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ABSTRACT

In this paper we obtain two new and interesting finite series
for the H-function of two variables in a very elegant form and with-
out having severe restrictions on the parameters involved by a di-
rect and simple method. On account of the most general nature of the
H-function of two variables, a number of related finite series for a
number of other simple and useful functions can also be obtained as
special cases of our results. As an illustration, we obtain here
from our main results, the corresponding finite series for Kampé de
Fériet function, Apell's function and Gauss' hypergeometric function
which are also believed to be new. Thus the present study provides
us a number of interesting new results for a large spectrum of spe-
cial functions in a direct and simple manner.
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RESUMEN

En este trabajo damos dos series nuevas para la funcitn H- de
dos variables , en una forma elegante y sin muchas restricciones so-
bre sus parametros . El método es directo y sencillo . Debido al ca-
riacter mds general de la funcién H- de dos variables, los resultados
establecidos generan muchos casos especiales con otras funciones .
Mencionamos algunos resultados para las funciones de Kampé de Fériet,
funcidén de Appell y la funcib6n hipergeométrica de Gauss.
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1. INTRODUCTION

The parameters of the H-function of two variables® occurring in

the present paper are displayed in the following contracted nota -

tion® :

Hc,n1 :'mz,nz;ma,na {aj;otj AJ)1 P, (cj-;ftjll b, ; (ej,EjJ1 p,
p]_’ql' pz'Qz’pa’Q3 (b ’ B )B ) 1 [ j; J’ l, ) (6 ’ j 1,Q
= (2m4)”° I I ¢(s,2) 6, (8) ez(t)xé yt ds dt (1.1

L1 L,
where, for convenience, let (aj, Q. Aj]n P, and
(cj, kj)n2+1,p2 abbreviate the parameters sequence
(an1+ 3 un #? An1+1),...,(ap1; apl, Apil and
(cn2+1,.nn2+1),...,[cp2, npz) respectively for the integers

n; and p, such that 0 < n; < p; (£=1,2) and similar interpre-

tations for (bj; Bj’ Bf]m1+1’qz’ (dj’ Gj)mz+l,q2 and so on.

Also,

n +l

n Py
= r'(l-a, La+A L r -0,4 - A .
o(s,%) T;[' ( aj+assth, ) ['l:l' (aj o )

5
,' - » "' 't
'|:|'I‘( bJ*BJA B_, )
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nz mz p2
6. (8] = I{1-c.+r.4) T T'(d.-6. Tle.-nx.
o) = AT Tl -egeagal TT Tld - 650) n];l lej=274)
QQ -1
T(1-d,+6.4)
UL

2

and with 6,(Z) defined analogously in temms of the parameter sets

GEL LU F)
o il 0P,

The conditions on parameters of the H-function of two varia-
bles, its asymptotic expansions, some of its properties, particular
cases, nature of contours L, and L, in (1.1) etc. can be referred to
in a paper by Mittal and Gupta®.

2. SIMPLTFYING NOTATIONS AND MAIN RESULTS

Since , only the parameters subscripted 1 in the definition of
the H-function of two variables undergo changes in our main results,
therefore , to simplify notational problems , we specify only these

parameters in our main finite series. Thus,

H{la-n;0h,0k), (b -2;8h,Bk)]

would represent the H-fumction of two variables defined by (1.1) but

having a, replaced by a -1, o replaced by o h , A, replaced

replaced by b -« , B, replaced by B,h , B, re-

by alk s By

placed by 8 k and rest of the parameters being same as in (1.1).

MAIN RESULTS
no -1 op-h | a-bp 1tr-ag
fLZl B, o . § H (al—ll,' O‘1h’a1k) ; (bl-z‘L,‘Blh,Blk} =
1 1
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n
= B, H[(al—n-I;alh,alk) " (bl-n;Blh,Blk)]

n
-a, H[(al—l;a¥h,a1h) g (b1;81h’81k)] 2.1)
4 Lo . . A
Lt A lo,-nensogh, ol , 100380k, 0
b -a 4], H[(al;alh,alk) (o381, 8,0 2.2

PROOES OF (2.1) AND (2.2)

To prove (2.1), we first give the following simple three temm
contiguous relation for the H-function of two variables :

din-b, ,7-a +a) H |la, -n;0h,ok), (bl—ft;Blh,Blfz]]

= a, H _(al—k;alh,alk) , (bl-n+1;81h,81fll]

s (R A |

;
-8, H [la,-r-Tsah, ak) , (b, =28k, 8.8 | (2:3)
where d (/z.—b1 ¢ I-a1+n) stands for the determinant

)‘L-bl I-al"')‘l.
B o

1 1
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To prove (2.3), we note from the definition of the H-function of two
variables that th i

\ o e replacement of (a -4) by (a -#-1) in (1.1) and
the application of the recurrence formila T'(z+1) = zT(z) is equiv-
alent to the introduction of the additional multiplying factor
(T-a +n+o hs+o kt] into the contour integral format for the
H-function of two variables. Similarly, the replacement of (b, - %)
by (b, -n+1} will introduce an additional multiplying f;ctor
e B +)L+.81h5 +8,kt]. Consequently, we can simply form a following
3-term recurrence relation involving undetermined coefficients A, B

and C:

AH L(al-n;alh,qlh) , (bl-n;Blh,Ble]

=B H L(al—lt;mlh,mlfz) y (bl"t+”.81h’61k}d

+C H [(al-n-T;alh,alk] , (b, -n; Blh,slk}‘ (2.4)

and then require that

A= B(~b1+n+81h,a+81ht) + C(I—a1+n+alm+alk,t)
A,Band C can be evaluated. On

be an identity in 4 and £ . Hence,
and after a little sim-

evaluating the values of these quantities ,
plification, we easily arrive at the required result (2.3).
Now , if we multiply both sides of (2.3) by

in succession and take the sum, we easily arrive at the required re-

sult (2.1).
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To prove (2.2) , we consider the following contiguous relation which
can easily be proved on lines similar to that of (2.3) 3

dla, -1,b +1] H [(al;alh,alkl , (bl +1; Blh,slk]J
= @ H [(al;alh,alk] ’ {b1+2;81h,81k)J
-8, H [{“1 -Tiah,akl, (b +I;Blh,81k)} (2.5
where d (a1 -1, bl +1) stands for the determinant
[ a -1 b +1 ]
o 81

If we now iterate by expanding each term on the right hand side of
(2.5) by the use of this very relation, we get

d(al-T,bll d(al—l,b1+7) d{al-z,bl) H [(al;alh,alk) .

(b, 5 8, 8,8
= a: d(al—Z,bl) H [{a13°‘1h’0‘1k) » b, #2; Blh,Blfz)}
-a, B, {d(al-z,bll + d{a1']'b1+”} H [(al-l;alh,alk) ,

(b1+1;81h,61k)} + Bi d(al-T,b1+1) H [(al—Z;alh,alkl ;

(b, ; 8,k , B,k)

(2.6)
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Again, by further iterations, we get, expressions of the form

VH [la 5ok, ak) , 16,58k, 8]

n
=&§0 X,LH [(al-nm;ulh,alk) , (bl+n;61h,81k)]

(2.7

in which A's involve sums and products of the determinants.
If we put B, = o, in (2.7), the coefficients are greatly simpli-

fied and after a little simplification, (2.7) easily reduces to
(2.2).

3. SPECIAL CASES

If we specialize the parameters of the various H-functions of
two variables involved in the series (2.1) and (2.2) , such that all
of them reduce to Kampé de Fériet functions', we get, after a little
simplification and by virtue of a known formula' , the following in-
teresting results involving Kampe de Fériet functions:

', (dfll.qz' (61)1,42

“
]

n (al-b1+1} T'la,+x] PP, a1+n,(a.lz’p1: {cj)l,p 3 (ejll'pz
blm,(bj)2

n=1 F(b1+A) Iq1’q2

Tla +ntl) p ,p, [a1+n+1,(a')2 : le) ; (e

By f e, of 1,p,
byn (6], ' (d

2 .
»Qy f)l.qz' ( j)l,qz

F(b!+n) .9,

Tla +1) Fpl,p2 [a1+r,(aj)2,p : (cj’1,p ; (ajlx,pz

1 . 2 -
F(bl) ql,qz (bj)l’ql ) (djlquz’ [6j)1'q2

3.0
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n

I'la +n-n)
7ot o] —
K=o bel-al
Fpl,pz th:a ::j: " (Zj) 0, ,(e) Ly,
Wt |5 iz, (jll,qz’ {61 1,9,
=——1——{a-b+J N JIP ij lef LP,

] 1142

lu’nrql,q (b} (} i lf]

[

(3.2

Also , if we put p. =, = p = I and ¢, =0 in the equations
(3.1) and (3.2), we get, after a little simplification, the follow -

ing series involving Appell's functions respectively:

n
(1+a-b) § Llal Fola#n s a,B; b s x,y)
n=1 T(b+1)

Dlatnt1) F,latn+] ;
T'(b+n)

a,B; b+n; x,y)

Tatl) ¢ (a1 ;
T (b)

atn~-r ; o,B; b-n; x,y)

n
(_I)’L ) I'(a.*n )L) F (
ILZO )L T'(b-n)

I'(a)
Ir'(b)

- (a"b”)n Fl(a;a,B; b;x,yl

(3.3)

(3.4)
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Again, if in the equations (3.3) and (3.4), we put Yy = x, and
use a known resulﬂg, we get, after a little simplification, the fol-

lowing interesting series involving Gauss' hypergeometric functionsd
respectively:

(1+a-b) g I'(a+x) e (am,u.x)
K=Y T (bon) 21\ bt ?

 Tlamn) (a+n+l,a ) I(14a) (7+a,a )
2 — f TR E F X
T T S AT L

g (-1)% (n] T(a+n-x) 2F1(a+n-lt,a;x)

A= % F(b-’l.) b-,L
B T'(a) it
= (a-b+f}n IT(;]— zFl ( b ;x)

(3.6)

Related finite series for other special functions can also be
obtained from (2.1) and (2.2) by reducing the H-function of two
variables into some other simpler functions.
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