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ABSTRACT

Asymptotic expansions for the percentile and distribution of
the statistic T = mTx §1§2_ ' have been studied where m$, has non-cen-
tral Wishart distribution, W(m,p,zl,g) and nS, has central Wishart
distribution, Win,p,},) . Let (F) = Tx E = Ta(B 'A-1) , where ], = B
and Z;1= A. Chattopa:lhyay [3] obtained asymptotic expansions for the
percentile and c.d.f. of T up to terms of order n-lneglecting 61:1.6“
terms where 6,(’ is the (4, f)th element of F. In this paper, the work
of Chattopadhyay is extended to include the 64..-_,.6“ terms neglected
by him which improves the expansion a great deal as is shown in the
tabulation of powers provided . The work is useful for robustness
studies.
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RESUMEN

El objeto de este trabajo es extender lo estudiado por Chattopad-
hyay sobre expansiones asintSticas para el percentil y la distribu-
cidn del estadistico

-1
T=nn§s, .

Para el estadistico F = mlz §1§;l donde m$ ~tiene distribucién
Wishart no-central W(m,p,] ,Q) y n$, tiene distribucién Wishart cen-
tral W(n,p,},) con () = Tn F = Te(B*A-I), donde Z;l =By Z;l = A,
Chattopadhyay obtuvo expansiones asint6ticas para el percentil y la
funcién de densidad acumilada de T sobre los términos de orden n . ,
despreciando los términos 6£j6k£ donde 6Lj es el elemento (£,4)-€5i -
mo de F.

La extensidén del trabajo de Chattopadhyay consiste en la inclu-
si6n de los términos 6£j6k£ en el estudio de las expansiones asint6-
ticas para el percentil y la distribucién acumulada de T lo cual me-
jora la expansidn.
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1. INTRODUCTION

Asymptotic expansions for the distribution and percentile of
the statistic T =m Tx §1§;1 have been obtained by the authors [13].

up to tems of the order 1/n° where ng , and n§, have independent
central Wishart distributions with m degrees of freedom and covari-
ance matrix ZI,W(m,p,ZI} , and with n degrees of freedom and covari-
ance matrix Zz’ W(n, p,ZZ), respectively. Further, denoting the non-
centrality by (F) = TaF = Th(B™'A-1) , where ZII = B and Z;l 4,
terms involving 6£j6k£ where 641. is the ({,f)-th element of F, which
were previously neglected by Chattopadhyay and Pillai [2], were also
included . In this paper again we extend the work of Chattopadhyay

[3] who derived an asymptotic expansion up to terms of order 1/n,
neglecting 6£j6f2,€ terms for c.d.f. and percentile of the trace sta-
tistic when m$, has non-central Wishart distribution with m degrees

of freedom, covariance matrix ) and non-centrality matrix @ ,

W(m,p,},,Q) and ng, distributed%entral Wishart w(n,p,zzl . The ex-
tension in this case is to include the 6":;6“_ terms neglected by
him. It may be noted that these terms were found to improve the ex-
pansion as we have shown in [13] . The results are helpful for the
study of the violation of a) the assumption of a common covariance
matrix in the MANOVA test based on the trace statistic and b) nor -
mality assumption in testing Zl = .Zz . When Zl =}, » asymptotic ex-
pansions of the non-central c.d.f. have been studied by several au-
thors [6] and [17].

2. THE METHOD OF ASYMPTOTIC EXPANSION

The notations in this paper generally follow those of [13] and
other papers referred to earlier [2], [5] , but additional notations
will be introduced here . The method herein is also to obtain an
asymptotic expansion for the percentile of T first , and use it to

dérive an expansion for the c.d.f. of T,vhere T may be defined as
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follows:
Let Z = (z,,...,z,) be a pxm matrix of independently distrib-
uted colums vectors where z; has the density Nlu, Z ), £=1,...,m.

Then we may define T = Tx §'77' X z:3, z where n$ is distrib -
£=1
uted W(n, p,z ) mdependently of Z,
Now if S is replaced by B in T, then T4 BZZ' is distributed

as a non-central chi-square with mp degrees of freedom and non-cen-
trality parameter wz, where,

=T B = Tr @

~ o~~~

=
\

= {u19'°°:um} # 0’ p = mp/z ’ i-e°’

we may note that

—w2/2 o (wz/Z)J ‘[exp+1-1 e-x/z i

Pn{Tn BZZ' < 8} = ¢
- J20 112° (o),

2
Gmpfe,w ),

where, G_ (9 w”) is the c.d.f. of non-central chi- square with mp de-
grees of freedomAand the non-centrality parameter w?.
Let

Gle) = Pu{Tr AZZ" < 6},

As a first approximation , for large n we may replace 5-1 by §2 in

G(6), and consider

~

Gle) = Pn{Tr §;" 72" < o).

Furthermore, as suggested by Ito [5], obtain a function h($,) of the
elements of $, and n large enough such that
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6(6) = PalTr S, 22" < k(S )} 2.1)

and then write k(S | as a series with the first term being a linear
function of independent non-central chi-square variables and terms
of decreasing order of magnitude, (see Equation (2.8)).

Now (2.1) can be written such that,
-1 !
6l0) = B (Pa[Tn 8" 2" < WIS 13, ])s (&:2)

- '
By using Taylor expansion it is possible to expand Pn[Tn S, 7 <
h(§2]|§2] about an origin (011""’0pp’012""’Gp-x,p)’ where

A = {Oij)’ (£, £) = 11,500 ;8)s (2.3)

Thus,

Paltn . 22" < hiS,)1S,} = {exp[Tals,-A" 2] PalTn AZZ' < RATY,

(2.4)
where
1 P 2.5)
3 (pxp) = (—(“6-') ——) 3 (2.
? A Boij
and Géj is the Kronecker delta. Hence
; sl
G(e) = 0 « PuiTn AZZ < h(A )} (2.6)

where



2.7)

where ) denotes the summation over all sufixes #x,4,..., each of

which range from 7 to p. Expanding k(S ) around 6 to get

M§g) A h1{§2) ' h2{§2) iy (2+8)

where h4(§2) is 0(n®). From equations (2.6) , (2.7) and expanding
h(8,) around h(é_l) we can get,

G(6) # 00T+ k(A7)0 + 0(n7?)]

~ 1
= [ 4 n L %05t

. Pn{Tn AZZ' < 83},

where D

g% , and by equating terms of successive order we get

-1 1 '
[h, (A" 1D + = Y 0,040 0, PHTR AZZ' < 8} = 0 (2.9)

For the purpose of evaluating 3, ¢ Pr{Trn AZZ' < 6} we will use the

BLUL
perturbation technique [8].

Let
1 ]

J=PdTrldA™ +e)t 22 <0} (2.10)

where ¢(pxp) is a symmetric matrix sufficiently close to 0(pxp).
Following {3}, |5| and {19}, we get
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721 - 5872 Exp[ara] + Expl(1/20E Tal] - 5A1"g}emp(e,o),

(2.11)

where A = E-1, E"Gmp{e,wz) -6 . (8,0) and

mp# 21

-1 -1 -1
#1608 A A A Al

-1 . . . 5 @
where éu is the pxp matrix with (£,f]-th element “/z”du% +

dnjsbil' Also by Taylor's theoreml J can be expressed in the follow-

ing form

1 ,
J=1{1+])e,3, * -y L€ Crfns eyt T PulT AZZ < B} (2.12)

Now if B™'A-I = F such that |ch (F)| <1, £ = 1,...,p, using the no-
tations

Ta(A, Al = (n8)

Ta(AL, Al(Ay, A) = (ws|tu)

T(E) (A, Al Ay A) = (F|us|tu)

Ta(BTA) (A, A)(BT'A) Ay, A) = (I+E|ns | IE| 2u)

Tr(E?) = (E), TnlEY) = (F?),... ete.,

and substituting X in (2.11) , then term by term comparison between
the two expansions of J, (2.12) and (2.11) after substituting X will
give the second derivative 9 3  Pr{AZZ' < 6} which can be written

st un
in the following form,
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6 1 )
' v
340, PAIAZL' < 6} = 2 Jzo AJEGol0,0°), (2.13)

where

A? = (%){-2(1+§\u|tu) + (T+F| n | T+F | £u)
+ 2(F|T+F[ns |tu) - 2(F|1+F|ns | 1+F | tu)

2
2IEIEIT#Elns )} + () U4 |ns) (14 | w)
2IENT#E|ns [tu) - (F)(1E |28 | T#E| ) - 2(E) (E] I/E| 8| )

4+

2(1+F | a) (F | T+F | tu) = (F") (1+E s | 4u))
3
- (3 (E) (I#F | a8) (14 w) + (F) (1+E | s | )

other A} coefficients are available in Appendix C of [14].

3. AN ASYMPTOTIC EXPANSION FORTHE PERCENTILEOF T = Tx S ° 22'.

Recalling that Gmp((%),mz) is the c.d.f. of the non-central chi-
square distribution with mp degrees of freedom and non-centrality

parameter w® we may note that

2, _ 2
E'6,p(0,0%) = 6, (0,07

Hence, it is possible to rewrite (2.13) in the following form,

6
' i » 2
3,,PnlAZZ" < 8} = 2 zo ATCmps271850° 1, (3.1)

9
st - 1t

Again, we note
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) (18| tu) = —-p(p+1)
r,4,%u “stun

Loy, (ms) = p, Jo 0, (n8) (tu) = p,

w=Jo 0, (Flas) ) = (),

(F|F|ns|tu) =

<
1]

- Jo0,, HE (1),

(@78 | F|tu)

!
= 1040, 7L8I(E) + (gF)],... ete.,
As a check for the above relationships, let Fl(pxp) = I(pxp) and
Qlpxp) = T(pxp), then u should equal p which is the value of
L 0,49, (48] (2u). Similarly v and w will be reduced to }o T, (I (18| 1)
equal to 1/2p(p+1) . With the help of the above relationships, it is
possible to evaluate Aj'é, J=20,...,6, after suming over all sub-
sCripts, %, &; £, 4.
Now by using (2.9) and the results above we get

-h (A7)0 Pa{Tn AZZ' < 0}

E~

_ 1 2
- ZE-JZO aj(m,p)Gmp+2J(6,m )

6
1 2
+ E_JZO AJ(m'P)Gmp+zJ(e'w b,

where

a, = mplm-p-1)

a, = -2m(mp-w’),

a = mp(m+p+1)-2(2m+p+?lw2 + 92,
a, = 2{(mp+1 )’ - 21 Q°F,

a, = th 92,
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) ﬂnd A ¥ E qg, .o A’ J = 0,00. 6
i 18,40 7 /T A "

and the above can be simplified after tedious algebra and it can be
written in the following expression,

Jh' J = 0,1,...,6,

A =0,

A= =174 [2[(F) 2+ (E)] (e 1)+ [(F) 2+ (F2)+2(F2) (F)#2(F*)] |,

0 i
A= (1/8) [[(F)p-2(E)2-3(F) (ER)-(F%) ] (p#1)
LV (BN (ER ) #6(F2)+4(F) ],
Ao = ~(1/8)[(172) [ (F)p+ ()] (p+ 1)+ (F)p+2(E) *+ (E) (E*)],
A= L3QITE)EY)] - 3[(gF°) + (9F 113,
A= {[24(F*)+18(E)+(QV(EY) + [(3/2)p+3(E)+3(E°)]. (QF)
+ [-13/2)p + 3(F)+3(E")]QF%) + [3p+3(F)] (QF°)] (p#1)

[(9/2) (F*) 2+ (45/2) (F) (E*)+19(E) ()] () + [(3/2) (F)°

+

+

(9/2) (F*)+3(E) (E2)+4(F° )] (QF)+[6+21 (F)+(3/2) (F)®

(9/2) (F*) | (QF*)+[18(F)+54] (QF’ ) +36(QF ") +12(F)

+

+

12(F*)+18(F) (F*)+18(F°)}/ (12),

A = L[-IF)p+3(F ) p#& (F) 29 (F) (F2 )+ [ (F) (F*)-(F")

12
+ (F)211Q) J2+ |- (F)p+2 (F)*+3(F) (F* )+ (F*) | (9F) /2
+ (P p+ (FYPTHQF2) . (e )+ (-2 (F)+ (F2) - (1/2).
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(F)(F*)+(E*)+2(E%) (F) 2+ (F)*] (@) + [-pr2(F)
+ (9/2) (F*)+2(F) 2+ (F) (F)+2(F°)+ (F) /2] (gF)
+ [pH12(F)+(3/2) (F)*+2(F*)] (F%)+6 (9F°) (F)
+ 4{F)+20(F*)+12(F°)}/(8)
= {[9(E) p+(E") (E) 4 (1/2)19) (E)+[(E)+(E)*]. (3(9E)/2)]. (p#1)
+ [3(F)%+(1/2) (F) "] Q)+ [3(F)p+12(F) *+3(F) (F*)
+ (1/2) ()] (QF)+3(9E°) (F)*+18(F) p+36 (F)°
+ 18(F°) (F)}/48),

{-(QF) (p+1+[4(F) +42(F* )36 ()] ()

+ [4-3(9) (F)-3(0) (F*)] (2F)+[38- (2) (F)] (RF")
- 3(gF)*+28(9F°)-4(9F" )+ (9FQ" )+ (' FQ)

+ (Q'F*Q)-4(QF) (RF)}/(4),

n

{[-8(F)-40(F*)-24 (F*)+(Q) [4(F)-2(F*)-(16/3) (F°)]
+ [-2p-20(F*)-16 (F*)] (QF) + [4p-20 (F)-16 (E*)] (QF°) - (16)
Do+ (EY] (QE )+ [-p/2+ (E)+ (E*)] (QF) *+ [2p+2E)] (GF) (2E")
+ (2) (9F) (F*)] (p+1) - [8(F) 24134 (F) (E2)+ 88 F) (F°) +24(F2)%] 1)
- [8(F)-16+10(F) %+36 (F*)+ % (F*)+16(F) (F*)] (gF)
- [64+98(F)+32(F*)+8(F)*] (QF*) - [312+96(F)] (QF°)
- 192(QF*)+[4+6(F)+(3/2) (F*)+(1/2) (F)*] (gF)®
+ [-4+6(F)%+7(F) (F*)] () (QF) -20 (F) *-20 (F*) -24(F) (F?)

+ 24(F")-24(F" )+ [-2(F)+(F)*] (QFQ" )+ [6(F)
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tET @RI [14(E)+ ()] @'F 0l (286 FI] (0F). (0F)
+ 12(9F) (9F° )+ [-2(F)+ (F*)] (') +8(F) (Q'F Q)
+ 4(9) (9F")+4(0F") 1/ (16),
A,, = (-4(E)p-40(F)*-36(F) (F*)-12(F* ) p-[8(F) (F)
+ 2(E)°](9)+[4(E)p-20(F)*~24(E) (E°)-8(E ) p] (G

Ié[(flp*‘flz}(8E2)+[(E)p+(fl2](QE)2+(QJ(QE)(EJZJ.(p+IJ

[24(F)-16(F*)-15(F)*-32(F*) (F)*] Q)+ [12p-8 (F) *-32 (F°)

+

24 (F)-84 (F*)-26 (F)*-T6(F) (F*)] (QF) - [16p+200 (F)

+

32(F*)+24(F) "] (QF" )+ [p+10(F)+ (F*)+ (F)*] (9F)

32(F)-88(E%)-12(F)*-12(F) (E*)-48(E’)-32 (E) (QF")

64(F) (9F°)+(2'@) (F)*+(gFQ") (F)*+(2"FQ) (F)®
+ ('F’Q) (F)*+4(QF) (F)+4(QF) 9F") (F)}/(32),
A,, = ~L[[(3/2)(F)?p+(3/2) (F)*] (QF)+(1/2) (Q) (E)*] . (p+1)
+ [BIF)p+12(F)“#3(E°) (F)+(1/2) (F) ] (@F)+ [3(F) *+ (1/2)

(F)*] (@) +3(E) 2 Q%) 1/ 12),

and other Ajx coefficients are available in Appendix C of [14].
As an immediate result h($,) can be expressed in the following man-
ner:

_ 1% 2
h(S,) = 8- [Zﬁ JZo a.J(m,p)Gmp+2J(e,w )

6
3 zo AJGmpﬂJ(e'“’z)]rG'(eﬂ-l* 0(n") . (3.2)

r



-117-

Now 6 1is the appropriate percentile of the linear function of inde-
pendent non-central chi-square variables of the form

p
)
f=1
AB™* and G(6) is the c.d.f. of ¥ in terms of the percentile, Finally,

P
2 2 2 - .
lj.xj.(m,w&,), .Z W, = a0, Aj.'/s are the characteristic roots of
4=1

we can state the following theorem:

THEOREM 1 Let Z = {z ,...,2 ] be a pxm nandom matrix of 4n -
dependently distributed column vectorns where z; has the dens.ity
Nlu;, 1,871, and nS, distrcbuted central Wishart W(n,p,J, = A7) .
Under the assumption That §‘1§ = I+F and lChi (FI] <1, £=1,000,py
then an asymptotic expansion fon the penrcentile of T 45 given by
Equation (3.2).

The following are special cases of (3.2).

CASE 1. When terms involving 6L’6k£ are negligible, where 6ij
is the ({,§) element of F, terms like (f)z, (F?) and (Q](Es} could
be dropped. Consequently A6 disappears and Ao’ A up to A, are re -
duced drastically and finally (3.2) agrees with the result of
Chattopadhyay [3] up to the indicated order.

CASE 2. Under the equality of the two covariance matrices ,
the deviation matrix is zero. Putting (F) = 0 in (3.2), we get Equa-
tion (6.4) of Siotani [19].

4. AN ASYMPTOTIC EXPANSION FOR THE C.D.F. OF T = Tx S, 2Z'.

-

In this section an asymptotic expansion for the c.d.f. of T up
to O(n_ll is derived using the method described in the last section.

Also it is possible to write


http:Equa.ti.on
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"

Pr{Tn $.'22" < 0} I PriTn §;'22' < 8|8, }Pa{ds,)
R

® Pa{Tn AIZ' < 6}
and @ is given by Equation (2.7). It follows that

PulTr §,'212' < 0} = 6lo) - L[k (A™)]6"(6) + 0(n™")

Under the assumptions of Theorem 3.1, we get

I
“1771 5 1 §
PalTr 8,722 < 8} = Gl8) + JZO aj{m,p)G,np+2J(e,w )

NP (4.1)

a.j'/s and AJ'A are the same as in Section 3. G(8) and Gmp(e,mzl are
as defined earlier. Then

THEOREM 2  Under the assumptions of the previous theorem an
asymptotic expansion for the c.d.f. of T 4is given by (4.1).

Similarly we can get the two special cases as we pointed out in
the previous Section.

5. NUMERICAL RESULTS

The expansion given by Equation (4.1) has been used here to
compute the powers of the test when the departure from the null hy-
pothesis occurs . The following table shows these powers . For tabu-
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lation of this table, the upper five percent points were taken from
Pillai an Jayachandran [11]. Table 1 is in agreement with findings
in Table 1 of [13] where neglecting 6i jékt terms was found to exag-

gerate the powers.
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TABLE 1

_ Powers of T Test Under Violations for p =2, m= 3, a = 0.05 while
the Deviation Matrix has Equal Deviation Parameters

Up to the

¥ “, (E) order n = 83
.00001 0(1) .0379288
pin") 049277 (.049273)
0 .00001 .00015 0(1) .037942
0(n”") 049296 (.049344)
005 0(1) 038399
0(n”") .049433 (.04977)
.00001 0(1) .03793
0(n”") .049279 (.049276)
0 0001 .00015 0(1) .037945
0(n") .049300 (.049347)
005 0(1) .038403
0ln™") ,049636 (.05182)
00001 0(1) .038085
0(n") .04944 (.049455)
0 005 .00015 0(1) .038098
0ln") .049437 (.049475)
005 0(1) 038557
0(n") .0499188" (.05200)

The figures in () are computed using Chattopadhyay expansion [3] N

lFurther work in progress by Pillai and Y.S. Hsu for 0(n %) order
terms gives the value ,05073.
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