6 
modes were all within 5.5 percent of experimental 
results. 

Other finite element studies associated with 
turbine blaues were made by Hofmeister and Evenson 
(89). Modified eighr and twelve node solid element 
with ] degrees oí freedom per noue were ~sed to 
model '1 turbine blad", ancl orher iteme. Turb1.ne 
blade natural frequencies tor 8 14 element model 
showed better than 10.0 percent correlation for the 
[irse b modes compared to experimenta l results by 
Aprahamian Overye, Evenson and HofmeisteT (90). 
fnnccurar.e representation of root clamping was giv­
en as the reason for the analytical frequencies be­
l.n~ hlgher for Che first flve modes. A rigid [oun­
darion was assumed. A parabolic shell elem~\t was 
used by Thomas and 110ta Soare!; (91) to calcula te 
th., natural frequencies of il twisted blade. FOl_ 
settlryg angtes tangle of the base 'ÑÍth respecl to 
plane of rotatlon) of O degreeb, 30 degree~, 60 de­
~rees and 90 degrees, agreement LO 2.0 percent WB. 
achieved ior the first mode 1.n coruparison to re­
sults by Dokainish and Rawtani (75). rhe effects of 
disk. radiu... angle of [Ir tlT!.Sl , ;\ngular veloc1.ty 
and thickness or the "otaring blade were also exam­
ined . 

Henry and LaLanne (92) studied thc natural fre­
quencles of rotatin~ compressol hlaa., using a 
plane, trlangular, variable thickness shell element 
with su degrees oE freedom per nade. A 160 element 
model Df a compres sor hlade and rooe-sec ion was 
used co obtain frequency data at ~ero. 5.000 and 
10,000 rpro Correlation of the natural frequencles 
at zeTO rpm with model test frequencies was with1.n 
10.0 percent for the firse lU modes. Trompette and 
La1anne (93) used nine 24 node. three d.~.f./node 
lsoparametrie thíck shell elemenc8 to mode a gas 
turbine blade tor na~ural frequency and mode analy­
siso The first three zero-rpm modes agre~d with 
test results to within 0.2 percent, &.5 percent, 
ano 2.0 respectively. Temperatura effects on 
Young's modulus were included, and root flexibility 
was modeled by comer springa. An extension of this 
work by LaIaone. Henry and Trompette (94) used tri ­
angular she1I elements to obtain steady centrifugal 
Seress data for a radial inflow turbine blade. This 
is one 01 the first publications which includes aoy 
type of stress result&. Natural frequencies usiOS 
the 24-node thick shell element were obt ained. Cor ­
relation was obeained to \li~l,in 11.0 nerl'ent of 

test frequencies at zern rpm, for the first three 
modes of a four element modelo Also, centrifugal 
stresses and natural frequencies of a gas turbina 
blade were ealculated using triangular shell ele­
ments and 24-node brick elements, respective1y. Re­
sults showed similar correlation to the preceding 
results. 

The general [lurpose finite element program 
NASTRAM was used by MacBa~ (95) o study natural 
freouencies and mode shapes of eantilever plates 
with vary1.ng ~ist and cen t rifugal loading. A quad­
rilateral plate element called CQUAD2 was used. An 
l lx24 element mesh was used which gave -1 .2, -2.1, 
1.0 and -2.4 percent error with respect to Bar ton 
(31). The first 10 natural frequenc~es were caleu­
lated for O, l2, 17, 23.5, 30 and 28 degrees oE 
pretwist. These results agreed tO within 10.0 per ­
cent with other experimental work done by MacBain. 
The flIst ten normalized mode shapes showed excel­
Ient correlatíon with holographic mode shapes by Me 
BaiJl, figure 4. 

AlIen and ErlcKson (96) recen[l~ used NASTRAN 
to ana1yze a free standing gas turblDe blade, and 
compared their results with rotating test natural 
trequencies. Steady-state deflections and stresses 
due to centrifugal force, were calculated, together 
with the f1.rst four mode shapes and relative vibra­

I~ .. ~.~ 

~ 
~"'J., ..... ,. 

I 
lO 

......t···· 
. -'. 

I~9 
... 

1. 1••" /""11' 

Figure 4 Comparison of Holographic and Calculated 
Hade Shapes For Fan Blade, Pr om MacBain (95). 
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tory s t ress patt erns . Again, no non-steady excita­
tion data was available and no relat i ve stress lev­
els were included . 

Barton, Scheurenbrand snd Scheer (97) used flat 
triangular el ement s wi t h five d.o.f . / node (no in­
plane r otat i on) , similar to Dokainish, to obt ain 
both natura l frequencies snd static and dynami c 
stress distributions for turbopump i nducer bl ades. 
Poor correlation W8a obtained f or the cant ilever 
pla te frequencies when results were compared to the 
exact values by Barton (31). This was attributed to 
excessive element aspect r atio values in tbe model­
ing. Dynamic stress l evel a are al so given , but 
these are only normalized val ues because the excit ­
ing f orces were unknown. Though this analysi s could 
not be used t o predi ct fa t igue failure , it is still 
the c10ses t procedur e to a complet~ f atigue anaIy­
sis fo und in the rotat i ng turbomachinery blading 
litera ture. 

BLADE GROUP ANALYSIS 

Most oI the york publ ished on turbi ne blade 
s t ress and vibration problems deals with ana l y t ica l 
and experi ment al procedures for single blade calcu­
l ations. Though many "free standing" blades exis t 
(mostly in gas turbi nes) , almost all bl ading i n 
steam t urb i nes cons ' sts of hlade groups which are 
joined togecher with a t ip shroud hsnd and / or with 
mid-span lashing wires. These mechani cal couplings 
must be i ncluded i n the dynamic analysis of steam 
t llrbine blades. 

In 1956 Prohl (98) developed a discrete-mass 
procedure based on Mykl estad's method to cal cu l ate 
the natural frequencies and dynami c stresses of a 
group of identical unifornl blades joined by a cover 
at t heir t ipa. The pd.nc ipal axes of the blade 
cross sections were assumed to be parallel and per­
pendicular ro the pI ne of rhe disk, and r he center 
of twist oi the blade cross section was assumed t o 
COÚ1 ide with the ceoter of grsvity . Because oi r he 
in-plane symmetry oi t he blade group, modps occu. 
in the plane oE the disk, and perpendicular to it. 
This fact was used by Prohl to uncouple the modes 
in his analyais, thereby simplifying the calcula­
tion of resonan t frequencies and dynamic stresses. 

Resonant stresses are calculated by the follow­
ing formula: 

CT K !.'.. S o-
V .s s 

vhere 

o 	 i s the dynamic stress s t the blade roo t due t<:> v fo r ed excitat ion 

K 	 is t he resona nt-r esponse fac t or 

6 is the logaritlunic decrement of damping 
K:' o s the amplifica t i on fac t or 

S 	 is the fr act iona l value of t he vibration stimu­
l us 

cr is the bIade root steady due to the steady steam 
S force 

A sample natural frequency and r esonant stress 
cal culation is given by Weaver and Prohl (99) , who 
showed char ts of the var i a tion of r esonant r esponse 
f actor K, versus t he harmonic arder (per r ev) exci­
tat i on n, times t he number o f nozzles K, divided by 
the number of blades, m. The ratio, nK/m, i s shown 
to be a sígnificant desígn fact or because it may be 
used t o mlnlml Ze the r esponse f actor, However, 
the f ract ional va l ue of the s timulus, S, is not an 
easy number to obta in because i n general bIade ex­
citat i on data is not readil y ava i l abl e. Pro!u's 
method applied f or blade groups in whi ch the tan­
gential and axial moti ons may be uncoupled . Thi s 
eliminates the maj ori t y of low-pressure bIade 
groups, whi ch exper i ence signif icant moda l coupling 
due t a ax i a l twi s t along t he bl de lenght. Also, 
on1y, non-rot at ing nat ural frequenci es may be ca l cu­
lated by thi s me thod as presented , t hough the ex­
tensioo t include r ot t i onal c~ntri (ugal effects 
i8 readily i ncorpora t ed . 

To ac coun t f or coupled bending-bending vibra­
t i on oE bl ade groups, and f or tors i onal coupl i ng 
i nduced by grouping the bl ades, Deak. and Baird 
(lOO) devel oped a discrete mass procedure t o calcu­
late natur al frequenc i es of To t a t i ng t spered tvist ­
ed tu rbi ne blade groups . Assuming t hat the cent er 
of flexure coincides with the cente r of gravity. 
t wo diE ferential equations oE mot ioo for bending 
and one far to rsion are obtained. The r esulting fi ­
nite difference expressions vere solved by the My­
klestad recurrence procedures. Cover and tie-wi res 
are treated as massless beam sections, and the t ie­
vire mass is lumped at the corresponding bIade 10­
catioos . 

A solution procedure similar to that given by 
Weaver sn Prohl is used t o solve the frequency de­
cerminant for the natural irequencies of che group. 
Figur e S shows the relative mode shapes of a four 
blade group wich two-tie vires . A Campbell diagram 
from Deak a nd Baird for this case is shown in fig­
ure 6. Calcul ated oatur~l frequency results are 
campa red vith tes t results for t he same group, a t 
speeds f rom zero rpm ~o 3600 rpm. Agreement to 
vithi n five percent for four modes vaa obtained. 

Tuncel, Bueckner and Koplik (10) used the mech­
ad oE 'Diakoptics' o establish che discrete mass 
equat i ons for a blade group structure . Thi s method 
presumes the existence of wP~k coupling between 
blades, cie~res, and cover. I n general, results 
obtained for groups wit b l onger . more flexible 
bl ades were í o better agreement with t s t results 
t.han results nbtaineJ for shor t, more rigidly 
coup l ed blades. 

Fleeting and Coaes made a comprehens ive analy­
sis of certain blade failure which occurred in the 
"Queen Elizabeth 11 " t urbines . A ful l descr i ption 
of the failed 9t h and 10th srages of th high pres­
sure rotor was given. It was concluded that opera­
tíon clase to the first tangent ia l group resonance 
caused high vi bratory atr esses . Th .se stresses when 
comblned with centr i fugal an~ s t eady steam s tress. 
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Figure 5 Relative Hode Shapes of a Four-Blade dou­
bly-Laced Blade Group at 3600 r pro . From Deak and 
Baird, (00) . 
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Figure 6 C,'lmpbell i.)b~ram for Fou.--Illade Group 
eith rwo Tie-Wires, From Deak and Baird (100). 

caused (atigue to occur. A stress concentrat~on at 
the trailing edge of the blade section a e ehe plat­
fanll was Che crack initiation poiat. 

Provenzale and Skak (103) developed a procedure 
for " ll,¡:ul:tting natural frequencies of rurbine 
blade groups. A procedure for ~alculating blade 
group vlbrations Ü' given whic:h includes ef­
fecrs attrfbuted to 'camponent response pho.sing' 
which. it is claimed. may contribute significantly 
to the resonance prob~em. This aspect is included 
in lh" Campbell diagrnm of the sample ~Jllcul.1tÍ<:·n. 

Th~ conclusions OC this paper re controversial and 
in this writer's opinion. the proposed mechanist:l 
cannOl oeeur in un integral struct~e. A review of 
t his paper has been given by Sohre (104). 

Sa1ama and Petyt (l05) tlsed simple beanl finite 
elements to study the free tangential vibrat~ons of 

six blade group. Elements c~nsisting of lin ar 
and cubic dib~lacement functions were used for lon­
gitudinal and trunsverse vibration. Cases of har­
monie excitatíon and parcial admission are mention­
ed. anJ the respecLive inf1ueoces of blade stiff­
nesa ratí • blade ruass ratio, number of blades in é 

group. size and positioo of tie-wire. speed of ro­
tation. aud ther ¿ffeets are studied . Rigid roat 
stiffness was considered. and no comparison with 
exp"rimental resul ts are ioc.luded. 

partial admission forces are given. but soroe blade 
response results under impulse Ioading are includ­
ed . In praLtice, salid element formulations are now 
beíng used because they gíve betLer accuracy and 
stress detaíl. Also. the entire 3D geometry of the 
blade graup and disk roat region may be consídered 
with salid elements. 

Rao (106 ) used Hamilton's principle ta estab­
lish the equatians of matian for tangential vibra­
tioo of blade groups . His closed form solutian gave 
the Eirst 5 natural frequencies with less than 0.25 
percent difference fraro ao ana1ysis using Prohl's 
method. Rigid raot stiffness is assumed and no teSt 
results are given .. The lDetllod is efficienc becauae 
f the refined deflection functions. Only simple 

geometries are considered . Eight node isoparametric 
solid elements were used by Sagendorph (107) to 
model a fan bIade witb a t.ie-\lire. (~alculations 
were made far free and for e locked shroud configu­
rations. Comparison of the free shroud condition 
~th experimental data gave agreement to within 
10 . 0 percent for the first ten roades. Holography 
W3S used to verLfy mode shapes. whien compared fa­
'1orably witb the finite ele:ment mode results. The 
locked shroud condition i5 not a true blade grouo 
config~ration, but only a boundary condition input 
on .~ single blade. ~imilar work bv Hall "nd Arms­
trong (lOS) for interlocking shro~ds uBerl the fi­
nice difference method. Srinivasan. L~onberger and 
Brown (109) used the component maue technique co 
obtaia blede group natural frequenciea, ..,here the 
finite elemenc methad was used to obtain che mo­
tions of single bIede clamped at the root. but 
infltleneed by adjoining blades 'at the ll1terlocking 
shroud locat~on. This raises questions concerning 
the dynamic interaetion of adjo~ning bLades. tG 
which the authors refer as 'grou,p' modes. Damping 
from che rubbing oi the incerlocking shroud is con­
sidered ae the shroud eonstraints. Results Di che 
eomponent mod~ method were compared ..,i~\ NASTRAN 
results for cyclic symmetry calculations. but no 
experimental confirmation i5 included. 

Rieger and Nowak (t10) analyzed fatigue stress­
es in steam turbine blade groups using che finite 
el~ment mechod. 5teady stress levels. natural fre­
quencies snd mode shapes, aud dynamic stre s levels 
in blade groups were discussed. and sample results 
fo~ a given blade group are presentad A Goooman 
diagram procedure is used for fatigue evaluat~on. 

Non-steady excitation values were obtained rrom· 
roodel tests with th~ hydraulic analogy bv Rieger 
snd Wicks (111). This appesrs to be the first com­
prehensive method in the open literature giving a 
fu11 fatigue analysis procedure for turbine blede 
groups. Experimental verification for frequeney re­
sults i5 obtained, but no verification is available 
for the fatigue results. Rieger (112) has discussed 
che finite elemeot analysis of turbomaehinery bIade 
problems in a brief but comprehensive review of 
work ~n chis area. 

A detailed díscussion of the stata-of-the-art 
for blade vibration studies has beeo given by Nowak 
(lB) • 
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