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ABSTRAeT 

In this paper an integral invol ving hypergeometric ftrnction and 

the H-function has be en evaluated . The results are believed to be 

new. A few interesting particular cases have also been given. 

RESUMEN 

En este trabajo una integral que involucra la función hipergeo­

mét r i ca y la función H ha sido evaluada . Se cree que los resultados ' 
son nuevos. Mencionarnos algunos casos especiales. 
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1 • INfRODUcrION 

The H-function introduced by Fox [3J wil l be defined and r epre­

sented in the fol lowing manner: 

m n
TT rlb ·- 6·.6) TT r(1-a ·+e ,,6) 
j =1 j j J'=1 j j 1 

- z'.J dlJ 
q P 
TI r(l-b·+ñ·~l TI r(a. .-e. ..b) 

j=m+l j j ' j=n+l j j 

(1.1) 

where L is a suitable contour of Mellin-Bames type and the para­

meters are so restricted that the H- function has a meaning. 

Braaksma [lJ has proved that the integral on the right hand 

side of (1 . 1) is absolutely convergent when e > o and I ~g zl < ~n I 

where 

n )'J m q 
e ¿ e , - I e · + I 6·­ I ~j (1 .2) 

J=1 J j= n+1 J j =1 j j =m+1 

m n 
Throughout this paper (1, 1) will be denot cd by H 

P q 
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2. MAIN RESULTS 

First we shall prove the following integral involving hypergeo­
metric function. The result is believed to be new. 

1 

J. J x"-¡ (l-xIS-¡ [ax+bl1-xJr"-S 
o 

F [8 8 + l. . 4 abx/1-xl l d = r (cd rlS l 
X:2 1 ' 2 ~y~ :2 X Q

{ax+b(l-xJ} J aa bf.J r (a+ S) 

(1 Ci+S Ci+8+1 ) 
x I¡ F3 \0 , 6 + "2 ' Ci I 8; y , - 2- , 2 ; 1 

(2.1 ) 

where R(a ) > o , R( S) > o , R(y- 2o ) > O, a and b are non -zero 

constants and t he express ion [ax.+b(1-x)] , where O ~ x ~ 1 is not 
zero. 

P~oa6: Express the hypergeometric function as a series, change 

the order of integration and summation which is justified due to the 

tmiform convergence of the SERIES in the interval (O, 1) , evaluate 
the integral with the help of the result [4, p.450J, we then get 

J = ¿ (2.2) 
~=o 
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Now if we use the results (Zz ) = Z2 ft (z) (z+ ~\ and 
2tT.. Jt 2 )Jt 

r (Z +ftl ::: (Z) fL r (z l , and sum the series , we inal1y get (2. 1). 

0.+6
When cS::: 2 ' (2.1) gives 

1JI x"- ¡ Il-xI S- [iU+bll-xlr"-S 
o 

x F [o.+B 0.+6+ 1 . y. 4 a.b x. (1-x ) ]dX 

2 1 2 ' 2 J [ax + b ( 1 x. ) ] 2
J _ 

::: 
r (o.) r( s l r (y) r(y- o.- S} 

(2 . 3) 
aa bB r (a+s l r(y-a) f(y-BI 

wh re R(o.) > O, R(S) > O, R(y-o.-S} > O, a. and b are non-zero con­

stants and the expression [ax + b {1 -x JJ, where O ~ x. ~ 1 is not zero. 

On the other hand if we take a = S = y in (2.1), we have 

= r(yJ r(y - 201 2-20 (2 .4) 

ay bY (2y - 2 o) 

where R!yJ > O, R(y-26) > O, a. and b are non-zero constants and the 

express ión [a.x + b {l-x. lJ, where O ~ x ~ 1 is not zero. 

Now we evaluate the following integral involving hypergeometric 
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function and the H-function: 


1 

a 1J X - (1_X)S-l [a.x+b(l-xl]-a-a 
O 

x F [a+B a+6+1. y' 4 a.h x (1-xl ] 
21 2 ' 2 ' , {a.x+b(1-x)}2 

m 11 

x H 
p q 

(l-a,A), (a., e.) ,m+1 (y-a,AI ]= rly) r(y-a-~) H 11+ 1 [z 1 j j P 
q+2 (S,AI, l(bj,ójlq ' (l-y+a,A)aa b8 rla+~) p+2 

(2. S) 

where A > O , RIy-a- al > O, R[a + A(b . / ó.) ] > O, j = 1, .. . , m, 
j j e~ 

R [8 - A(a j - 1 / e j ) ] > 0, j = 1, . .. n, e > O, jaJLg z I < T ' a and b 

are non-zero constants and the expression [ax + b I 1-xl] I (O $. x $. 1) is 

not zero. 

PJt.ooó: Denoting the left hand side of (2.5) by 1, expressing 

the H-function in teI1Tls of Mellin-Barnes integral and changing the 

order of integration which is justified under the conditions stated 

aboye due to the absolute convergence of the integrals involved in 

the process, we get: 
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m YI.

TI r lb ,-ó,~) lT rU-a .+e ,~ I 
." z~1 1=1 j j 1=1 j j 
1. = q p2n-t JL TI r(l-b ·+6 ,.6) TT r (a

j
,-e . 

j 
.6 ) 

j=m+l j j j=n+l 

1 

X J xa+A~- l Il-xl B-A~- l [ax + b11-xlra-e 
o 

x f a.+S+l. • 4[a+s a. bx(1 -xl]dJ fU • 
2. 1 2' 2 ,y, 

{<1X + b(l-x)l' J . 

Now evaluating the inner integral with the help of the result 

(2.3), after a little simplificatíon interpreting ít with the help 

of (1.1) we finally get (2 . 5). 

3 . PARTICULAR CASES 

(1). Taking a. = 1-"(+8 l b = y-a I e. = 6 = A in (2.5), we get
1 1 1 1 

t he following integral representation for the H-function: 

1 


a 1
f x - ( l -x) 8- 1 [ t:lX + b (1-xl rCi.-8 
o 

x F a;8 , a+8+1 i Y i 4 a.bx (1-xl 1 
2 1 [ 2 [ t:lX + b (1 - x)] 2 
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(l -y+S,A)m Yl ( a.x ~ A 
X H 

p q (y-a)l,Z lblJ-xl J 

!1 -C(, A) , 2 (el j , ej 1P 
= rey) r(y-a-~l m Yl [ (3 1)H z 

lB) (b·,6·)P q 
, p 2 j J qa.a bS r (a+S) 

vmere A> O, R(y) > O, R{y-a.-B) ) O, R[CI.+A(b/6 l] > O, j = 2, .. . m,j
R[S-A(a .-l/e. .l] > 0, j: 2, . .. ,n, a. and b are non-zero canstants and 

j j 
the expression [ax + b (I-xl] , where O ~ x ~ 1 is not zera; rp > O , 

$2lTIalLg Z I <' where rp is given by 

n P m q 
ct> = 2A+ L e..- L e. . + ¿ 6·- í 6· 

j=-2 J j=Yl+l J j=2 j j=m+l j 

(2). If we take m = Yl = P :: q = 2 e. = 1 :: 1 1-0. = <5 b =O 
, 2 112 I 2 ' 2 ' 

A = 1 in (3.1) and use the result [5, p.363J ' we get the follawing 

interesting result: 

1J	
1 

xo.- (1-x}S- ¡ [a.x+bll-xl]-cx-S 
o 

x F [CX+8 a.+8+1. '4 abx{7-xl ]
21 2 I 2 JY' 

[ax + b(1-x) )2 

){ F [y-e, eS ; 2y-a.-S+o ; 1 - z ax d.x.1 
· 2 1 	 b{l-xl 
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r(y) r(al r(S+8) r("(-a-Sl r(2y-a-8+81= 	 F (a, 8 j 0.+8+0 i 1 - z)
2 1 

aa be f(y-S) r(a+a+o) f(y-a+o) f(2y-a-S) 

(3.2) 

where R(y) > o , R(a) > o,R(8+o) > o , R(y-a-S) > o , I~g zl <' 2TI, 
provided 2y-o.-a , y-o.Hí I 0,-1, -2, ••• , a and b are non-zero con­

stants and the expression [a.x. + bU-xl], where O~ x ~ 1 is not zero. 

(3) Taking m = 1 11 = P = q = 2 e. := 6 = 1 l-a = a l-b =v
• , 	 ' 2. 2. ' 2. ' 2 ' 

A = 1 in (3.1) , use the result [2, 3p.439], we get the follawing 

interesting result: 

- 1J	1 

xY (1_x)o.+8-Y-l [a.x+bU-x)]-a.-a 
o 

0.+13 0.+8+ 1 : y : 4 a b x (1-x) JFx 2. 1 -2- I 2 ' ,[	 [ax + bU-x)] 2. 

x F [2y-a.- a I y-a.+a ; y-a.+v ; - z a.x. ] dx 
2 1 	 b(1-x) 

= [(y) r(a+a) r (y-a.-al r(y-o.+v) za.+8-y F 10.+8 I S+u; a+v; -z) 

aa. b8 r(a+v ) r(2y-a.-8J r(y-a.+a) 
2. 1 

(3.3) 

where R("(l > O, R(ctl. O, R(~+u) > O, R(y-a.-~) > O, \evtg z\ < 1T , a. 



-211­

and b are non-zera constants and the expression [a.x + b(J-xl], where ." 

O~ x ~ 1 is not zero. 

This paper is a generalization oí the paper recently given by ''': " 

me [6J. . ~ 
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