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Presentacion

El Comité Editorial de Divulgaciones Matemadticas se complace en presentar el Vol. 18,
No. 2, 2017. En el presente niimero estan contenidos los articulos procesados durante el segundo
semestre del ano 2017 que fueron evaluados y aceptados para su publicacion.

Es importante resaltar que la revista recibié un total de 5 manuscritos, que fueron sometidos
para su evaluacién y posible publicacién. Uno de estos trabajos no cumplia con el formato de
la revista, por lo cual fue rechazado y se invit6 al autor del mismo a escribir el articulo usando
la plantilla de la revista, sin obtener respuesta. Un (1) manuscrito reprobo6 la evaluacion de los
arbitros y sélo tres (3) cumplieron con los requisitos que pide la revista y aprobaron la evaluacion
de los arbitros respectivos. Sin embargo, a pesar de la poca cantidad de articulos, el Comité
Editorial decidié publicar este nimero para mostrar a la comunidad mateméatica que la revista
sigue en funcionamiento, pese a las dificultades, tratando de matener el mejor nivel de calidad
posible.

El trabajo editorial relacionado con este nimero es el resultado del esfuerzo de algunos miem-
bros del Departamento de Matematica de la Facultad Experimental de Ciencias. Los Editores
queremos expresar nuestro agradecimiento a todos aquellos que hicieron posible este ntimero: a
los autores de los trabajos que se presentan, que dieron su voto de confianza a la revista; a los
arbitros que evaluaron los articulos, cuya labor desinteresada permitio satisfacer los estandares
de calidad de la revista y mejorar sensiblemente la forma de los trabajos; al equipo editorial de
Divulgaciones Matemdticas; y en especial al Prof. José Heber Nieto por su aporte para la
seccion de Problemas y Soluciones. A todos, mil gracias.

Por dltimo, el Comité Editorial de Divulgaciones Matemdticas invita a la comunidad
matematica venezolana e internacional a seguir dandonos su voto de confianza sometiendo sus
trabajos en la revista para evaluacién y posible publicacién.

Dr. Alirio Pena ! Dr. Tobias Rosas Soto.2

Dr. Vinicio Rios?

IEditor en Jefe de Divulgaciones Matemdticas
2Editor del presente ntimero y Editor Adjunto de Divulgaciones Matemdticas
3Editor Asociado y Miembro del Comité Editorial de Divulgaciones Matemdticas



Presentation

The Editorial Board of Divulgaciones Matemadticas is pleased to present the Vol. 18,
No. 2, 2017. Articles contained in this issue are those processed during the second semester of
the year 2017 and were evaluated and accepted for publication.

It is important to note that the journal received a total of 5 manuscripts, which were sub-
mitted for evaluation and possible publication. One of these articles did not comply with the
format of the journal, so it was rejected and the author was invited to write the article using the
template of the journal, without obtaining a response. One (1) manuscript failed the evaluation
of the referees and only three (3) complied with the requirements requested by the journal and
approved the evaluation of the respective referees. However, in spite of the small number of
articles, the Editorial Board decided to publish this issue to show the mathematical community
that the journal is still working, despite the difficulties, is still active and makes efforts to keep
the highest possible quality level.

The editorial work related to this issue is the result of the efforts of some members of the
Department of Mathematics of the Experimental Faculty of Sciences. The Editors want to ex-
press their gratitude to all of those who made this issue possible: to the authors of the presented
works, who gave their vote of confidence to the journal; to the referees, who evaluated the articles
with selfless work, guaranteeing the quality standards of the journal and significantly improving
the way of working; to the editorial team of Divulgaciones Matemadticas; and especially to
Professor José Heber Nieto, for his contribution to the Problems and Solutions section. To
all of them, thanks a lot.

Finally, the Editorial Board of Divulgaciones Matemadticas invite the Venezuelan and in-
ternational mathematical community to continue giving their support by submitting their articles
to our journal for evaluation and possible publication.

Dr. Alirio Pefia 4 Dr. Tobias Rosas Soto.?

Dr. Vinicio Rios®

4Chief Editor of Divulgaciones Matemdticas
5Editor of the present issue and Adjunct Editor of Divulgaciones Matemdticas
6 Associate Editor and Member of the Editorial Board of Divulgaciones Matemdticas
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Explicit complete residue systems in a general
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Sistemas de residuos completos explicitos en un cuerpo cuadratico en general

Suton Tadee (suton.t@tru.ac.th)

Department of Mathematics, Faculty of Science and Technology,
Thepsatri Rajabhat University, Lopburi 15000, Thailand

Vichian Laohakosol (fscivil@ku.ac.th)
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Kasetsart University, Bangkok 10900, Thailand

Santad Damkaew (s.damkaew@hotmail.co.th)

Department of Mathematics and Computer Science, Chulalongkorn University,
Bangkok 10330, Thailand

Abstract

Bergum explicitly determined three representations for a complete residue system in the
quadratic field Q (v/—3) extending two earlier results in Q (v/—1) and Q (v/=2). Among
these three representations, the first is simplest to derive, while the third is minimal in the
sense that the sum of their absolute values is minimal. Here, we extend these results by de-
riving explicit representations for a complete residue system in any general quadratic field.
The first representation uses lattice points in a rectangle in the first quadrant of an appro-
priate plane, while the second representation uses lattice points in a parallelogram, and the
third representation uses lattice points in a hexagon and possesses a minimality property for
imaginary quadratic fields.

Key words and phrases: quadratic field, complete residue system, lattice point.

Resumen

Bergum determiné explicitamente tres representaciones para un sistema de residuo com-
pleto en el cuerpo cuadratico Q (m) extendiendo dos resultados anteriores en Q (\/TI) y
Q (V/—2). Entre estas tres representaciones, la primera es mas simple de obtener, mientras
que la tercera es minima en el sentido de que la suma de sus valores absolutos es minimo.
Aqui, ampliamos estos resultados obteniendo representaciones explicitas para un sistema
completo de residuos en cualquier cuerpo cuadratico general. La primera representacion usa
puntos reticulares en un rectangulo en el primer cuadrante de un plano apropiado, mientras
que la segunda representaciéon utiliza puntos reticulares en un paralelogramo y la tercera
representa puntos reticulares en un hexagono y posee una propiedad de minimalidad para
cuerpos cuadraticos imaginarios.

Palabras y frases clave: cuerpos cuadraticos, sistema completo de residuos, punto
reticular.

Received 17/08/2017. Revised 30/08/2017. Accepted 05/12/2017.
MSC (2000): Primary 11A07; Secondary 11R04.
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1 Introduction

The problem of explicitly determining complete residue systems in a general number field is non-
trivial, useful and interesting. Apart from the simplest case of the rational number field [6, p. 57],
not much is known for other algebraic number fields. Regarding the quadratic field, Jordan and
Potratz [4] treated those in the Gaussian field Q(v/—1), Potratz [5] considered those in Q(v/—2),
and Bergum [1] worked out those in Q(y/—3). The objective of this work is to extend these results
by determining three representations of a complete residue system in any general quadratic field

Q(vm).

Throughout the entire paper, the following notation and terminology will be kept fixed.
1) m is a squarefree integer, m ¢ {0,1};

—%—&-‘/—QE ifm=1 (mod 4)
2) oy =
vm  ifm#1 (mod 4);
3) Zlow]) = {a+boy : a,be Z} is the ring of integers of Q(y/m);
4) y=a+boy, € Zloy] \ {0} is a fixed element with () being its principal ideal;
a?—ab+b%(1 —m)/4 ifm=1 (mod 4)
5) N(v)=vy= denotes the norm of v;
a? — mb? ifm#1 (mod 4)
6) by lattice points, we refer to the elements of Z[o,,];

7) by a complete residue system modulo () (or modulo 7), [3, Chapter IX], abbreviated by
CRS(7v), we mean a set of |[N(v)| elements {51,52, . ,£|N(7)|} such that
i) & #& (mod ) forall i,j € {1,2,...,|N(y)|} with i # j, and
ii) for each « € Z[o,,], there is a unique & € CRS(v) such that a = &; (mod 7).

Note that, in case m =1 (mod 4), we have

-1

Our starting point is the following lemma which gives the least natural number divisible by ~;
here and throughout divisibility refers to that in the ring Z[o,,].

Lemma 1.1. Let v = a + bo,, € Z[o,,) \ {0}. If d = ged(a,b) € N so that
v =du, where p:=ay + bioy, € Zlon], ged(ar,br) =1,
then d |N(u)| is the least natural number divisible by .
Proof. Let ¢ € N be divisible by «. Then there exists & = p + go,, € Z[o,,] such that
c=vya=d(a +bion)(p+ qom). (1.2)

Consider four possible cases depending on b; and gq.

Divulgaciones Mateméticas Vol. 17 No. 2 (2017), pp. 1-17



Complete residue systems 3

1. If by = 0 and ¢ = 0, since ged(aq,b1) = 1, we have a; = %1, and (1.2) gives ¢ = +dp,
yielding [c[ = d|[p| = d|N (u)].

2. If by = 0 and g # 0, since ged(ag,b1) = 1, we have a; = +1, and (1.2) gives ¢ = £(dp +
dqo.,), which is impossible because g # 0.

3. If by # 0 and ¢ = 0, from (1.2), we have ¢ = dpay + dpbi0,,, which implies that p = 0,
yielding ¢ = 0, a contradiction.

4. If by # 0 and g # 0, there are two possible subcases depending on the value of m mod 4.
If m =1 (mod 4), using (1.1) and (1.2), we have

1—-m
C_d{alp— < 1 > le} +d(arq+bip — b1q)om (1.3)
implying that
arq+bip—big=0, ie., arg=bi(q—p). (1.4)
Thus, b1|q, say, ¢ = byl, for some | € Z. Substituting into (1.4), we get p = I(by —

a1). Putting back into (1.3), we have ¢ = —Id (a? — a1by + (1 — m)b}/4), and so ¢ =
|=l[ d|N ()| = d|N(u)l-

If m#1 (mod 4), using (1.2), we have
¢ =d(aip+ bigm) + d(a1q + bip)vV/m. (1.5)
implying that
a1q+bip=0, ie., a1g="0b(-p). (1.6)

Thus, b1|q, say, ¢ = b1l, for some [ € Z. Substituting into (1.6), we get p = —a4l. Putting
back into (1.5), we have ¢ = —dl (a3 — mb3?), and so ¢ = |~I|d|N ()| > d|N(u)].

O

2 Representation I

Our first representation consists of lattice points in a rectangle in the first quadrant of the plane
R xRym={z+yy/m:z,y € R}

Theorem 2.1. I. Keeping the notation of Lemma 1.1, consider the case m =1 (mod 4).
A) If d is even, let

d—2
T :—{x—ky\/ﬁzx,yez 0<z<d|N(u)|-1, 0<y<2}

1 1 d—2

Divulgaciones Mateméticas Vol. 17 No. 2 (2017), pp. 1-17



4 Tadee-Laohakosol-Damkaew

then T =T, UT, is a CRS(7).
B) If d is odd, let

d—1
Tl;:{x—ky\/ﬁz 2,y €Z, 0<x<d|N(ul|-1, O§y§2}

1 1 d—3
T { (o 3)+ (vt3) v eyez 0<asav@l-L o<y < 3,
then T =T, UTy is a CRS(7).

II. For the case m # 1 (mod 4), the set

T:={z+y/m:z,yeZ 0<z<d|N(u)|-1,0<y<d-1},
is a CRS(7).

Proof. 1. Let m =1 (mod 4).
A) When d is even, we first show that the elements in T are distinct modulo 7. Let a3,y € T
be such that a3 = ay (mod «y). Then there exists 6 = ag + bao,, € Z[oy,] such that

] — Qg = ")/5 = d(a1 + bldm)(ag + bgO’m). (21)
From (1.1) and (2.1), we have

14+m

d
] — Qg = 5 {(2&1&2 —aibs — asby + (2> blbg) + (a162 + ashy — blbg) \/%} . (2.2)

There are three possibilities.
Possibility 1: Both ay and as are elements of Ti. Then they must be of the form

where x;,y; € Z, 0 < z; < d|N(u)|—1and 0 < y; < %. Substituting into (2.2) and equating
the irrational parts, we get y; — yo = g(albg + azby — b1bs), showing that % | (y1 — y2). Since
0 <y < %, we have 0 < |y1 — 2| < % < %, which together with the last divisibility
imply that y; = y2. Thus, (2.1)-(2.3) yield v|(x; — x2). Since 0 < z; < d|N(u)| — 1, we have
0 <|z1 — 22| <d|N(u)|—1 < d|N(u)|. Invoking upon Lemma 1.1, we deduce that z; = x5, and
SO (x1 = (2.

Possibility 2: Both oy and as are elements of Ts. Then

o; = <:c + ;) + (y + ;) vm o (i=1,2), (2.4)

where z;,y; € Z,0 < z; <d|N(u)|—1and 0 <y; < %. Proceeding exactly as in Possibility 1,
we deduce that a; = as.
Possibility 8: One of the «;, say, oy € T, while ag € Ty. Then

1 1
a1 =z +yivm, ag = (!E2+2>+<yz+2) vm,

Divulgaciones Mateméticas Vol. 17 No. 2 (2017), pp. 1-17
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where z;,y; € Z, 0 < 2; < d|N(p)| — 1, 0 <y < &2 (i = 1,2). Substituting into (2.2)
and equating the irrational parts, we get y; — yo — 1/2 = d(a1by + asby — b1be) /2, which is a
contradiction because the right-hand side is an integer while the left-hand side is not.

There remains to show that each element o = = + yo,,, € Z[oy,] is congruent mod 7 to an
element of T or T5. By the Euclidean algorithm, there exist g1,7; € Z such that

y=dqgq + 71 (O§T1<d).
Since d = ged(a, b), there exist u,v € Z such that au + bv = dg;. These last two relations give
y = au + bv 4+ r1. (2.5)

To finish the proof of this part, we treat two possible cases depending on the parity of r;.
Case 1: 1y is even, say, r1 = 2n; (n; € Np). The next step involves a clever choosing of
elements. By the Euclidean algorithm, there exist g2, n2 € Z such that

z—n1—av—au+ (1 —m)bu/d=d|N(u)| gz +mn2, 0<mns<d|N(u),

and so

x=d|N(u)| g2 +n2+n1+av+au— (1 —m)bu/4. (2.6)
Using (2.5)-(2.6), we have

a=x+yo, =d|N(p)| g +n2s+n1+av+au— (1 —m)bu/d+ (au+bv+7r1)om
=d|N(uw)| g2+ (v+u(l+0m))y+n2 +nivm.
Since d|N(p)| =0 (mod ), we have
a=ng+niyv/m (mod 7). (2.7)

Since 0 < ngy < d|N(p)|, 0 <7 =2n; < d, and d is even, we have 0 < ny < d|N(u)|—1, 0 <
ny < (d — 2)/2. Thus, modulo v, we have & = ny + ny1/m € Tj.

Case 2: r1 is odd, say, r1 = 2n1+1 (n1 € Np). Proceeding in a manner similar to the previous
case, there exist g2, n2 € Z such that

z—ny—1—av—au+ (1—m)bu/d=d|N(u)g+nas (0<ng <d|N(u)).
Then
a=z+yo, =d|N(p)|g+ns+n +1+av+au— (1 —m)bu/d+ (au+bv+r)om

= d[N(p)l g2 + (v +u(l+om))y +n2 +1/2+ (n1 +1/2) Vm

=(ne+1/2)+ (n1 +1/2)vm (mod 7).
Since 0 < ny < d|N(u)| and 0 < ny = rlT_l < d%z, we see that « is congruent mod v to an
element in T5.

B) We proceed now to the case where d is odd. To show that the elements in 7" are distinct

mod 7, let ay, s € T be such that a; = ay (mod ). Then there exists § = ag + baoy, € Zlom]
such that

ap —ag =70 = d(a1 + blam)(ag + bgO’m). (28)

Divulgaciones Mateméticas Vol. 17 No. 2 (2017), pp. 1-17
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There are three possibilities.
Possibility 1: Both oy and as are elements of T;. Then

az:xz—’_yl\/’rin (22172)7

where z;,y; € Z, 0 < z; < d|N(pu)|—1and 0 < y; < %51, Substituting into (2.8) and multiplying
by 2, we have

2(x1 — m2) + 2(y1 — y2)vVm
m+1

=d <<2a1a2 + <2> b1by — a1bs — blaz) + (a1bs + bras — blbz)ﬁ)

Equating the irrational part, we get 2(y; — y2) = d(a1b2 + bias — b1bs), which shows that d |
2(y1 —y2). Since 0 < y; < (d—1)/2 (i = 1,2), we deduce at once that y; = yo, and consequently,
1 = z2 (mod 7). Since 0 < z; < d|N(p)| —1 (¢ = 1,2), Lemma 1.1 shows immediately that
r1 = T, and S0 a1 = ao.

Possibility 2: Both a1 and as are elements in Ty. Then

ai=<xi+;>+<yi+;)\/ﬁ (i=1,2),

where z;,y; € 2,0 < 2; < d|N(p)|—1and 0 < y; < %. Proceeding exactly as in Possibility 1,
we deduce that a; = as.
Possibility 3: One of the o, say, a1 € T1, while ag € T5. Then

1
a1 =1 + y1v/m, 042_(5E2+2)+<y2+) Vvm,

where z;,y; € Z, 0 <x; <d|N(u)| -1 =1,2), 0<y; < d=1 and 0 < y, < 953, Substituting
into (2.8) and multiplying by 2, we have

(23}‘1 - 2.132 - 1) + (2y1 - 2y2 — 1)m

+1
=d { <2a1a2 —+ m2 blbg — CleQ — b1a2> —+ (a1b2 + b1a2 - ble) \/%} .

Equating the irrational part, we get d | (2y; — 2y2 — 1). Since 0 < y;3 < (d —1)/2 and 0 < yo <
(d — 3)/2, we deduce that 2y; = 2ys + 1, which is a contradiction because the left-hand side is
even, while the right-hand side is odd.

There remains to show that each element o = = + yo,,, € Z[oy,] is congruent mod 7 to an
element of T. By the Euclidean algorithm, there exist q;,71 € Z such that y = dg; + 71, 0 <
r1 < d. Since d = ged(a, b), there exist u,v € Z such that au+bv = dq1, and so y = au+bv+ry.
We treat three possible cases.

Case 1: rq is even, say 1 = 2n1 (n1 € Np). Then there exist ¢a2,n2 € Z such that

x—ng—av—au+ (1 —m)bu/d=d|N(u)| g2 +n2, 0<ns <d|N(p)|,

Divulgaciones Mateméticas Vol. 17 No. 2 (2017), pp. 1-17



Complete residue systems 7

and so

a=x+ Yoy,

1-— -1
=d|N(w)| g2 +n2+n1+av+au— <4m) bu + (au + bv + rqy) (2+\/ZE>

=d|N(p)| g2+ (v +u(l+0pm))y + n2 +n1v/m
=ng+n1v/m (mod 7).

Since 0 < ng < d|N(p)|, 0<ny; =r1/2<(d—1)/2, we have ngy + n1/m € Ti.
Case 2: 71 is odd, say, 11 = 2n1 + 1 (ny € Np). Then there exist g2, ns € Z such that

x—ny—1—av—au+ (1 —m)bu/d=d|N(p)| g2 +n2, 0<ny <d|N(u)l.

Then
a=x+yo,
1- -1
=d|N(p)| g +n2+mn +14+av+au— <4m) bu + (au + bv + rq) <2+\/25)
=dIN(p) g2+ (v +u(l +om))y+n2 +1/2+ (m1 +1/2) Vm
E( 2+1/2) (n1+1/2)\/ﬁ (mod 'y),
Since 0 < ng < d|N(w)|, 0 < ny = (r1 —1)/2 < (d — 3)/2 (because d is odd), we have
(n2 +1/2) + (m1 +1/2) ym € T
IT. Let m # 1 (mod 4). To show that the elements in 7" are distinct mod =, let
a; =z +yivmeT (i=1,2), (2.9)

where z;,y; € Z,0 < 2; < d|N(u)|—1and 0 <y; <d—1, be such that @; = as (mod 7). Then
there exists 6 = ag + bay/m € Z[\/m] such that oy — as = 4, and so

(1 — 22) + (y1 — y2)vm = d (a1az + bibam) + d (a1bs + azby) v/m. (2.10)

Substituting into (2.10) and equating the irrational parts, we get y; —y2 = d(a1bs+asby), showing
that d | (y1 —y2). Since 0 < y; < d—1, we have 0 < |y; — ya| < d—1 < d, which together with the
last divisibility imply that y; = y2. Thus, (2.10) yields v|(z1 — x2). Since 0 < z; < d|N(p)| — 1,
we have 0 < |1 — a2 < d|N ()| —1 < d|N(w)]. Invoking upon Lemma 1.1, we deduce that
T1 = T3, and SO a1 = am.

Next, we show that each element o = = + y/m € Z[\/m] is congruent mod ~ to an element
of T'. By the Euclidean algorithm, there exist g1,71 € Z such that

y=dg+r (0<r <d).
Since d = ged(a, b), there exist u,v € Z such that au + bv = dg;. These last two relations give
Yy =au+bv+r. (2.11)
By the Euclidean algorithm, there exist g2, 72 € Z such that

x—av—ubm =d|N(u)|qg+1r2, 0<ry<d|N(p),

Divulgaciones Mateméticas Vol. 17 No. 2 (2017), pp. 1-17
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and so
x=d|N(n)| g2 + re + av + ubm. (2.12)
Using (2.11)-(2.12), we have

a=xz+yv/m=d|N(u)| g +r2+ av +ubm + (au+bv +r1)vVm
=d|N(p)| g2 + av + ubm + auy/m + bvy/m + ro + riv/m
=d|N(p)| g2 + (v +uv/m)(a+ by/m) + 2 + r1v/m
=d|N(u)| g2 + (v +uv/m)y + 72 + r1v/m.

From Lemma 1.1, we have
a=ry+riv/m (mod 7). (2.13)

Since 0 < r9 < d|N(p)| and 0 <7y < d, we have 0 < ry < d|N(u)|—1, 0 <7y <d—1. Thus,
modulo v, we have a =1y +r1/m € T. O

3 Representation 11

Our second representation makes use of lattice points in a parallelogram. We begin with a simple
lemma.

Lemma 3.1. For any oy = a1 + b0y, € Z|oy,], we have

% = (Tl + Sldm) + (Rl + Slam)v (31)

where r1,s1 € Z, and Ry,51 € QN[-1/2,1/2).
Proof. Multiplying oy /v = (a1 + biom)/(a + boy,) by the conjugate of the denominator, we get

biom
G _WFNIm 04 Doy, (32)
y a+bop,

where
O e (a1a — arb+ 52b1b) /N(y) ifm=1 (mod 4)
L (ara —b1bm) /N(y) ifm#1 (mod 4)

and Dq := (bya — a1b) /N (). The desired shape follows by taking

1 1
T1:{01+2J, 81:{D1+2J,R1201—T1, Slle—Sl.

Our second representation is given in
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Theorem 3.2. Let Vi be the collection of lattice points inside the parallelogram ABCD whose
vertices are, respectively,

A=T(+0n), B=
and let Vo be the collection of the lattice points on the half-open line segments BC' and CD
excluding the points B and D, but possibly including the points C (if C € Z[o,,]). Then V =
V1 U V2 s a CRS(’}/)

(I—om), C==(-1=o0p), D==(-14o0m),

b0 |2
b2
o2

Proof. From Lemma 3.1, we have «3 = (Ry + S10)7 (mod 7). The equations of the line
segments AB, BC, CD and DA are, respectively,

1+2t—1 2t—1 opm 1 2t-1 2t—1+0m

where t € RN [0, 1].

o If -1/2 < Ry < 1/2and —1/2 < 51 < 1/2, then (R; + S10.,)7 lies inside the parallelogram
ABCD, yielding (R; + S10m)7y € V1.

e If Ry = —1/2, then (Ry + Si0,,)7 lies on CD (excluding the point D), yielding (R; +
Slam)’y e V.

o If S; = —1/2, then (R; + S10,,)7 lies on BC (excluding the point B), yielding (R; +
Sl(fm)’)/ e V.

These three possibilities show that each element of Z[o,,] is congruent to some element of V.
There remains to show that the elements in V are incongruent mod . Note first that each
element ay € V = V4 UV, when represented under the form (3.1) of Lemma 3.1 always has
r1 = s1 = 0 and so (3.1) reduces to oy = (R1 + S104)7- Thus, for any a;,as € V with a1 = aq
(mod 7), we have oy = g + v, where 0 € Z[o,,] satisfies

6= (Rl — Rg) + (Sl — SQ)O’m.
Since —1/2 < Ry, R2, 51,52 < 1/2, and § € Z[o,,], we deduce that 6 = 0, yielding a3 = 3. O

As pointed out in [1], it is of interest to find out when the set V3 in Theorem 3.2 is empty,
which we solve in the next proposition.

Proposition 3.3. Keeping the notation of Theorem 3.2, let m =1 (mod 4).
L If (1 —m)/4 is even, then the set Va is empty if and only if N(v) is not divisible by 2.
II. If (1 —m)/4 is odd, then the set Vs is empty if and only if v is not divisible by 2.

Proof. 1. Let (1 —m)/4 be even. If V; is empty, assuming N () is divisible by 2, we see that

N(y) =a®> —ab+ (1_47”) b’ =a(a—b) + (1_4m> b?

is even, showing that either a is even, or a and b are both odd. If a is even, since

a b/m-1 a
C——§—§ <4) —EO'mGZ[O'm],
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the vertex C' is a point of Vo. If a and b are both odd, choosing ¢ = 1/2 in the parametric
representation of the line BC' given in Theorem 3.2, we see that there is a vertex in V3, viz.,

)= () (5 e

In either case, the set V5 is non-empty, which is a contradiction.
On the other hand, if N(v) is not divisible by 2, assume that V2 # ¢. For a1 = a1+b10y, € Va2,
we see that ay lies either on BC or on C'D. If oy lies on BC, then from (3.2), we have

% = —1, and so N(v) is divisible by 2, a contradiction. If a; lies on CD, then from

(3.2), we have ﬁ (a1a — a1b + 15™b1b) = —1, showing that N () is divisible by 2, again a
contradiction.

II. Let (1 —m)/4 be odd. If V; is empty, assuming 2|y, we see that the point C' is

¥ a b/im-—1 a
*_1_m:_7_7 — | T 39m Z m]
y(Tlmom)=—35 2( 1 ) 30m € Zlom]

and so C' € V5, contradicting the emptiness of V5.

On the other hand, assume now that 2 {~. If V5 is non-empty, then let a; = a1 + byoyy, € Vo,
so that o lies either on BC or on C'D. We pause to prove an auxiliary result.

Claim. The number N (v) is divisible by 2 if and only if 2|y.

Proof of Claim. We have

1—-m

1—
N(y) =a* —ab+ Tmb2=(a—b)2+ab+ <4—1) b2

If N(v) is divisible by 2, since (1 —m)/4 is odd, then a — b and ab are of the same parity. If a —b
is odd, then a and b have opposite parity, yielding ab even, a contradiction. If a — b is even, then
a and b have the same parity. Since ab is even, both a and b are even, implying that ~ is divisible
by 2. The other implication is trivial, and the claim is proved.

Returning now to the proof of part II, if a; lies on BC, from (3.2), we have 2 (bja — a1b) =
—N(v), while if a; lies on CD, from (3.2), we have

4mb1b) — —N(v).

2 (ala —aib+

In either case N(v) is divisible by 2. Using the claim, we deduce that + is divisible by 2, which

is a contradiction. O
Proposition 3.3 gives the following generalization of Bergum’s result [1].

Theorem 3.4. Let the notation be as in Theorem 3.2. Then Vo = ¢ if and only if N(v) is not
divisible by 2 .

Proof. The case m =1 (mod 4) has already been proved in Proposition 3.3. Consider now m # 1
(mod 4).
If V5 is empty, assuming N () is divisible by 2, we see that

N(v) = a® — mb? (3.3)
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is even. We treat two possibilities cases depending on the parity of m.
Possibility 1: m is even. From (3.3), a is also even. Choosing ¢ = 1/2 in the parametric
representation of the line BC' given in Theorem 3.2, we see that there is a vertex in V5, viz.,

V(5] = - - 4" ezl (3.4

showing that the set V5 is non-empty, which is a contradiction.
Possibility 2: m is odd, say m = 2k + 1 (k € Z). Substituting into (3.3), we get

N(v) = (a —b)(a+b) — 2kb>. (3.5)

Since N(7) is even, either a and b are both even, or a and b are both odd. If a and b are both
even, the relation (3.4) yields v (—v/m/2) € V5. If a and b are both odd, since

at+bm a+b

C = 2(~1-Vm) = =7 - = Vm € Zlv/m),

the vertex C is a point of V5. In either case, the set V5 is non-empty, which is a contradiction.
To establish the other implication, assume that N(7) is not divisible by 2. If V5 # ¢, then for
a1 = ay + biy/m € Va, we see that oy lies either on BC or on C'D. If oy lies on BC, then from
(3.2), we have
aby —aib 1
N(7v) 2’

and so N (v) is divisible by 2, a contradiction. If oy lies on CD, then from (3.2), we have

aja —bibm 1
N(7v) 2’
showing that N(v) is divisible by 2, again a contradiction. O

4 Representation 111

Our last representation makes use of lattice points in a hexagon. Since this representation is so
constructed to be minimal (in the sense that the sum of their absolute values is minimal), we
need to adjust the parameters in Lemma 3.1 appropriately using the following claim.

Lemma 4.1. For any oy = ai + bioy,, € Zloy), there are rational integers r,s and rational
numbers R, S such that

%1 =(r+som) + (R+ Sop), (4.1)
where
-1<2R-8<1 (4.2)
\m\—i—l |m|—1 |m|—|—1
N L S .
1 R+ 5 S < 1 (4.3)
|m| + 1 |m| + 1 |m| + 1
— < — _— .
1 > S—R< 1 (4.4)
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(For convenience, a number written under the form (4.1) subject to (4.2)—(4.4) is said to be in a
standard form).

Proof. By Lemma 3.1, we have «a1/v = (r1 + s1om) + (R + S104,), where r1,s; € Z, and
Ry, 81 € QN[—1/2,1/2). We treat four possible cases depending on the subdivision of the ranges

of Ry and S7, namely,
i) —-1/2<R; <0, -1/2< 85, <0,
i) 0< Ry <1/2 0<51<1/2
i) —-1/2<R;<0,0<8;<1/2,
iv) 0< Ry <1/2, —1/2< 5 <0.

For the cases i) and ii), the lemma follows by taking r = r1, s = s1, R= Ry and S = 5.
As for case iii), since

—7<R1+(‘m| l)S <Im=l 3 <9R, -8, <0,0< (%)Sl—R1<W,
we split our consideration into eight possibilities.
i) ~3 < Rt () 81 < 2, 2 < 2R, - 81 < ~1and

0< (\m\—&-l) S1— R < %
The result follows by taking r=r; —1, s=s;, R=R; +1, §=.5;.

ii.2) ~3 < R+ () 81 < =2, 2 <oR, - 81 < ~1and
\mJgH < \m|2+1 S, — Ry < |mJ1+3.

The result follows by taking r=7r; — 1, s=s1, R=R; +1, §=5;.

ii.3) —3 < R+ (I47) 81 < =2, —1 <2R, - 81 <0 and

0< (\m\+1> S1— R < %
The result follows by taking r =11, s =s;, R= Ry, S =51.

i) %< By+ () 8y < =221 < 2R - 5 < 0 and
\mf—l < \m|2+1 S, — R, < |mJl+3.

These three sets of inequalities are self-contradictory, so this possibility is ruled out.

ii.5) 2 < Ry (M) 51 < I —3/2 < 2Ry - 81 < —1and

0< (\mH—l) S, — Ry < \mz|1+1.
The inequalities are self-contradictory.

ii.6) "2 < Ry (1) 51 < I —3/2 < 2R - 81 < —1and
\mJgH < \m|2+1 S, — Ry < |m£|1+3.

The result follows by taking r =r;, s=s1+1, R=R;, S=51 — 1.
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ii.7) 2 < Ry (1) 5 < I 21 <2k - ) < 0 and

0< (\m\+1> S1— R < W
The result follows by taking r =11, s =s;, R= Ry, S =51.

ii.8) 2 < Ry 4 () 8y < ML S0 < 2Ry - 81 <0 and
\mJl-&-l < \m|2+1 S, — Ry < |m4|1+3-

The result follows by taking r =ry, s=s1+1, R=R;, §=51 — 1.

We next turn to case iv). Since

—mZl o R, +('m‘ 1)5 <1, 0<2R1—Sl<§7—W<(%)Sl—R1<O,

we again split our consideration into eight possibilities.

iv.1) —%<R1+<‘m‘ l)S < —Im=3"0<2R, — 5 < 1and
—lml+s @)S “ R < - \m|+1
The result follows by taklngr—rl, s=s—1, R=R;, S=51+1.
iv.2) M=l < R +< )S< =80 < 2R, -~ ) <1 and

_lmlt < (7“”‘2“) S1 — Ry <0.

The result follows by taking r =7y, s =s;, R= Ry, S =51.

iv.3) —Im=l < R, +<‘m‘ 1)5 <=3 < 2R, — 8 < 2 and
m|+3 [m|+1 ml+1
—‘T < (‘T)S — Ry < —Imitl '
The result follows by taking r =r;, s=s1—1, R=Ry, S=51+ 1.
iva) —t <oy (1) 5 < =R 1 <oRy - 5 < § and

_lmlt < (%)Sl—R1<O.

The inequalities are self-contradictory.

iv.5) —m=2 < R +(‘m‘ 1)51 L 0< 2R, —S; <1and
_ \m!l+3 < |m\2+1) Sy — Ry < — \m|+1
The inequalities are self- contradlctory.

iV.6) —W#SR1+<WT_1)51<%, 0<2R;—S1<1and

—lmltt < (%)Sl—R1<O.

The result follows by taking r =71, s =s;, R= Ry, S =51.

v.7) — 2 < Ry () S < 4 1< 2R - 81 < S and

_ \mjl+3 < (|m\2+1) S, — Ry < — \m|+1
The result follows by taking r=r1 +1, s=s;, R=R; —1, §=.5;.
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iv.8) — =2 < Ry (M) 51 < 4 1< 2R - 81 < § and

77\m4|1+1 < Ll‘;rl) S1— Ry <0.

The result follows by taking r =71 +1, s=s;, R=R; -1, §=57.

We now state our third representation.

Theorem 4.2. Let v = a + boy, € Z[op] \ {0}. Let Wy be the collection of lattice points inside
the hexagon ABCDEF whose vertices are, respectively,

3 -1 -1 1 1
o TR TR N A TR TR )
m

| 4 2 4 2
v (_Im[+1 |m[-1 v ([ 3Im[—-1 |m[—1
=7\ m | D e - m |
Im| ( i T Im| 4 2 7
B U S T S S L WU W
|m| 4 2 ) |m| 4 2 )

and let Wy be the collection of lattice points on the line segments CD, DE and EF excluding
the vertices C, F, but possibly including the endpoints D (if D € Zloy,]) and E (if E € Z[ow]).
Then W = Wy UWs is a CRS(7).

Proof. We begin by showing that any «; = a; + bio,, € Z[o,,] is congruent mod ~ to an
element in W. From Lemma 4.1, we see that a3 = (R + So,,)y (mod «). We show next
that the point P := (R + So,,)7 belongs to the set W = W; U Ws. Since the line segments
AB, BC, CD,DFE,EF and F A are given, respectively, by

|m|—|—1 |m| —1 |m| + 1
+ t+ —tlomy,
|m| 2 2

1 1 —1
\w+ L ()

g 3|m|—1 Im| -1 m| —1

2
g
o
[on

[ml

m|+1 m|+1 m|—1
o ||2 H<_|g )l

3m—1 m|+1 m|—1
|| |2| t+(| |2 +(—|m|+1)t)am},

g
m|

e
[l

where ¢ € RN [0, 1], the location of the point P is easily checked as follows:

o if Ml o gy Imlg o ImLS g cop g <1, ~ImEL o Imilg R o ImEL hen
P lies inside the hexagon ABCDFEF, i.e., P € Wry;

e if 2R — S = —1, then P lies on CD (excluding the point C), i.e., P € Wy;
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o if R+ W%S = —#, then P lies on DE, i.e., P € Wa;

o if %S —R=— \mr-l’ then P lies on EF (excluding the point F), i.e., P € Ws.

There remains to check that any two distinct elements of W are incongruent modulo . To this
end, let a; € W, and assume without loss of generality that it is written in standard form as

%:(7’+50m)+(R+50m):(T+R)+(S+S)Um

with 7,8 € Z; R, S € Q satisfying (4.2)—(4.4). Since a; € W, i.e., « lies inside the hexagon or
on the line segments CD, DE, EF (excluding the vertices C, F, but possibly including the points
D, E), its coordinates must satisfy

—1<2(R+r)—(S+s)<1 (4.5)
1 -1 1
Y (pyy g (MY (54 < ML (4.6)
4 2 4
1 1 1
_ml+ < Im| + (S+s)—(R+r)<M. (4.7)
4 2 4
Solving (4.2) and (4.5) and using the fact that r, s € Z, we get
2r—s=0. (4.8)
Solving (4.3) and (4.6), we get
Im|+1 |m| —1 Im|+ 1
- . 4.
5 <r+ 5 5 < 5 (4.9)
Solving (4.8) and (4.9), we get
|m| 41 |m|+1

Since r € Z, we must have r = s = 0, i.e., a1 = (R + So,,,)y. Thus, any element ay of W is of
the form

ag = (U + Voy,)y, where U, Vare rational numbers satisfying (4.2)—(4.4)
with U in place of R and V in place of S. (4.10)

If oy = as (mod 7v), then a; = as + 79 for some ¢ € Z[o,,]. If 6 # 0, then 4§ € Z[o,] \ {0},
which is a contradiction because as is of the form (4.10) but «; is not. Thus, § = 0 yielding
a1 = Q9. O

Our final discussion deals with the concept of minimal representation, which is defined ([1])
as follows: a representation S of a complete residue system modulo 7 is said to be an absolute
minimal representation if and only if for any representation R of a complete residue system

modulo 7y, we have
dTIN(@) < Y IN@B).

aesS BER

Bergum in [1] discovered an absolute minimal representation modulo « for Z[o_s]. Using our
third representation, this result of Bergum is now generalized but only for the case of negative
integer m.
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Theorem 4.3. Let W be as defined as in Theorem 4.2. Assume that m < 0. If « € W and if
B € Zloy,)] is such that B = « (mod v), then |[N(B)| > |N(a)].

Proof. From the latter half of the proof of Theorem 4.2, we can write « in its standard form as
a = (R+ Soy,)y, with the three sets of governing inequalities (4.2)—(4.4).

Consider first the case m = 1 (mod 4). Since f = « (mod 7), we have § — a = y(c + do.,)
for some ¢ + do,, € Z[o,,]. Therefore,

N(ﬁ :E+N<O‘>,
v v

where E = 2Rc+ ¢ — Rd— ¢S — cd + (352) Sd + (152) d*. To prove the theorem, it suffices to
check six possibilities.

1. If ¢ = 0, from (4.4), we have E = (152) {d2 +d (W)} > 0.

2. If c=d, from (4.3), we have E = (I’Tm) {d2 +d (W)} > 0.

3. Ifc < dand ¢ < 0, from (4.2), we have 2R—S—d < —d+1 < —c. Thus, ¢>+(2R—S—d)c > 0
and (4.4) yields

E=c+(2R-S—dc+ (1_47”) {d2+d(_4R+(2_2m)S)}20.

1—m

1-m
simplification gives d {—R+ (152) S + (:52)d} — (152) ed > 0. Using (=22)cd > 0
and (4.2), we get

e ()5 (52 () (252)

+ (2 +c(2R~-9)) > 0.

4. If ¢ < d and ¢ > 0, from (4.4), we have ¢ < d —1 < ZAR4(E=2m)S | d, which after

W—l—d < d+1 < ¢, which after simplification

o (15255 (52))- (520

Using d < ¢ < 0 and (4.2), we have

s (52 ()] (52) e (22)

+ (> +¢(2R-8)) > 0.

5. If ¢ > dand ¢ < 0, from (4.4), we get
gives

6. If ¢ > d and ¢ > 0, from (4.2), we have d < ¢—1 < 2R—S+¢. Thus, ¢c(2R—S+¢)—cd >0
and (4.4) yields

E=c2R—S+¢)—cd+ (1_4’”> {d2+d<_4R+(2_2m)S>} > 0.

1—-m
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Next, consider the case m £ 1 (mod 4). Since § = a (mod 7), we have 5 — a = y(c + dy/m) for

some ¢+ dy/m € Z[\/m]. From % = (R+c¢)+ (S +d)v/m, we get

N(i) — (R+0)? —m(S+d)° :N(i‘) 4B, (4.11)

where E = 2Rc + ¢® — 2mSd — md?. Since R, S € [~1/2,1/2), and c¢,d, m are rational integers
with m being negative, we have E = (c? + 2Rc) — m(d? + 2Sd) > 0. Thus, (4.11) implies
NG| > [N ().

O]
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Resumen
Un algebra semitrenzada es un algebra A sobre un anillo conmutativo A con unidad,
equipada con un operador R € End(A ® A) que satisface la ecuacion de Yang-Baxter,
R1®a) =a®ly Rla®1l) = 1® a. El célculo diferencial semitrenzado Qr(A) se
obtiene del calculo diferencial universal moédulo las relaciones adb = Zi(dbi)ai, donde
R(a ®b) = >, ai ® b;. Demostramos una version del Lema de Poincaré para el algebra
semitrenzada de Heisenberg sobre R[z].

Palabras y frases clave: formas diferenciales no conmutativas, algebra semitrenzada, Lema
de Poincaré.

Abstract
A quasi-braided algebra is an algebra A on a commutative ring A with unit, equipped with
an operator R € End (A® A) which satisfaces the Yang-Baxter equation, R(1®a) = a®1 and
R(a®1) = 1®a. The quasi-braided differential calculus Qr(A) is obtained from the univer-
sal differential calculus modulo the relations adb =, (db")a;, where R(a®b) = >_, a; ® b;.
We show a version of Poincaré’s Lemma for a quasibraided Heisenberg algebra on R[z].

Key words and phrases: non-commutative differential forms, quasi-braided algebra,
Poincaré’s Lemma.

1 Introduccién

El Lema de Poincaré es un resultado clésico en topologia diferencial que establece que si M es una
variedad suavemente contractil a un punto p € M, entonces que toda forma diferencial cerrada
sobre M es exacta (ver Corolario 18 en Spivak [16]). En términos del complejo de De Rham
(Q*(M),d), el resultado establece que para tal variedad la cohomologia es trivial, por ejemplo,
en el caso de coeficientes reales, tenemos que

HZ(M)— R sii=0,
“lo sii>o.
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El Lema de Poincaré constituye, junto con el Teorema de Stokes, las piezas fundamentales pa-
ra demostrar el Teorema de De Rham que establece un isomorfismo entre la cohomologia del
complejo de formas diferenciales y la cohomolgia singular de la variedad (ver Spivak [16, p. 457]).

Algunos resultados se han obtenido al aplicar versiones generalizadas del complejo de De
Rham. Por ejemplo, Cenkl y Porter [5] estudiaron el complejo de formas diferenciales moderadas.
Similarmente, Karoubi [9] analiz6 el complejo de formas diferenciales no conmutativas con coefi-
cientes racionales y Mejias [13] trabajo con el complejo de formas no conmutativas moderadas.

Un éalgebra trenzada es un algebra A sobre un anillo conmutativo A con unidad y equipada
con un operador de Yang-Baxter R, es decir, un operador invertible R € End (A ® A) tal que,
si Ri(a1 ® az ® a3) = R(a1 ® az) ® az y Ra(a1 ® a2 ® az) = a1 ® R(az ® asz), se satisface
la ecuacion R1RsR; = RoR1Rs. Ademés, R(1®a) = a®1, Rla®1) =1R®a, R(p®id) =
(id® p)RiRe y R(id ® u) = (1 ® id)Ra Ry, siendo p la multiplicacion en A. Las dos ultimas
igualdades establecen cierta compatibilidad entre un algebra trenzada y el grupo trenzado B,
(ver Baez [1] y Kassel [11]).

El célculo diferencial trenzado Qi (A) se obtiene del calculo diferencial universal €, (A) (for-
mas diferenciales no conmutativas introducidas por Connes [6]) modulo las relaciones adb =
> (dbY)a;, donde R(a ®b) =, a; @ b'.

En este articulo consideramos un concepto mas débil que el de algebra trenzada: Un “algebra
semitrenzada”, un algebra A sobre un anillo conmutativo A con unidad, equipada con un operador
R € End(A® A) que satisface la ecuacion de Yang-Baxter, R(1®a) =a®1ly Rla®1) =1®aq;
es decir, suprimimimos la condicién de invertibilidad y la compatibilidad con el grupo trenzado.
Seguidamente se establece el calculo diferencial semitrenzado Qx(A) como el cociente del calculo
diferencial universal €, (A) por el ideal generado por las relaciones adb = ,(db")a;, donde
Rla®b) =3, a; ® V"

Aplicando construcciones y técnicas similares a las de Baez [1] demostramos una version del
Lema de Poincaré para el algebra semitrenzada de Heisenberg sobre R[z] (Teorema 6.2).

2 El calculo diferencial universal

El calculo diferencial universal sobre un algebra fue introducido por Connes [6] y [7] como una
generalizacion del complejo de formas diferenciales sobre una variedad y fue utilizado posterior-
mente por Karoubi [10] para construir el complejo no conmutativo de De Rham.

Sea A un algebra sobre un anillo conmutativo A con unidad. Las formas diferenciales de grado
n son los elementos del producto tensorial de A-algebras

TA) = AR ARp - Q7 A.

n + 1 factores

Tenemos pues que T%(A) = P, 5,7"(A) es una A-dlgebra con multiplicacién - : T"(A) ®
Tm(A) — T"t™(A) definida por

a~[3:a0®a1®~~®(an~bo)®b1®~~®bm-

paratodos a =ay®a; ® - Qap, ET"(A)y =0y @b ® -+ ® by, € T™(A).
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El operador diferencial D : T™(A) — T"+1(A) est4 definido por
D(a0®a1®...®an) — 1®a0®a1®,_,®an

n
Y (VYaeae 0 10100 ®a,
j=1

+(=D)" Mg ®a ®@---@a, @ 1.
Teorema 2.1. Siw e T"(A) y 0 € T™(A), entonces
(1) D*(w) =0.
(2) D(w-0) =D(w) -0+ (—1)"w - D(#) (la identidad de Leibniz).

Es decir, T*(A) es un &lgebra diferencial graduada. La cohomologia del complejo (T*(A), D)
es trivial.

Ahora consideremos Q°(A4) = A y Q'(A) = ker(u), entonces el médulo Q'(A) sobre A es un
bimodulo sobre A. Las formas diferenciales no conmutativas de grado n son los elementos del
producto tensorial de A-mo6dulos

Q"(A) =M (A) @4 QN (A) @4 - @4 QHA).

n factores

La suma directa

Q,(4) = P ()

n>0

es un algebra graduada cuyo producto estd definido por yuxtaposicién de productos tensoriales.
La diferencial d : Q°(A) — Q(A) esta dada por

dla)=1®a—a®1.

Asi tenemos el isomorfismo de A-médulos A ® A/A — Q'(A) tal que a ® b+ adb, entonces
Q" (A) puede ser identificado con el producto tensorial de A-mo6dulos

A®A/A®A/A® - @ AJA.

n factores

Una forma w € Q'(A) puede escribirse como una combinacién lineal de términos del tipo
ap dajdas .. .da, y el morfismo d se extiende a las formas de grado n de Q™(A) por

d(ag day ...day) = dagday ...da, = 1dagday . . . day,.
Teorema 2.2. Siw € Q"(A) y 6 € Q™(A), entonces
(1) d*(w) = 0.
(2) dw-0)=d(w) -0+ (—1)"w-d(0) (la identidad de Leibniz).

El algebra Q,(A) es el cilculo diferencial universal para A debido a que constituye la solucion
a un problema universal: Para un algebra diferencial graduada B* y un morfismo de algebras
f: A — B? existe un tinico morfismo de dlgebras diferenciales graduadas f* : Q,(A) — B* el
cual coincide con f en grado 0.

Existe una inclusiéon que envia Q,(A) — T*(A). Por otra parte, para cualquier n > 0 existe
un operador proyeccion J : T"(A) — Q" (A) dado por J(ag ® a1 ® -+ Q@ a,) = apday . .. day,.
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3 Algebras trenzadas

Considerables esfuerzos han sido realizados, particularmente por Karoubi [9, 10], Baez [1, 2] y
Cenkl [4] para el estudio de la cohomologia del calculo diferencial de un algebra trenzada, la cual
es un algebra A sobre un anillo A con un operador R € End(A ® A) que generaliza la funcién
a®br— b®ay esta relacionado de una forma especial con el grupo trenzado.

Si R € End(A® A), entonces para cada i, con 1 <i < n — 1, definimos R; € End (A®™) por

R(a1® - Qap) =01 Q- Qai—1 @ R(a; R ai11) Q Git2 @ -+ @ ap,.

La siguiente igualdad sobre A®3
RiRsRy = RoR\ Ry (3.1)

es conocida como la ecuacidn de Yang-Bazter. Si R € End(A ® A) es invertible y satisface la
ecuacion (3.1) decimos que R es un operador de Yang-Baxter. Decimos que R es fuerte si R? = id.

Ejemplo 3.1. Para cualquier algebra A, la funcion R: A ® A - A® A dada por
Rla®b)=b®a
es un operador de Yang-Baxter fuerte.
Ejemplo 3.2. Si A es un algebra graduada, la funcion R: A® A - A® A dada por
Rla®b) = (—1)des adeg by gz g
es un operador de Yang-Baxter (deg denota el grado).
Ejemplo 3.3. La funcién R : R[z] ® R[z] — R[z] ® R[z] dada por
Rz @az™) =2"" 2" @ a"
satisface la igualdad (3.1), pero no es un operador de Yang-Baxter porque no es invertible.

El grupo trenzado B,, generado por si,...,s, es aquél determinado por las relaciones

S$iSj = S;Si, si |Z —]| > 2,

$iSi+18i = Si+1S5iSi+1

para i = 1,2,...,n. Entonces R € End(A ® A) es un operador de Yang-Baxter si solo si las n
funciones s; — R; se extienden a una representacion p de B,, a A®(n+1)

Un dlgebra trenzada o una r-estructura es un par (A4, R), donde A es un algebra con mul-
tiplicaciéon p y R es un operador de Yang-Baxter sobre A, tal que se satisfacen las siguientes
ecuaciones

Rl®a)=a®1l y R@®l)=1®a. (3.2)
paratodoa € A,y

R(p®id) = (d®pu)RiRy y Rid®p)=(p®@id)R2Ry, (3.3)
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como funciones de A®3 en A®2. Cuando en el contexto estd claro el operador R nos referimos a
A como un algebra trenzada. Las ecuaciones (3.3) describen la relacion entre el operador R y el
grupo trenzado B,, (ver [1]).

Asi, en particular, las estructuras indicadas en los ejemplos 3.1 y 3.1 son algebras trenzadas. El
operador indicado en el Ejemplo 3.3, ademés de no ser invertible, no cumple la segunda ecuacién
de (3.3).

Un ideal trenzado I de un algebra trenzada A es un ideal I C A tal que R preserva a
I® A+ A® I. Dadas dos élgebras trenzadas (4, R4) y (B, Rp) decimos que f : A — B es un
morfismo de dlgebras trenzadas si es un morfismo y (f ® f)Ra = Rp(f ® f).

Para algunos casos especiales Baez [1] estudia el calculo diferencial Qr(A) de un algebra
trenzada (A, R), considerado como el cociente del calculo diferencial universal €, (A) por las
relaciones

adb =" (db')a;, (3.4)

donde 4
R(a®b) = Z b ® a;. (3.5)

4 Algebras semitrenzadas

Como se indico en el Ejemplo 3.3, el hecho de que un operador R € End(A ® A) sea soluciéon
de la ecuacion (3.1) no dota al algebra A con una estructura trenzada porque no es invertible ni
es compatible con el grupo trenzado B,,. Sin embargo, para este tipo de operadores, se obtienen
algunos resultados parciales en el espiritu de aquéllos que Baez [1] probo para algebras trenzadas.

Un dlgebra semitrenzada es un par (A, R), donde A es un algebra y R € End(A® A) satisface
las ecuaciones (3.1) y (3.2). Un ideal semitrenzado I de un algebra semitrenzada A es un ideal
I C A, tal que R preserva a I ® A+ A ® I. Dadas dos algebras trenzadas (4, R4) y (B, Rp)
decimos que f : A — B es un morfismo de dlgebras semitrenzadas si es un morfismoy (fQf)Ra =
Rp(f®f).

Analogamente, el calculo diferencial Q1r(A) para un algebra semitrenzada (A, R) se define por
ecuaciones (3.4) y (3.5) puestas en contexto.

5 La férmula de Kiinneth y el Lema del Diamante

En esta seccién presentamos dos teoremas clésicos que cumplen una funcién de resultados auxilia-
res en la prueba del “Lema de Poincaré”. En primer lugar la férmula de Kiinneth para cohomologia,
que establece que si A es un campo, y X e Y son dos espacios topologicos con H;(X) de tipo
finito, entonces existe un isomorfismo de algebras

H*(X)H*(Y) > H* (X xY). (5.1)
Esta ecuaciéon es una consecuencia del siguiente resultado.

Teorema 5.1. Sean C y C' complejos de cadenas que se anulan por debajo de cierta dimen-
sion. Supongamos que C' es libre y finitamente generado en cada dimension, entonces existe una
sucesion ezxacta natural

0 — Bprqm HP (C) @ HI(C) - H™(C ® C') — Bpygem HPT(C) + HI(C') — 0.
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Esta sucesion se escinde si C' es libre y finitamente generada en cada dimensidn.

Para la demostracion de este resultado ver Munkres [14, pp. 357-358]. También puede consi-
derarse la presentacion analoga en Spanier [15, pp. 246-247].

El otro resultado auxiliar es un resultado que algunas veces es conocido como el “Lema del
Diamante”. Sean A un anillo conmutativo, L[-,-] un &lgebra de Lie sobre A y A(X) el algebra
libre sobre A. Denotemos por A[L] al cociente A(X)/Z, donde T es el ideal generado por todos
los elementos ab — ba — [a, b] con a,b € L. Identificamos a £ con el submoédulo de A{X) generado
por X y para a € L denotamos por o’ la imagen de a en A[L].

Teorema 5.2 (Poincaré-Birkhoff-Witt). Si < es un orden total en X, entonces k[L] es un k-
mddulo libre con una base formada por todos los productos 'y’ ---2' tal que z,y,...,z € X, y
r3y=--- =2z

Este resultado es una consecuencia de un resultado de gran generalidad conocido mas fre-
cuentemente como el Lema del Diamante. Para la demostracion del Teorema 5.2 ver Bergman [3,
pp. 186-187].

6 Lema de Poincaré para algebras semitrenzadas

En esta seccién demostramos el “Lema de Poincaré” para un algebra semitrenzada construida a
partir del Ejemplo 3.3, utilizando técnicas similares a las de Baez [1]. Recordemos que para un
algebra de Lie (L, [,-]), el cubrimiento universal U(L) = T(L)/Z, donde T es el ideal generado
por los elementos de la forma 2y — ya — [z, y]. Dados un espacio vectorial V' sobre un cuerpo F y
¢V xV — F una forma bilineal antisimétrica, entonces el espacio V @ [F es un algebra de Lie
con:

[u+ ae,v+ fe] = d(u,v)e,

para todos u,v € V, o, € F, e = (0,1) € V @ F. El dlgebra de Heisenberg $) sobre V es el
cubrimiento universal U(V @ F). Dado h € F, el dlgebra de Weyl $y es el cociente de § por ideal
generado por e — i1 y denotemos por j la proyeccion j : ) — $Hp. Por el Teorema 1 de Baez [1]
existe una unica estructura de algebra trenzada sobre £; dada por

~

Rlu®@v)=vQu+ hd(u,v)(1®1),

para todos u,v € V. R
Tomando el caso F = R y V = R[z] podemos utilizar R y el Ejemplo 3.3 para definir una
estructura semitrenzada sobre §); asi:

R(z™ @az™) =2""z" @ 2™ + ho(z™,2")(1 ® 1),

Ahora consideramos Q($5) = Qr(Hx) el cociente Q,(Hy) por las relaciones
adb =" (db')a;,

donde _
Ra®b) = ZbZ@)ai.
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Teorema 6.1. Sean h € R, j, : Q($) — Q(R[z]) ® Q(Hr) inducida por la proyeccion j : $ — Hy,
yp: QR[z]) = R el homomorfismo determinado por p(z) = h y p(dx) = 0, entonces existe un
isomorfismo de complejos diferenciales y de Q(R[z])-mddulos ¢ : Q(H) — QR[z]) @ Q(Hz) tal
que

(p®id) o p = j..

Demostracion. Por el Teorema 5.2 tenemos que los elementos del tipo
w = 2 (dx)kor™ (dx)™ - - -zt (dw)kn
constituyen una base para (). Definimos ¢ : Q(9) — Q(R[z]) ® Q($H5) por
o(w) = 2 (dz)* @ 21 (do)* ® - - @ i (dz)*".

Es facil comprobar que ¢ es un morfismo de complejos diferenciales y de Q(R[z])-modulos y que
(p ®id) o p = j,.. Para demostrar que ¢ es inyectiva basta aplicar nuevamente el “Lema del
Diamante” para concluir que los elementos de la forma

¥ (dx)ko @ 1 (dz)* @ - - @ &' (dx)kn

Constituyen una base para Q(R[z]) ® Q(H5). O
Finalmente tenemos la siguiente version del Lema de Poincaré para el dlgebra de Heisenberg:

Teorema 6.2. Tenemos que la cohomologia de De Rham HP(2($)) =0 sip > 0 y HO(Q(H)) =
R.

Demostracion. Por el Teorema 6.1 y la formula de Kiinneth (ecuacion (5.1)) tenemos que
H(($)) = HO(R[2])) © H(Q(5n), para todo fi € R,

Pero tenemos que HP(Q(R[z])) = 0sip >0y HY(Q(R[z])) = R, por lo tanto H?(Q($;)) tambio
cumple. Para concluir la prueba basta tomar A = 0. [
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Abstract

It is well know that many important classes of univalent functions, for example the con-
vex and starlike functions, are related through their derivatives by functions of positive real
parts. These functions plays an important part in problem solving from signal theory, mo-
ment problems and in constructing quadrature formulas among other applications. This
paper focus on an important classes of an analytic function with positive real part defined
by linear sums, of particular interest is its order of schlictness in the unit disc F.
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Resumen

Es bien sabido que muchas clases importantes de funciones univalentes, por ejemplo las
funciones convexas y estrelladas, estan relacionadas a través de sus derivadas por funciones
de partes reales positivas. Estas funciones desempenan un papel importante en la resoluciéon
de problemas desde la teoria de sefiales, problemas de momento y en la construcciéon de
formulas de cuadratura entre otras aplicaciones. Este trabajo se centra en una clase impor-
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particular interés es su orden de escisi el disco unitario F.
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1 Introduction

Let A denote the class of analytic functions of the form
o0
f(2) =Z—|—Zakzk (1.1)
k=2

which are analytic in the open unit disk £ = {z : |z| < 1} and normalized by f(0) = f/(0)—1=0.
Let S be the subclass of A consisting of analytic univalent functions of the form (1.1).

Let f(z) and g(z) be analytic functions in E, f(z) is said to be subordinate to g(z) in E,
written f < g or f(z) < g(z) (z € E), if there exists a Schwarz function w(z), analytic in E with
w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)), z € E. Tt is well know that if the function g is
univalent in F, then the above subordination is equivalent to f(0) = ¢(0) and f(E) C g(E). For
some works on application of subordination see [6, 11, 13, 18]. Also, let S denote the class of all
functions in A which are univalent in U. Well know know subclasses of S include, for example,
the class S*(B) of starlike functions of order 8 in E and the class K(8) of convex functions of
order $ in E. There are defined as follow:

S*(B) = {feS:]%(i{éS)) >B0<B<1ze U} (1.2)
K(ﬁ):{fes:Re<1+Z]ii/(f))> >B,0§B<1,zeE}

The concept of linear combination is dated as far back as 1969 with the work of [10], where he
introduced the idea of a-convex functions. So many other authors like [1, 2, 16, 17] build on the
celebrated idea with a lot of works in that regard scattered in this area of study. Babalola in [3]
considered the linear combination of some geometric expressions.

DR D]
Re [(1 N A } > BzeU (1.3)
where .
n _ z _ 2™
D" f(z) = W*f(z)— B E—

as defined in [14] and x stands for the familiar Hadamard product. He show that if (1.3) holds

then
D’IL
Re {f(z)} > 0.
z
Definition 1.1. Let A\, 8 be real numbers such that 0 < 8 < 1 we define the class

Dnz(z) N )‘DDHZ;{Z(,)Z)

B}‘(ﬁ):{feA:Re[(l—)\) }>ﬁ,zeE} (1.4)

Thus f € BY(B) iff

D" f(z) +/\D"+1f(z) - 14+ (1-25)z

(1=2) z Drf(z) 1—=2
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In recent years, the method of Briot-Bouquet differential subordination have been implored
by many researchers in this noble field of univalent function theory, to sharpen and improve on
many well know results [4, 6, 7, 12, 13, 15].

Definition 1.2. A function of the form p(z) is said to satisfy Briot-Bouquet differential subor-
dination if )
2p'(#
p(z) + ———— <h(z), z€FE
A TE R
for 8 and « are complex constants and h(z) a complex function with 4(0) = 1 and Re[Bh(z)+7] >
0in E. If

2q'(2) s _
d@+5a5;;<h(% q(0) =1 (1.5)

has univalent solution ¢(z) in E, then p(z) < ¢(2) < h(z) and ¢(z) is the best dominant.

Suppose ¥ : C? x E — E and let h be univalent in E and satisfies the second-order differential
subordinations
U (p(2),2p'(2),2°p"(2) : ) < h(2),2 € E.

Then p(z) is called the solution of the differential subordination. The univalent function ¢ is called

dominant if p < ¢ for all p satisfying (1.2). A dominant ¢ that satisfy § < ¢ for all dominant ¢ of

(1.2) is said to be the best dominant of (1.2). The best dominant is unique up to rotation of F.
We shall need the following lemmas in the sequel to prove of theorems.

Lemma 1.1. (¢f. [8]) Let n and p be complex constant and h(z) a convez univalent function in E
satisfying h(0) = 1 and Re[nh(z) + p] > 0. Suppose p € P satisfies the differential subordination

zp'(2)
p(z) + ) o <h(z), z€eE. (1.6)
If the differential equation
2q'(z) _

have univalent solution q(z) in E then p(z) < q(z) < h(z) and ¢(2) is the best dominant of (1.5).
The formal solution of (1.6) is given as

2z _n+wu (HR\" p
=" = <F<z>> -
where
ey =110 / P f ()t
and

H(z) = = eap (/ h(z)t_ldt)

Lemma 1.2. (¢f. [20]) Let V be a positive measure on [0,1].Lets h be a complex value function
defined on E x [0,1] such that h(z,t) is analytic in E for each t € [0,1] for all z € E. In

addition, suppose the Relh(z,t)] > 0, h(—v,t) is real and Re {¥} > ﬁ for |z <v <1

h(s,t) | =
and t € [0,1], if h(=) = [ bz 0)do(t), then Re [15] > 7.
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Lemma 1.3. (¢f. [19]) For a real numbers a,b,c (¢ #0,—1,—2,---) , we have

/1 tb71(1 B t)fb*l(l — 2)"dt = IW)FI‘((Sb)QFl(a,b, ¢ 2) (1.7)

2F(a,b,c;z) = 2F (b, a,c; 2)

2F1(a,b,¢;2) = (1= 2)"2F1(=b,a,¢; ﬁ)
b +1)b(b+1
2y (ab.e2) = 1+ Toar S (18)

2 Main Results
Theorem 2.1. Let the function f(z) as defined in (1.1) be in the class BY(B), if 8 > A > 0 then

D1 (2) A - 14 (1-28)z
P TN To T E R A s

Where

2(1—B)(n+1)
Y

ds

14+s2

Q) ={ e (1)

and q(z) is the best dominant. Furthermore,

re (LD -

z

Where

) 177
h +

) [QFl <1’2(B—1/)\(n+1)_ (n+1)(1—N) ;)}1

Proof. If f € BY () then

let n
D f(z) = p(2) (2.2)

Then p(z) is analytic in E with p(0) = 1 taking the logarithm differentiation on both sides of
(2.2), we have

Drf(z) 0 (n+1)p(z)
With reference to (1.4) we then have

DR L, ()

N B 2p'(2)A _

1+ (1-26)z
1—-2
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If
2q'(2)A 1+ (1-28)z

A*“_A>“”+<mng+ma T

Then we have
2q'(2) 1-A4+2(1-28+2)
= =h 2.3

1)+ GrtanE ~ A (23)
It can be verified that [ph(z) + p] have positive real parts given that 0 < A < § Therefore by
Lemma 1.1 satisfied the differential subordination p(z) + nff()z()i)# < h(z) and hence we have that

D’ﬂ
f G L g2 < hz)

Where ¢(z) is the solution solution of the differential equation (2.3) obtain through the following

processes, with
n+1(1—-A\
( ))\( ) ’ 0

H(z)zzea:pU:}“(ti_ldt):zemp</ozmazt>.

After simplification, we have;
201-5)

H(z)=2(1—2) 1=

Fi) = T [T, any = 00N

=0
P 0 H

1
D@ -N) /Z 1 (i1 2a-p)\ R
F(z) = . x (t (1 t)u)
But .
()_n+u<H@» B
po \F(2) U
Thus we have
2(1-p) 7 R
)\[z(l—z) =X ]
q(z) = — —m
(n+1)(1 = A) f7 1 (1 g R

Let ;
s = —and dt = zds.
z

After some simplification we have

A

Q(Z) = 2(1-B) (nt+1)
. (n+1)>\(1—)\)71 I—

(4 (1= A) fy 5= ()

ds
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Therefore
(=) = A
N CESVICEPYIoT P
where
; . 1 208 (nt1)
Q(z) = /o P (1 — ) ds,
Next we show that
‘i‘nfl {Req(2)} =q(-1), z€FE (2.4)
z|<

To prove (2.4) it suffices to show that

2(1-B)(n+1)

1 20=p)(n+1)
m+na-=» _; (1 — 52 A

= by ds.

o= [+ <Lw) i

For an appropriate choice for a ,b and ¢ with some simplification we have

1

Qiz)=(1- z)“/O s'71(1 —52)7%s, ¢>b>0 (2.5)
Applying (1.7) on (2.5) yields
_ T(ra) Bz
Qz) = WZFl (l,a,c, H—Bz)

Which further yields
1
Q) = [ hzs)dnls).
0

where )
— 2z
h =
(2,5) 1—(1-s)z
and r
dp(s) = Fggs("“’il‘”lds.

Which is a positive measure on [0, 1]. For —1 < r < 0 note that; Re {h(s, z)} > 0, h(—7, s) is real

for 0<vy<1
1 1+(1-s9)z 1-(1-s)r 1
_— = > —
Re{h(z,s)} Re{ 1—2z }_ 1+7r h(—r,s)

For |z| <r <1 and s € [0, 1], therefore using Re {ﬁ} > ﬁ and letting r — 17, we have

R%Qb}>Qéw
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which implies (2.4). Further simplification gives

_ {QFl <1’ 2(8 - 1))\(n+1); n(1 +/\)\) H;;)}l

The bound p is best possible. O

Using (1.8) we can write p in series form as follow;

') k
1 B—1)(n+1)+ jA
=1 —
+};2kg n(L+X)+ 1+ 5

Corollary 2.1. Let f(z) € BY(8) and B > XA > 0 then m < q(z) < % where z € B
and q(z) is the best dominant. Furthermore, Re {%(z)} > p, where

— {QFI (1’ 2(8 — 1))\(71—1— 1); n(1 +A,\) + 1; ;)}—1.

Proof. If A\ =01in (2.1), we have % <q(z) < M , and q(z) is best dominant. Further-
more, Re {%(z)} > p, where

- {QFI (1’ 2(8 — 1/)\(n+ D) n(1 +AA) 41 ;)}—1.

Putting n = 0 in Corollary 2.1, we obtain:

Corollary 2.2. If f(z) € BY(B) then @ < q(z) < w and q(z) is the best dominant.
Furthermore, Re{ (z)} > p, where

. {m (17 2(8 — 1))\(71—1—1); n(1 +)\)\) + 1;;)}—1

Putting n = 1 in Corollary 2.1, we obtain:

Corollary 2.3. Let f(z) € BY(B) then f'(z) < q(z) < %, and q(z) is the best dominant.
Furthermore, Re{f'(2)} > p, where

) [m <1’2(ﬂ—1/)\(n+1);n(1 +/\)\)+1;;>}1

Corollary 2.4. Let f(z) € BY(3), =z € E then Z}CES) <q(z) < w, and q(z) is the best

dominant. Furthermore, Re { f(z)} > p, where

) [2F1 <1’2(5—1/)\(n+1);n(1 +AA)+1;;>}1
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Proof. Take A =1in (2.1), we have

FG) oy LH(1-28)

1—2z ’

zeFl

r(z)

putting n = 0 in the above we have =

Re {M} > p, where

=< q(z) and ¢(z) is the best dominant. Furthermore

z

) [2F1 <1’2(ﬂ—1/)\(n+1);n(1 +AA)+1;;>}1

Putting n = 1 in Corollary 2.4, we have:

Corollary 2.5. Let f(z) € BY(3), z¢€ E then1+ Zél,/((j)) <q(z) < % where q(z) is the

best dominant. Furthermore Re {M} > p, where

z

) {2F1 <1’2(6—1/)\(n+1);n(1 +/\/\)+1;;>}1

Remark 2.1. It is interesting to note that the results obtained herein, sharpened and improved
previous results. The above corollaries speaks volumes in this regards.
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Problemas y Soluciones

Problems and Solutions

Editor: José Heber Nieto (jhnieto@gmail.com)
Departamento de Matematica, Facultad Exp. de Ciencias
Universidad del Zulia, Maracaibo. Venezuela.

Los problemas apropiados para esta seccidon son aquellos que puedan ser abordados por un
estudiante de matematica no graduado sin conocimientos especializados. Problemas abiertos
conocidos no son aceptables. Se prefieren problemas originales e interesantes. Las soluciones
y los problemas propuestos deben dirigirse al editor por correo electrénico, en espaifiol o
inglés, a la direccion arriba indicada (preferiblemente como un archivo fuente en I¥TEX). Las
propuestas deben acompanarse de la solucién, o al menos de informacién suficiente que haga
razonable pensar que una solucién puede ser hallada.

Appropriate problems for this section are those which may be tackled by undergradu-
ate math students without specialized knowledge. Known open problems are not suitable.
Original and interesting problems are preferred. Problem proposals and solutions should
be e-mailed to the editor, in Spanish or English, to the address given above (preferably as
a BTEX source file). Proposals should be accompanied by a solution or, at least, enough
information on why a solution is likely.

1 Problemas propuestos

El problema propuesto a continuacién se planted en la 58% Olimpiada Internacional de Mate-
maticas (IMO) celebrada en Rio de Janeiro, Brasil, del 12 al 23 de Julio de este afio, con la
participacion de 615 jovenes provenientes de 111 paises de los cinco continentes. La delegacién
venezolana estuvo integrada por cinco estudiantes, Wemp Pacheco Rodriguez del colegio Cali-
cantina, Maracay, medalla de bronce por segundo ano consecutivo, Amanda Vanegas Ledesma,
colegio San Francisco de Asis, Maracaibo, medalla de bronce, Laura Queipo Morales, colegio
San Vicente de Paul, Maracaibo, mencién honorifica, Ivin Rodriguez, colegio Santiago Leon de
Caracas, mencion honorifica y Onice Aguilar, colegio La Presentacion, Mérida. El lider de la
delegacion fue el profesor Rafael Sanchez Lamoneda, y el vice-lider el editor de esta seccion.
Venezuela obtuvo en esta ocasion la mayor puntuacién total de todas las 24 IMO a las que ha
asistido.

142. (582 IMO) Sea N > 2 un entero dado. Los N(N + 1) jugadores de un grupo de futbolistas,
todos de distinta estatura, se colocan en fila. El técnico desea quitar N(N — 1) jugadores
de esta fila, de modo que la fila resultante formada por los 2N jugadores restantes satisfaga
las N condiciones siguientes:

(1) Que no quede nadie ubicado entre los dos jugadores més altos.

(2) Que no quede nadie ubicado entre el tercer jugador mas alto y el cuarto jugador mas
alto.

(N) Que no quede nadie ubicado entre los dos jugadores de menor estatura.

Demostrar que esto siempre es posible.
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2 Soluciones

Recordamos que no se han recibido soluciones a los problemas 24-28, 44, 51, 54, 59, 69, 72, 79—
91, 94-106, 108-113, 116, 118-123, 125-130 y 132-141. Invitamos a los lectores a enviarnos sus
soluciones a los problemas mencionados en la lista anterior.

74.

75.

76.

[11(2) (2003) p. 162.] Sea S una circunferencia y AB un diametro de ella. Sea t la recta
tangente a S en By considere dos puntos C, D en t tales que B esté entre C'y D. Sean F
y F' las intersecciones de S con AC'y AD y sean G y H las intersecciones de S con CF' y
DE. Demostrar que AH = AG.

Solucion del editor: Como ZAGB = ZAHB = 90° y los tridngulos AGB y AH B tienen
el lado comin AB, serad suficiente demostrar que ZABH = ZABG, pues entonces los
tridngulos AGB y AHB son congruentes y por tanto AG = AH. Como AEBH y AGBF
son cuadrilateros ciclicos, entonces LZAEH = ZABH y /GBA = ZGF A.

Ahora, como ZAFEH + /ZCED = 180° = /GFA+ Z/CFD, si ZCED = ZCFD entonces
/AFEH = /GFA.

Para demostrar que ZCED = ZCFD basta mostrar que CEF D es ciclico. Esto se sigue
del hecho de que el tridngulo ABE es semejante al ABC y de que el triangulo AF'B es
semejante al ABD. Entonces, de la primera semejanza, AB%? = AE - AC. Y de la segunda
semejanza, AB? = AD - AF. En consecuencia, AE - AC = AD - AF y CEFD es ciclico.

[11(2) (2003) p. 162.] Sean a, b enteros positivos, con @ > 1 y b > 2. Demostrar que
a’+1>b(a+1) y determinar cuando se tiene la igualdad.

Solucion del editor: Se procedera por induccién sobre b. Para b = 3, se tiene que a® + 1 =
(a +1)(a® — a + 1). Para mostrar que esta expresiéon es mayor que 3(a + 1) es suficiente
demostrar que (a®> —a+ 1) > 3, lo cual es cierto pues a®> —a+1>a(a—1) > 2.

Ahora supdngase que la expresion es cierta para algun valor de b, es decir, se cumple que
a’+1 > b(a +1). Se demostrara ahora para b+ 1.

Notese que
't 1=a(@+1)—(a+1)+2>abla+1) —(a+1)+2,

donde la ultima desigualdad se tiene por la hipotesis de induccién. La dltima expresion se
puede reescribir como

abla+1)—(a+1)+2=(a+1)(ab—1)+2> (ab—1)(a+1).

Finalmente, ab—1>2b—1= (b+1) + (b—2) > b+ 1, lo cual es cierto.

Por tanto, la desigualdad se vuelve estricta después de b = 3. Retomando el caso b = 3,
se observa que a(a — 1) = 2 tnicamente cuando a = 2. Por tanto, se ha demostrado por
induccién que la desigualdad siempre se tiene, y que la igualdad se da dnicamente en el
caso a = 2, b = 3. Esto concluye la solucién.

[11(2) (2003) p. 162.] Sean S; y S dos circunferencias que se intersectan en dos puntos
distintos P y Q. Sean {1 y {5 dos rectas paralelas, tales que:

i. ¢; pasa por el punto P e intersecta a S; en un punto A; distinto de P y a Sy en un
punto A, distinto de P.
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ii. ¢y pasa por el punto @) e intersecta a S; en un punto Bj distinto de @@ y a Sy en un
punto B, distinto de Q.

Demostrar que los tridngulos A1QAs y By PB, tienen igual perimetro.

Solucion del editor: Se demostrara que los tridngulos A1QAs y By PBs son congruentes, de
donde el resultado se sigue de forma inmediata.

Noétese inicialmente que como A; P || B1Q, entonces A1 PQB; es un trapecio isosceles y
sus diagonales son iguales, de donde A;Q = B;P. Ahora bien, como /PAQ = ZPB1Q
por estar inscritos en el mismo arco, y ZPAsQ = PB>(@Q por la misma razén, entonces
ANA1QAs v AB1PBsy son semejantes. Como ya se demostro la igualdad entre un par de
lados adyacentes, se sigue la congruencia de los tridngulos.
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trabajos inéditos de investigacién, en todas las areas de la Matematica y sus aplicaciones, historia
o ensenanza. Contribuciones adecuadas trabajos de investigacion, de divulgacion e historicos y
de ensenanza matemaética. Se presta especial atencién a los temas tratados en la reunién anual e
itinerante de las Jornadas Venezolanas de Matematicas celebradas en Venezuela. Ademés,
contempla una seccién de problemas y soluciones, la cual presenta problemas que puedan ser
abordados por un estudiante de matematica no graduado, sin conocimientos especializados.

El primer requisito para que un articulo sea publicable es su correccion matematica. En
segundo lugar, el estilo expositivo debe ser atrayente y lo mas fluido y organizado que sea
posible. En los trabajos de investigacién se tomaran en cuenta la relevancia y originalidad de
los resultados obtenidos. El tercer requisito para que el cuerpo editorial de la revista acepte
un articulo, para someterlo a evaluaciéon y posible publicacién, es que el mismo debe estar
elaborado en LaTeX, utilizando una plantilla predefinida por la revista, se le pide a los au-
tores respetar las instrucciones internas indicadas en la plantilla mencionada. El archivo fuente
(.tex) y una version en formato .dvi, .pdf o .ps (imprimible) debe enviarse por correo electronico a
divulgaciones@demat-fecluz.org. Siel articulo contiene figuras, éstas deben adjuntarse como
archivos separados en formatos .png o .jpg.

Los lenguajes aceptados por la revista son espaiiol e inglés. Al someter un articulo, el autor
debe remitir una carta en la que se haga constar que el articulo que se est4 sometiendo no ha
sido publicado o sometido a otra revista de forma total o parcial. Dicha carta debe contener los
siguientes datos: Nombre completo del autor o autores, titulo del articulo, firma del autor que
somete el articulo (autor de correspondencia), y declaracion expresa de conformidad de los demas
autores (cuando exista méas de un autor).

El autor, o autores, en el mensaje de sometimiento del manuscrito deben indicar la seccion
de la revista en la que sugiera debe ser incluido su trabajo, a saber: articulo de investigacion,
articulo de divulgacién e histérico, articulo de ensenanza matemética. Los articulos deben orga-
nizarse en las siguientes secciones: Identificacion, Resumen, Abstract, Introduccion, Desarrollo,
Agradecimiento (opcional), y Referencias bibliograficas (usar el estilo ejemplificado en la plan-
tilla).

Identificacion. Esta debe incluir: Titulo completo del trabajo en castellano e inglés; Titulo
corto para el trabajo; Nombre completo y direcciéon completa del autor o autores; Afiliacion
institucional; Direccion electronica; Dos clasificaciones, una primaria y otra secundaria, de
cinco caracteres de la AMS (MSC 2010).

Resumen: Texto de no méas de doscientas palabras que simplifique en esencia lo que se
presenta a lo largo del trabajo. Debe tomar en cuenta aspectos como: Objetivos del trabajo;
Metodologia utilizada; Resultado. A continuacién del resumen se deben incluir de tres a
seis palabras o frases claves.

Abstract: Una traduccion al idioma inglés de todo lo expuesto en el resumen.

Cabe resaltar que LA REVISTA SOLO PROCESARA LOS ARTICULOS QUE
CUMPLAN CON TODOS LOS REQUISITOS ANTES EXPUESTOS.



Guide for Authors

Divulgaciones Matematicas is a refereed journal, which considers for publication, unpub-
lished research papers in all branches of mathematics and its applications, history or teaching.
Suitable contributions can be research papers, historical and/or teaching papers and bibliograph-
ical reviews. Special attention is paid to those topics covered by the annual itinerant meeting
Jornadas Venezolanas de Matematicas held in Venezuela. In addition, the journal contem-
plates a section of problems and solutions, which contains problems that can be addressed by
undergraduate students of mathematics without expertise.

Mathematical correctness is the first requirement for an article to be published. In second
place, the exposition style should be attractive and most fluid and organized as possible. For
research works the relevance and originality of the results will be taken into account. The third
requirement to agree on the evaluation and possible publication of an article is its preparation in
LaTeX using a predefined template by the journal. We ask the authors to respect the internal
instructions given in the provided template. The source file (.tex) and a version .dvi, .pdf or .ps
(printable) should be sent by email to divulgaciones@demat-fecluz.org. If the article contains
figures, these should be attached as separate files in .jpg or .png formats.

The languages accepted by the journal are Spanish and English. When submitting an article,
the author must include a separate letter stating that the article has not been published or
submitted to another journal in total or partial way. The letter should contain the following
information: Full name of author or authors, article title, signature of the author who submitts
the article (corresponding author), and a declaration of conformity of the other authors.

When submitting a manuscript, the author or authors, should suggest the section of the
journal in which the work should be included, namely research papers, expository and historical
papers, mathematics teaching papers. Articles should be organized into the following sections:
Identification, Abstract, Resumen, Introduction, Development, Acknowledgment (optional), and
References (use the style exemplified in the template).

Identification. This should include: Full title in Spanish and English; short title for the
article; Full name and full address of author or authors; Institutional affiliation; Electronic

address; Two classifications, one primary and one secondary, of five characters of the AMS
(MSC 2010).

Abstract: Text of not more than two hundred words simplify essentially what is pre-
sented throughout the work. You should take into account aspects such as work objectives;
Methodology used; Result. Following the abstract should include three to six key words or
phrases.

Resumen: A Spanish language translation of the above in the abstract.

Should be noted that THE JOURNAL WILL QNLY PROCESS ARTICLES THAT
MEET ALL THE REQUIREMENTS MENTIONED ABOVE.



DIVULGACIONES MATEMATICAS, Vol. 18, No. 2
Se terminé de editar en Diciembre del 2017
en el Departamento de Mateméatica (DEMAT)
Maracaibo - Venezuela.



La Universidad del Zulia

AUTORIDADES

Jorge Palencia
Rector

Judith Aular de Duran
Vicerrectora Académica

Jests Salom Crespo
Vicerrector Administrativo (E)

Marlene Primera Galué
Secretaria de LUZ

Facultad Experimental de Ciencias

Merlin Rosales
Decano
Vinicio Rios
Director del Departamento de Matematicas



1-17

18-25

26-34

35-37

1.
. =
== = QL
a I~ >~
T \od
Py a —
" A\nP) A)
\J — NI
r -~ —
p| = s =
QO _~ =
H S <
C ) = =) %)
) | ~ L=
P Py "\
- ) = v
~ > =
o © . — S
(=)

teres

ymple

~

O

[

are

H. Niet

1s lin

-
&

Explicit c

Sistemas

Lema de
Poinc

sume

Ajai P. T

José




