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ABSTRACT

In this paper, we first establish three new theorems concerning

two-dimensional Laplace transform. Next, we obtain an interesting

and general integral from an application of the first theorem.

RESUMEN

En este articulo primero establecemos tres teoremas Nuevos re-
lacionados con la transformada bidimensional de Laplace. Luego obte-

nemos una integral general e interesante de una aplicacién del pri-

mer teorema.
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1. INTRODUCTION

A comprehensive account of two-dimensional laplace transform
has been given in the wellknown works of Voelker and Doetsch [11],

Dirkin and Prudnikov [1|. The generalized form of Parseval-Coldstein
theorem was given by Kalla 5] and later on this result was extended

to domain of two variables by Bora (S.L.) and Saxena (R.K.).
In the present paper, we shall define and represent the two-di-

mensional Laplace transform in the following manner:

o] [oe]

glp,q) = pq J J e P ik, y) dx dy (1.1)

0 0

vhere Relp) > 0, Relqg) >0 and the function 4(x,y] is so chosen

that the above integral 1s absolutely convergent. The notation
glp,q) = §ix,y) will be used to denote (1.1) symbolically.

The H-function of two variables used in this paper is a special
casc of the general H-function of two variables studied earlier by
Mittal and Cupta [7] . The parameters of this function occurring in
the present paper will be displayed in the following contracted no -

tation which 1is a direct extension to that of Srivastava and Joshi

[10]:
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where
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and with ezbt) defined analogously to 6, (4) in terms of the para -

and (61,F.) . Also, (@:des,As)
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abbreviate the parameters sequence (a1 pa A1) , la, ; a, ,A,

: , A ; (B..e. abbreviate th rameters sequence
apl pl) (j Ej}l’p2 viate the pa q

(&, 8,1 3 &, okl ...,(cpz,apzl and so on.

The conditions on parameters of the H-function of two variables

for the convergence of the integral given by (1.2) , the nature of
contours L and L2 , some of the properties, special cases and

X
asymptotic expansions of H, can be referred to in the paper by
Y

Goyal [2]. It will be assumed that the conditions (i) to (vi), modi-
fied appropriately , given on p.119 in the paper by Mittal and Gupta
(7] , are always satisfied by the various H-functions of two vari-
ables occurring in this paper.

To save space, three dots '"...' appearing at a particular place
in any H-function of two variables indicate that the parameters in
that position are exactly same as those of the H-function of two
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Axt
variables defined by (1.2) . Again H. g will stand for the
IS By

H-function of two variables defined by (1.2) but having arguments
A, Byv instead of «x,y.

2. MAIN THEOREMS

THEOREM 1. 14,
§lp,q) = glx,y) (2.1)
and
. ~ B [Ax 4
hip,q) = xP* 472 Hl[ _UJ §(x,y) (2.2)
By
then

hipyal = p g j [T p1™® (g @) gix,
0 0
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...:(p,u),.‘.;(o,v),...J /

(2.3)
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where u and v are positive numbens , min Relp,q,p, o) > 0 and the
various integrnals involved in (2.1), (2.2) and (2.3) are absolutely
convergent.

THEOREM 2. 1§
flp,a) = glx,y) (2.4)
and
At
hip,a) = x|y (2.5)
By
then
hip,q) = p q f f (x+p)™° (y+q)7° glx,y)
0 0
- . .-LL . .
. HO 0 EM AR 0 A(x+p)—V centfi=p,u),0ui(1-0,v),... P
Pra@y F P,*1,4,50,%1,q,|Blyrq) 7|...: wew 3 i
(2.6)

where u and v are positive numbers, min Relp,q, p ,0) > 0 and the
variious integhals Lnvolved 4in (2.4) to (2.6) are absolutely con -
vengent.
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THEOREM 3. 1§
§lp,q) = alx,y (2.7)
and
5 o Axt
hip,e) = x "y~ H | | |alxy] (2.8)
By
then
wlpsal = p j J e+p) ™ g+ @)™ X" YT flxep,yrq)
0 0
0,0 tm_,n_;m ,n Ao, o) g ee., (o,v)
% ¥ 22 Tad Ty 3 N dx dy
P24, P P,*1,q, 5 P *1,q, | By asn
(2.9)

where u>0, v>0, minRelp,q,p,oc) >0, and the various Lnte-
ghals snvolved in (2.7) to (2.9) are absolutely convergent.

To prove Theorem 1, we first obtain the double Laplace trans-
form of the function p-1 o e-ax-bg H, :X:: which easily
follows from the definitions (1.1), (1.2) anila well known property
of two-dimensional Laplace transform. The theorem now follows easily
with the help of Parseval-Goldstein theorem for the double Laplace
transform. The proofs of Theorem 2 and Theorem 3 can be developed on

lines similar to those indicated above.
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3. SPECIAL CASES

Since the H-function of two variables involved in all the above
theorems is most general in nature , on making free use of its spe-
cial cases as pointed out by Goyal [2, pp.121-125] , one can easily
obtain a large number of interesting and new theorems as special
cases of these theorems.

Again proper specializations of Theorems 1, 2 and 3 readily

yield analogous theorems for the wellknown one dimensional Laplace

transforn. It may be pointed out these theorems involving one dimen-
sional Laplace transfom are also new and sufficiently general in

nature. Thus they generalize among others the theorems obtained ear-
lier by Saxena [8, p.233] and Maloo [6, p.846]. We however do not
record them here explicitly on account of the triviality of the anal-
ysis involved.

4. APPLICATIONS

Now we shall obtain a very general and interesting integral
with the application of Theorem 1.

Take
o (. M 'D - {C",E")
alx,y) = YAk yd o axt f' -f 1L,P,
P ’
2% (dj’aill'Qz
M_,o R (e’ ,EY)
x H . bx H { { l’Pa
P .
322, (J’Fj)1,Q

(4.1)
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m,n
(where H  [x] is the well known Fox's H-function [3]) in (2.1),

P,q
we get with the help of a known result [4, p.190],

] !
M2+1 y 0 X (Qj’gjllpp

-1 =841
flpg) =p g H ap 2,
PO+ (A1), (dj.,aj)l,qz

M.+1, 0 (", E")

X H . bqu j ’j I,Pa (4.2)
p3’Q3+1 (G)U) » (6j,Fj)1;Q3

where
M, Q2 P

e T i § e ]

MB QS PS
V= § Fi- T FL- T E.>0, lag bl <Lyrq
j:l j _{=M3+1 j _];=1 j g l 2 »

Re(p) > 0, Relq) >0, Relr) >0, Rel(8) >0, r,u>0.
Again , with the help of (2.2), (4.2) and (1.1), we easily get

hip,q) = p q { J xp"x'l y°'5'1 o PX-qY H,
0 7o By
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) HM2+1 gl ax}L (C; ) E")I,Pz
. P21Q2+1 [)\,’L) ’ (df’6j11,Q2
M.+1, (e'., )
s by“\l i 4 ‘;Pa dx dy (4.3)
P | A (), o

To evaluate the double integral on the right-hand side of
(4.3), expand e_p Kt in double series, interchange the order of in-
tegration and summation (which is justified under the conditions

stated below) , and evaluate the (x,y)-integral thus obtained with

the help of a recent result of Singhal and Bhati [9,p.74, Eq. (1 1)] ,

we obtain
- - s A L
2\1_9_ §£ o) (a )L) ( b u)
h(p’q) = P49 a b M z \pP q
Ly m,n=o m! n!
_— -
Aaz
0 50 sm_+M_+1,n ;m +M_+1,n 0]
- H 2 2 2 3 3 3 " (4.4)
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v (4.5)

=Atm u
where E =(c'-+p——~———e., —e.) s VS wa
j }I’ j }l‘ j 1’P2
o-8+n _1 v ! .
(ej-*r —_— E., = Ej)x,Ps , lo, vl ;

_1)1 Q2 (d.f aj)m +17q

. "y s BETE 5)
0= ol (dpdg) a7+ &2 s,

' g-8+n ' v ¢!
(0+H’U} (6 j 1, m (6_1' ! H Fj’ F) nQ : (6j’Fj’m3+l;Q3’

sa)
where Re(A) > 0, Re(8) > 0, the parameters of H, .l p)u are same
Bly+q)
as given by (1.2) and the set of conditions mentioned with (4.4) are
satisfied.

The integral (4.5) is believed to be one of the most general
double integral evaluated so far . It is capable of yielding a large
number of known as well as new integrals as its particular cases.
Thus on making free use of the various formulae given by Goyal [2,
pp.121-125] , Gupta and Jain [3, pp.598-601] , one can easily obtain
from this integral , a number of other interesting integrals con-
cerning a large spectrum of special functions . On proceeding in a
manner similar to that of obtaining the integral (4.5) , we can also
obtain two more integrals from theorems 2 and 3. We however do not
record them here on account of lack of space.
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provided that Re(p) >0, Relq) >0, w,v,x,u>0, U >0, V' >0,
larg a| < % U'r, |ang b| < ;— V', Re(p—u max{(cj-l)/ej.})> 0,

Re(o-vmax{(ei—l)/t'i}) > 0 (j=1,...,n2 F Ok =1, s ;i)

3
Re(p-}dnmin(d;:/d}') - umax{(cj—l)/ej.}) >0 (L=1,...,M

Fe 1y o), Refo-6+uminlgfF) - o mx{ej.-n/fj}) >0 (4 -

2 ’

 J— ,M3 L 3 n3) and the double series on the right-hand

side is absolutely convergent.

Substituting these values of g(x,y) and h(p,q) from (4.1) and
(4.4) respectively in (2.3), altering the parameters of the H-func-
tion of two variables occurring on the right-hand side of (2.3)
slightly , we arrive at the following interesting integral after a
little simplification:

f f P8 (xap)P (yeq) O

0 0
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x H vl H # ax”* {' -{ LP,
styra”] e | L e,
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Farls o Fela g
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