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Abstract
In the present paper we establish, on the one hand, some singular solutions concerning
to the 1-laplacian equation. On the other hand, we give some properties related to the weak
solutions of p—lapalcian equation
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Resumen
En el presente articulo establecemos, por una parte, algunas soluciones singulares con-
cernientes a la ecuacién 1-lapaciana. Por otro lado, damos algunas propiedades relacionadas
a la debil solucién de la ecuacién p—laplaciana.
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1 Introduction

In this paper, we are investigating singular solutions and properties to the following equation
which we shall call the p-Laplace equation [1-6, 9-11].

div(| Vu [P~2 Vu) = 0, (1.1)
where p satisfies 1 < p < co. The p-laplacian operator is defined as
Ayu = div(| Vu [P~2 Vu)
[ Vu =t (| Vu P Aut(p-2) Y
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There are several noteworthy values of p:

a) p=o00. As p — oo one encounters the infinity Laplacian equation

" Ou du O

— = (1.3)
=1 81‘1‘ 8.1‘j 8$i8$]'
in R™, which some singular solutions are given by
ay/zi+ - 4+a2i4+b (1<k<n) (1.4)
1Ty + -+ apTy, +b (1.5)
n
alxéf/‘d—!—---—i—anxf/g ( a? :O> (1.6)
j=1
b) p = 2. In this case we have the Laplace equation
"L 9%u
2 92 = 0 (1.7)
i=1 g
c) p = 1. In this case we obtain the 1-laplacian equation
. Vu
dw(‘ v ‘) =0 (1.8)
For z € R? and under the assumption that |Vu| # 0, it then follows from (1.8)
Oud*u  Ou 0*u  Ou 0%*u \ Ou
2
A — (77 gu ou )7
[Vl b { Oz 0x? + Oy 0xdy + 0z 010z aer
ou 0%u  Oud*u  Ou 0%u \ Ou
(* +5 55+t )*-i—
Ox Oyox Oy Jy 0z 0yoz/ Oy
(21 o 0 ouswyon) »
0x 020x Oy 020y 0z 022/ 0z

The purpose of this paper is to obtain nontrivial singular solutions of (1.8) and some properties
of weak solutions concerning the equation (1.1). The paper has been organized as follows: in
section 2, we briefly review the basic definitions used in our subsequent discussions, next, the
preliminary results are established in section 3. Section 4 present the main results.

2 Basic definitions

Here, we give some definitions used in our subsequent discussions. For more details, see [7-8, 12]

Definition 2.1. We denote by Cy(€2) the space of all continuous functions on Q with compact
support.
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Other interesting notations are
CE(Q) = C*(Q) N Ch(N) (2.1)
Definition 2.2. The Sobolev space WP(9) is defined by
Wr(Q) = {u € L1”|E|gl,g27 -+ ,gN € LP such that

0 )

Definition 2.3. Let {2 be a domain in R™. We say that u € Wllof(Q) is a weak solution of the
p-harmonic equation (1.1) in €, if

/|Vu|p_2VuV77dx =0 VneC§eQ). (2.2)

If, in adition, u is continuous, then we say u is a p—harmonic function.

Definition 2.4. Let  be a domain in R”. We say that u € W,57(Q) is a classical solution of
(1.1), if u satisfies (1.1)

Definition 2.5. We say that u € Wllo’f (Q) is a weak supersolution of the p~harmonic equation
(1.1) in Q, if

/ | Vu |P~2 .Vu - Vndz > 0 (2.3)
Q

for all nonnegative n € C§°(2). For weak subsolution, the inequality is reversed.

Definition 2.6. Let Q2 C R™ be an open set, a linear differential operator of second order
L:C%*Q) — C(9Q) is defined as

Gxi ;

"0 ou - ou

L(u) = - Z : (GUTIJ) + Zalai] + agu (2.4)
j=14i=1 =1

where a;; € C1(Q),a; € C(Q),Vi,j=1,--- ,ny ag € C(Q).

Definition 2.7. Let V an K-vectorial space. A function g : V x V — K is called a billinear
form if

i) glu+v,w) =g(u,w) +g(v,w), Yu,v,weV,

) 9(
1) g(Av,w) = Ag(v,w), VYA e K,Yo,w eV,
iit) g(u,v +w) = g(u,v) + g(u,w), Yu,v,weV,
w) g(v, \w) = Ag(v,w), YA€ K, Vo,weV.
Definition 2.8. Let H be a Hilbert space, we say that a billinear form g: H x H — R is

a) continuous if there exists a constant C' > 0 such that

lg(u, v)| < Cllullg - [Jvlla Vu,v e H. (2.5)
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b) coersive if there exists a constant 6 > 0 such that

g(u,v) > 0||lul|? Vue H. (2.6)

Definition 2.9. The billinear form g : Hi(Q) x H3(Q) — R conected with the operator L is

defined as
N N
Ju Ov ou
= E i E i 2,
9(,v) /Q W Ox; O i i=1 /Qa Iz o /Q fone @7)

i,j=1

for all u,v € H}(Q).

3 Preliminary results

Theorem 3.1. Let suposse that the billinear form (2.7) is coersive with the constant of coersity
0. Then the bilinear form (2.7) is continuous and furthermore exist o,y > 0 such that [8]

a-lullf ) < 9lu,w) + 7 - llullfz (3.1)
for all uw € H}(Q). Where
0 1 n
a=5 ¥y Y=o > laillze @) + llaoll (o) (3.2)

i=1

Theorem 3.2. (Caccioppoli) If u is a weak solution of (1.1) in Q, then
[ e vurds <y [ vepas (33)
Q Q

for al £ € CX(2),€ > 0.

Proof. Use

n=¢&"u
Vi = P Vu + p€P~uvg

By the equation (2.2) and Holder’s inequality

/ EP|Vul|Pdx = —p/ g1 -u<|Vu\p72Vu,V§>dx
Q Q

<p /Q €Vl Ju - VE|de

1 1
<ol [evapas} P [ up-vgr}p

The estimate follows. O
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Theorem 3.3. If v > 0 is a weak supersolution of (1.1) in Q, then
p p
LEEAVA Pde < (——) - Pd 3.4
e wogurar < ((25)"- [ e (3.4)

whenever £ € CZ°(2),£ > 0.

Proof. One may add constants to the weak supersolutions. First, prove the estimate for v(x) + ¢
in place of v(z). Then let € — 0 in

&r - [Vol? P\

Hence we may assume that v(z) > € > 0. Next use the test function n = £Pv*~P. Then
Vi = pP~ ! TPVE — (p — 1)EPv TPV (3.6)
and we obtain
(p-1) / &P |VolPde < p / &t WP VolP 2V, VE) dar
Q Q

< p/ =1 1P |Vl |VE|da
Q

1 1
<p{/Q£P-vP|WPdm}1p-{/ﬂwgw}p

from which the result follows. O

Theorem 3.4. Suposse that 1 < p < oo and ) is a bounded open set. Then exists a constant C
(depending on 2 and p) such that [7]

lullr < Cl[Vullze, Vue WyP(Q)(1 < p < oo)

In particular, the expression |Vullr» is a norm on Wy (Q), and it is equivalent to the norm
[l

4 Main Results

4.1 Some results of weak solutions

Theorem 4.1. A C? function u that satisfies (1.1) is a weak solution of (1.1)

Proof. Multiply (1.1) by n € C§°(€) and integrate by parts; we obtain
/ |VulP~2VuVndr =0 ¥y e C5°(RQ)
Q

as required. O
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Theorem 4.2. Let u € WHP(Q) be a weak solution of p-harmonic equation (1.1) in Q, then
€ 1Vulllze < p(llullzer + 1 VEIT2)  VE € C5°(R2),€ 2 0.
Proof. From Theorem 3.2, we have
/ &P - |VulPdx < pP / |u|? - |VE|Pdx (4.1)
Q Q
In terms of (4.1), it then follows that
1€ IVulllze < p-[lul - [VE]] e (4.2)
To continue we need the Young inequality
1
a-b§5a2+4—5b2, a,beR e eRy (4.3)
We obtain
1€1Vulllze <pll [ull VE T [Lr
1
< 2 L 2,
Spllelul +o | VEP I
2 1 2
<plellul®llee + I TVE lzr) (4.4)
We insert € € [1,1] into the inequality (4.4). This yields

lg 1 V| llze <plell [ul? llze + (@ =)l Tu* [Izo

4e — 1
VE P ||y
Ve o]

=pll Tl e + 11 VE [ [l2r]
= p([[ullZzr + IVE]Zz0),

1
= I V€ I? || e
+4€||\ 17 e +

as required. O

Theorem 4.3. Let suposse that the constant of coersity of the billinear form (2.7) is 0. Let also
v € WHP(Q) be a positive (v > 0) weak supersolution of the p-harmonic equation (1.1) in Q, then
there exist constants 8 > 0 and v > 0 such that

Bllu - [Viogoll|720y < g(u,uw) +7 - [[ull7z2(q) (4.5)
for allu € C§°(Q),u > 0, with v and g(u,u) given by (3.2) and (2.7) respectively.
Proof. Let p = 2. By Theorem 3.3, we obtain inequality
lu- [Viogv|[[72(q) <4 Vull7z(q)
which can be written as

Jw- |Vlogv|||%2(m <4 HVUH%Z(Q) =4 ||U||§{5(Q) (4.6)
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Combining the inequality (3.1) with the estimate (4.6), we obtain
allu-|Viogo|[Fzi) <4~ glu,u) +4- - |lull7zq (4.7)
Divide out the common factor. We arrive at
Bllu - [V 10g v/l 0y < 9w, w) +7 - [ulZagq, (4.8)
with the constant g = %. This concludes the proof. O
4.2 Singular solutions of 1-Laplacian equation
The purpose of this section is to prove that the functions
u = (J;l ‘x4 +xpH + do)eT1+$2+“'+mn+d1 +dy (49)
u= €a111+a2m2+“-+anmn+d + dO (410)
u=In(a121 + agxs + -+ + apx, + d) + dy (4.11)
u = ln(ealm1+a2x2+~~+anzn+do +dy) +dy (4.12)
U= a1 + asZs + - - + Anky + do + eT1To2r2EFanntd (4.13)
u=a1x1 + axe + -+ + any + do + In(ayzy + asxe + -+ + apwy, + di) (4.14)
U= a1r1 + asxo + -+ anxy + do + ln(e‘“9”14"12362*"”Jr“”g”"er2 +dy) (4.15)
u = €a111+a2m2+...+anmn+d0 + 111(&1.731 4+ agxy + -+ anTy + dl) + d2 (416)
are singular solutions of the equation (1.8). Where a;(: =0,--- ,n),a,b,c,d,dy
,d1,ds, ds are real numbers. For z € R?, we shall have
u=(x+y+z+dy)eTvT=rTh 4 d, (4.17)
u = @ tbyteztd 4 g, (4.18)
u=1In(ax + by +cz+d)+do (4.19)
u = In(e®™Ttyteztdo 4 q,) 4 dy (4.20)
u = ax + by + cz + dy + e HbyFeztd (4.21)
u=ax + by + cz+do + In(ax + by + cz + dy) (4.22)
u = ax + by + cz + do + In(e®@Fbyteztdz 4 g (4.23)
u = et@rbyteztdo L (ax 4 by 4 cz + dy) + da (4.24)

Theorem 4.4. The function (4.17) is singular solution of the equation (1.9)
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Proof. Noticing that

Vul> - Au=9-(z+y+z+do+1)? (z+y+=z
+do +2) - BSletytztd) (4.25)

<3u %u  Ou 0%u  Ou O%u )3u

A a o = -_— _— = . 2.
8x8m2+8y8m8y+8z6m82 oz Sr(@tytatdo+1)7 (z+y+z

+do +2) - Sletytatdy) (4.26)

(8u 0%u oud?u  Ou O%u >8u

a - a5 —_— _— = . 2_
3$3y3$+3y8y2+8z8y8z By 3-(z+y+z+do+1)° - (z+y+=z

+dg +2) - Plrtyterdy (4.27)

(8u %u  Ou Pu  Ou 82u) ou

- - _—— = . 12.
Bajazagg+ayazay+azaz2 3 (w+y+zt+do+1)"-(x+y+=

==
+do +2) - Sletytatdy) (4.28)

and inserting (4.25)-(4.28) into the equation (1.9), we obtain

0-(z+y+z+do+1)% (x4y+2z+dy+2)-SEFyr=+d) —q (4.29)

from which the proof follows. [

Similar to the proof of the foregoing theorem, we have

Theorem 4.5. Functions (4.18)-(4.24) are singular solutions of the equation (1.9).
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