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Abstract

Motivated essentially by the success of the applications of the Mittag-Leffler functions in
Science and Engineering, we propose here a unification of certain g-extensions of generaliza-
tions of Mittag-Leffler function together with Saxena-Nishimoto’s function, Bessel-Maitland
function, Dotsenko function, Elliptic Function, etc. We obtain Mellin-Barnes contour inte-
gral representation, a g-difference equation, Eigen function property. As a specialization, a
generalization of g-Konhauser polynomial is considered for which the series inequality rela-
tions and inverse series relations are obtained.

Key words and phrases: g¢-Mittag-Leffler function, g-Bessel function, g¢-difference
equation, g-inverse series, eigen function, generalized g-Konhauser polynomial, series in-
equality relations.

Resumen

Motivados esencialmente por el éxito de las aplicaciones de las funciones de Mittag-Leffler
en Ciencia e Ingenierfa, proponemos aqui una unificacién de ciertas g-extensiones de gene-
ralizaciones de la funcion de Mittag-Leffler incluyendo la funcion de Saxena-Nishimoto, la
funcion de Bessel-Maitland, funcién de Dotsenko, funcion eliptica, etc. Obtenemos la repre-
sentacion integral de contorno de Mellin-Barnes, una ecuacién de ¢-diferencia, propiedad de
funcion Eigen. Como especializacion, se considera un polinomio generalizado de ¢g-Konhauser
para el cual se obtienen las relaciones de desigualdad en serie y relaciones en serie inversa.

Palabras y frases clave: Funcion ¢-Mittag-Leffler, funciéon g¢-Bessel, ecuacion de g-

diferencia, series g-inversas, funcién Eigen, polinomios g-Konhauser generalizados, relaciones
de desigualdad en serie.

1 Introduction

Since the time of Wiman [18], many researchers have proposed and studied various generaliza-
tions of the Mittag-Leffler function (ML-function) [11] (also [5], [7], [12], [14], [15], [17]).
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Generalized ¢g-Mittag-Leffler function and its properties 11

We propose here a generalized structure of the Mittag-Lefler function which provides a g¢-
extension to the function:

2™
Z T anq—i—ﬁ n!’ (1)

due to Shukla and Prajapati [17], where ®(«, 8,7) > 0,9 € (0,1) UN.
Interestingly, the proposed function ((12) and (13) below) also enables us to define and include
the g-analogues of

(i) Bessel-Maitland function [6, Eq.(1.7.8), p.19] :

(=2)"
JH(z
Z T(v+nu+1)n!’

(ii) Dotsenko function [6, Eq.(1.8.9), p.24] :

T(c) ~=Tla+n)(b+n%) n
F(a)l"(b)z; T(c+n2)  nl’

2R1(a,b;c,wip; 2) =

(iii) A particular form (m = 2) of extension of Mittag-Leffler function:

Z [(aan + p1)0 (a2ﬂ+52)”!z 7

E’y K[(O‘]vﬁg 1,2, %

due to Saxena and Nishimoto [16], where

2777a17a25ﬂlvﬂ2 € C,%(Oél +O[2) > %(K) — 1,§R(K) > 0,

(iv) The Elliptic function [9, Eq.(1), p.211] :

The following definitions and formulas will be used in this work. For a € C, and 0 < |¢| < 1,
the ¢-shifted factorial is defined by [4, Eq.(1.2.15), p.3 and Eq.(1.2.30), p.6]

. _J1 if n=0
(a’q)n{ (1-a)1-ag)..(l-ag"") if neN (2)
For any n,
R C )
(0= Gagri )
where N
(a;q)oc = H(l —aq®), |q¢ <1
k=0
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12 B. V. Nathwani

A g-binomial coeflicient is (cf. [4, Ex.(1.2), p.20] with r=1):

n (4”54 )n
= ,r # 0. 3
{m],« (@54 ) n—m (4”39 )m # ®)
A ¢-Gamma function is defined as [4, Eq.(1.10.1), p.16]:
(¢:0)0 (1 =)'~
I,(a) = 4)
() (4% @)oo (
where o £ 0,—1,—-2,... and 0 < ¢ < 1.
A ¢-Stirling’s asymptotic formula [10, Eq.(2.25), p.482] is given by
3 1 1-x (@)
Fg(x) ~ (14q)2 Tpe 3 (1 —q)277% etal®) (5)
0q”
where p,(z) = ——, 0 <6 < 1.
@) =

Theorem 1.1. If f(z) = > anz™ is an entire function then the order o(f) of f is given by [2,
n=0
Eq.(1.2)]

. n logn
o) = B P Gy 1) )
and the type of the function o is given by [8]
ego = lim sup (n |an\9/n) . (7)
n—oo
For every positive ¢, the asymptotic estimate [8, Eq.(16)]
[f(2)] <exp((o+e) |2[), [2| =0 >0 (8)
holds with g, 0 as in (6), (7) for |z| > ro(€), ro(e) sufficiently large.
The two g-exponential functions are defined as [4, Eq.(IL.1), p.236]
= " 1
eq(z) = = , el <1 9
o2 nz:%(q;q)n 0w ®)
and [4, Eq.(IL.2), p.236]
Ey(x) = Y q" V2 0 = (—aq)n, 2] < o0, (10)
= (¢ Dn
The g-derivative of a function f(z) is defined by [4, Ex.1.12, p.22]
f(z) = f(zq)
D,f(x) = ———-. 11

In view of two g-analogues of exponential function, we define g-generalized Mittag-LefHler
functions in the forms:
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Generalized ¢g-Mittag-Leffler function and its properties 13

Definition 1.1. If o, 8,7, A € C with R(«, 8,7,A) >0, r € {—-1,0} UN, §,u >0, s € NU {0}
then

/3 Tan) T,00+ /m)]’” @ (12)

6 .
Eg, By A, lt(z’ S,T'q)

where p = o2 + ru? — 562 + 1 with R(p) > 0
Definition 1.2. If o, 3,7, € C with ®(«, 8,7,A) >0, r € {-1,0} UN, 4, > 0, s € NU {0}
and o? + rp? 4+ 1 = 562 then

7.6 . N [Cq(y +on))* n
el (zisrle) = ;Fq(ﬁ+an) T ot T s (13)

Alternatively, in view of (4) these g-forms can also be put in the form:

- 1 @)oo (T @)sa]”
El"/75 z:8,7lq _ _1)P" qpn(nfl)/2 (q 3q) oo s 4 )oo
a, B, /\,u( ‘ ) T;( ) [(q'y-‘rén;q)oo]s
Zn
X , 14
(¢ Dn (14)
and
o (45 @)oo [T 9) o]

’Y7 28,7 ) [e’e) n 15
€a, B, A, u( |q Z q'y+5n ) ]s (q; Q)n ( )

We shall refer to these functions as g-gml.
The objective of constructing this function is to:

(i) Include certain existing generalizations of Mittag-Leffler function.

(ii) Include Bessel-Maitland function, Dotsenko function, Saxena-Nishimoto function, Elliptic
function.

(iii) Obtain inverse inequality relations and some other inequalities by means of the parameter

[19%2)

S,

The g-analogues of the above stated Shukla and Prajapati’s function (1) and those functions
listed above from (i) through (iv) are all yielded by the g-gml (12) or (13). They are tabulated
below (see Table 1) together with the indicated substitutions.

The explicit forms of the functions mentioned in thi Table 1 are as stated below.

e ¢-Mittag-Leffler function:

) a?

Ea(2lq) = Z [ )" q”(”’l)/ﬂ (@™ q)o0 2™

e ¢-Analogue of Wiman’s function:

0o a2

Eap(zla) = 3 [(<1)" ¢"7V2] (¢ 71 q)u 2",

n=0
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g-Function of | r |s| « B |v|d| A| p |Particular
case of
Mittag-Leffler |0 |1| « 1 1(1] - - (12)
Wiman 01| « g |11} - - (12)
Prabhakar 01| « B |~v|1]| - - (12)
mima (Ot e P et ™
Bessel-Maitland | 0 |0 | g |v+1]-|- | - - (12)
Dotsenko 1|1 |w/v| ¢ |al|l|b|lw/w (13)
N?s ena: 1|1 o | B |7 |K|B| a2 (12)
Elliptic 1)1 1 1 [3]1)35] 1 (13)

Table 1: g-Functions

g-Analogue of Prabhakar’s generalized ML-function:

a2

n qn(n—l)/Q] (q(xn-l-ﬂ;q)oo .
(@™ @)oo (@3 D)n

2 elg =3 LY
n=0

g¢-ML-function of Shukla and Prajapati (g is replaced by 0):

o (n-1)/2) " ot
of = (@1 @)oo (450)n
q-Bessel-Maitland function:
(h2+1)
o (_1)n qn(nfl)/Q] (qp,n+l/+1; q)oo
JH(=z;q) = [ o
(=4) nZ:O (¢ @)n
(Later on, this will be referred to this as ¢-BMF)
qg-Dotsenko function:
o ct+%n,
2Ri(a,bic,wivi25q) = Y o @777 ) 2"

(q Doo ("7 @)oo (45 Q)n

n=0

g-Form (of the particular case m = 2) of the function due to Saxena and Nishimoto:

(aF+a3-K2+41)
oo [(_1)n qn(n—l)/Q]
1% Oé',ﬁ' 25214 =
vallos Buaizldl = ) S

n=0
« (qal n+p61 : asn+f2 :

(Later on, this will be referred to as ¢-SNF)

n

7)o (g @)oo 2"
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¢ ¢-Elliptic function:

1 1.
K(\/EQ)Z;T%M( ?.’ EA >

b

We first show the convergence of series in (12) and (13); this is followed by Mellin-Barnes integral
representation, difference equation and eigen function property. As a special case of (12), a ¢-
extension of the Konhauser polynomial is illustrated and, associated inequalities are established.

2 Main Results

In this section, we prove the following results.

2.1 Convergence

Theorem 2.1.1. Let 0 < ¢ < 1, R(a, B,7,\) > 0, R(a?) +rp? —s62+1 > 0, d,u > 0,
re{-1,0UN, s e NU{0} and a,8,7,\ € C. Then EZ‘SB x, u(218,7(q) is an entire function of
order zero.

Proof. Put
—1)pn gpn(n—1)/2 s
O el e ey a0
to get
00
B\ (s, rlg) =D Vi 2™
n=0

Then in view of (5), we get after some simplification,

(=1)Pm gPr(n=D/2 (14 q)3 0772 (Dga(3))* 72 (1 —g)" "2

Vi
(1~ q) G175 (1 — g)b=Fom (1 — gy GG=Amm)

0V ___ggBtan __ggrtun __pqltn
Xel—q—q’Y+5" e 1—q—gBtan e 1—q—grtpn e 1—q—q1+n.

Hence,

|~

1

(14 @302 (Dp(3)072) (1= g1 (1 g+
(1= )3 P (1= G

vV |Vn| ~

eq'y+5n eqﬁ-%—an eqk-%—un 6q1+" "

el,q,q'yi»zin e_lquqﬁ‘*’a” e_ 1_q_g tarn 67 1_q_qltn

X

> ‘(71)17 qp(nfl)/Q‘ i
Making limit n — oo, this gives

L i /Wl ~ (1= 1] i [0 o

— lim
n— o0 n— oo

Divulgaciones Mateméticas Vol. 18 No. 1 (2017), pp. 10-33



16 B. V. Nathwani

when R(a?) + ru? — 562 + 1 > 0. Thus, the function (12) is an entire function. Its order may be
determined by using Theorem 1.1. In fact, by choosing f(z) = Eg:gy)\’u(z;s,ﬂq) and u, =V,
Theorem 1.1 gets particularized to

s . n logn
o(EY z:8,rlg)) = lim sup ——————,

s

where
oo (L) — qop (| LalB+an) [Fy(A+ pn)]” Ty(n +1)
AW T\ e s R (o)l
= log|lq(an + B) 4+ rlog|Tq(A + pun)|

)

+log |Ty(n+1)| — %n(n — D[R(a* + rp? — 56% +1)]log q
—slog [['y(y + on)|. (17)

From the definition (4) of ¢-Gamma function, one finds

log\Fq(om—i—ﬁ)l = log‘(q(q;q)oo(l_q)lanﬁ’

M ) o
(@ @)oo ’ 1-nR(a)~R(3)
— log|—TLWoe |4 _ H1-nRa
g‘(qo‘"w;q)m (-9
= log|(¢;@)so| + (1 — nR(ar) — R(B))log(1 — q)
—1og | (¢*™; q)o | ; (18)

in which

log | (¢°™*; @)oo

o0
log (H |1 _ qan+ﬁ+k|>
k=0
m
: k
— 1Og (%gnoo H ‘1 _ qan+ﬁ+ |>
k=0
m
— i o - e
k=0
o0
= Zlog |1 - qO‘"+’3+k| .
k=0

Here it may be noted that [2, p.207]

log |1 — g™+ P+F| <log(1 + |qonHBtHk|) < |qon+ith| = gniRlath)+h

which leads us to

EOO: | +B+k| Rtk _ O
log |1 —¢*" <Yy g =
k=0

k=0 l=q
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This implies that

log |(¢*"*%; @)oo | _

lim 0.
n—oo n logn
Consequently from (18), it follows that
o loglTyan+B)|
n—00 n logn

This last limit and the trivial limit

.o n—1
lim =00
n—oo logn

when used in (17), yields

L log(1/[Va)

n—oo  nlogn

Thus,

,0 . -
o(E 5 5 u(238,7]q)) = 0.

O

Theorem 2.1.2. The function el’fsﬁ N #(z;s,r|q) represents absolutely convergent series for
|z| < |(1 - q)(s‘s’a*w’w and |q] < 1.
Proof. Take

B [Ty + o))"
Un = 5,5+ an) Lo+ g} Tyl 4 1) 19)

then
oo
el”‘s& N u(z;s,r|q) = Z U, z".
n=0

Now in view of the ¢- analogue of Stirling’s asymptotic formula (5), we get

(4@ Tp(d)) 2 (1 -t
(1= G (L= q)s P (1= gy Amwn)

pgy+on _ ggPton _ggiten __agltn
Xel,q,q'y«#&n e 1—g—qgBtan e 1—g—qrtun e 1,q,q1+n.

This gives

1
1 n

(14 g) 3 (Lye(1) =2 (1 - "G =770 (1 — )+
(1= g)h=Fen (1 — gy (i=3=m)

n\/ |Un| ~

ES
n

9 Fon _ ggPtan _ pgrtun gl
el—qg—q7ton o 1_g—g¢Btan o 1_g_gAtEn o 1_g—glfn

X
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18 B. V. Nathwani

whence
1
_ . n a+rpu—sd+1
7 = m YU~ (1= g
Thus, the series in (13) converges absolutely if |2| < R = (1 — ¢)%0~®(@)=ru—1, O

2.2 Contour integral

Theorem 2.2.1. Let a > 0;3,7,\ € C with R(B,v,A) > 0 and 6, u > 0. Then the function

Eg B a u (z;8,7|q) is expressible as the Mellin - Barnes g-integral given by

B ol = g [ E0 g PSSR T (8) [Fy(y = 88

-s
— d,S, (20
o T8 — aS) [Tq(A — pwS)]" X (=2)77 S, (20)
L
where |argz| < w. The contour L of integration begins from —ioco and proceeds towards +ioo, and
is indented to keep the poles of integrand at S = —n to the left; and the poles at S = (v+n)/d
to the right of the path for all n € NU {0}.

Proof. The integral on the right hand side of (20) may be evaluated as the sum of the residues
at the poles S =0,—1,—2,.... In fact, in view of the definition of residue,
L[ (=175 g PSSR T (S) [Dy(y = 69)]° (=2)~°

= o T,(5 — aS) [Ly(r — pS)" 48
L

& Res [ ()78 gSCSTD2 T (5) (<2)7
= 2 5% {r (B~ aS) Ty(r— uS)I" [Ty — 65)] 7

_ i 7(S 4 n) (1)77S PSSV Ly (3 — 8] ()8
B -n  sinmS Ty(8—aS) [Lg(A—pS)"Ty(l—295)

S et sy
= Z ﬁJrom Ly(A+pn)]" Ty(n +1)Z

= El:/a,,\,M(Z%SW‘Q)'

By dropping the factor ¢/V(N—1/2

Theorem 2.2.2. Let a € Ry; 6, v, A € C, with R(B,v,\) > 0 and §, u > 0. Then the function

in this proof, we get

l, b (2;8,7|q) is expressible as the Mellin - Barnes g-integral given by
1 [ Ty(S) [Dy(y = 89)]° (—2)~5
el 28,1 / d ! dg 5, 21
aﬁA;L( |Q) 27ri Fq(ﬂ*OLS) [Fq(A*HS)]T ! ey

where |argz| < m; the contour L of integration begins from —ioo and proceeds towards +ioco, and
is indented to keep the poles of integrand at S = —n to the left; and the poles at S = (v +n)/d
to the right of the path, for alln € NU{0}.
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2.3 Difference equation

With the aid of the following operators, the difference equations of both the g-analogues will be
derived. Put

Mof(x) = F(@) — flea™), OF(x) = (@)~ Flxa). (22)
Dy 1) = (1= 0) Dyf(a) i= (1 - LS00 S =0, (23)

a—la—1
{ H H [@ +c—uq1—(b+v)/a _ 1]m}

u=0v=0 — (I)(a,b,c;m) (24)
a—1la—1 v
H H [Cfuqlf(b%»v)/a]m
u=0v=0
and
a—1la—1
{0 +emvatrre -1y}
u:(]av_:lo — _ \I,u%b,c;m). (25)
{0 T evq-oerom
u=0 v=0

In these notations, the g-difference equation satisfied by (12) is derived in the following theo-
rem.

Theorem 2.3.1. Let a, i, 6 € N, then £ (z;8,7|q) satisfies the equation

a,BA,n
N a,3,051 6 .
[(I’Efik e ‘I)i,m ) @} EZ,Q,A,#(Z»SW‘Q)
3,7,¢;8 0 . _
- [(—1)1” z \Il;ﬂ ¢ )} Egﬁ,/\7“(qu75,r|q) =0, (26)

in which ¢ is 6" root of unity, n is ut" root of unity, o is o' root of unity.

Proof. In the first place, the coefficient of z™ in the series representation of Eg‘; au(z38,7]g) will
be expressed in g-factorial notation with the help of the set of formulas [4, Appendix IJ:

(a;0)kn = (a,aq,...,aq" " q")n,

(@ ¢")n = (a, awy, . . ., aw’lj*l; ¢"),, in which w;, = e(2mi)/k,

(A5 q" )k = (Al/n; Dok (Al/nw; ok - - (Al/”w”_l; q)vk, where w™ =1,

and
5—1

(@50 = (@5 Q) (@5 Q) ... (@ % )0 = [[ (=0 ),
=0

where @° = 1. Then following the notation used in (16) for the coefficient of 2™, we get

(=1)Pm qP (=2 [(q7;q) 5]

Vo = (0% @) pn)” (6% @) an (4 Dn

Divulgaciones Mateméticas Vol. 18 No. 1 (2017), pp. 10-33



20 B. V. Nathwani

(=P gPr=D2 (g5 ) 5]
(@ @) pn]™ (@75 Dan (¢ @)n
(=1)P gPm D2 [(g75¢%)n]® (@5 0%)n)® - (@07 60)n)®
(@ ¢)n]™ (@5 ¢2)n]m - - [(@AFH=15 gH) ]
1

X
(@%50%)n (PT15q%)n -+ (@PF 715 4%)n (g O)n

_1\pn ,pn(n—1)/ lp—1 -t
_ ( 1) (q;qq)n {HH n q()\+k /[L )]r}

£=0 k=0

6—1 6—1 a—1a-1 -1
T TTIC o5 {H T " q<ﬁ+m>/a;q>n} (1)

7j=0 1i=0 h=0 m=0

where ¢ is 6" root of unity, 1 is u'" root of unity, o is a'” root of unity. Now take

§-146-1 _ pu—1p—1
II TTi@ ¢" 97 q)n) = An, T TTI0" a7 @)n]” = Ba, (28)
7=0 2=0 {=0 k=0
and
a—1a-1
H H h q(ﬁ+m)/o¢;q)n :Cn; (_1)pn qpn(n—l)/Z =D, (29)
=0 m=0
then

V, 2" = ——— 2" =W, say.
Z = B Co (@0)n Y

Since the series in (12) converges, we have

o E B SaBie. San s
n—0 (q7q) n—0 n Ln (Q7q n—1 n Ln C] q)n 1
Next operating by CIDE;XW? 7 e get

a—1a—1
{ H H (@+J—hql—(5+m)/a _ 1)}
D,

. <A h=0 m=0
(D(a,ﬁ,o,l) _ n
h,m @ W Z Bn (Q;q)n—l a—1a—1
n=1 IT II (c=hgt=(B+m)/a)
h=0 m=0
P
X
a—1 a—1
[T II (ohqBtmieiq),
h=0 m=0

a—1a—1
H H (1 _ O.hqn—1+(ﬁ+m)/a)
n Dn h=0 m=0 n

B, (¢;q)n— a—1a—1
¢ q)n-1 {H H(U}Lq(ﬁ-i-m)/a;q)n}

h=0 m=0

z

Il
1
—
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21

ZBC ( ) z".

n=1"_"
Finally,
(I)éﬂk/\ ST q)(a B,031) @W
i 1
7 n—1 p—1
. o= L TGt - Orom))r
£=0 k=0
p—1 p—
{ [1 H[(@Jrn’%1 OFR) /1)) }
=0 k=0 n
z
{”H T (" g+ >]}
(=0 k=0
7 i n Dy, 1
(g q n—1 | p=1p-1
[T IT [ tqt= R/
=0 k=0
p—1p—1 ]
[T I1(—q"+n gt/ m)r
(=0 k=0 n
pn—1p—1 z
[T IT [(n* ¢A+R/1sq) )
=0 k=0
_ Z A, D, o
Bn 1 Cn 1 ( ) —1
Thus,

o0
(I,yz/\,n;r) q)ga,ﬁ,a;l) ow = Ant1 Dnia o+l
b )m :

—0 Bn Cn (Q; Q)n

On the other hand,

T A C RN
s—1 6—1 , _
o { I1 H (O + (g 0I/o — 1)]5}
_ An Dy ¢ J=0 i= e
= B n (30 {‘hl 6H1[(<—jq—<v+i>/5)13}
§=0 i=0
oo D, ¢ §—15—1 }
= CJ vﬂ)/é Q)nl®
nz;o By Cn (4:9)n {]HO 21_!)
5—1 6—1
x{ H [(1— qun+(w+i)/5)]8}zn’
j=0 i=0

(30)
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that is,

oo

-An+1 Dn+1 n+1
= By Cp (¢;0)n

On comparing (30) and (31), the equation (26) is obtained. O

z (=1)? \II(SVCS) EV’ sap(zdss,rlq) = (31)

The g¢-difference equation satisfied by the function (13) is given in following theorem whose
proof follows line-to-line just dropping the factor ¢"(»~1)/2 that is, dropping D,, in (29).

Theorem 2.3.2. Let a, 1,0 €N, then Y = 6’;:% A\ M(z; s,r|q) satisfies the equation
AT a,B,0;1 8,7,C;8
o) @it g gy =, (32)

where ¢ is 6" root of unity, n is pu'" root of unity, o is ot root of unity.

2.4 Eigen function property

Take
a—1 a—1
T TTIA, + g =0o/e 1y
u=0 v;O — _ Qgﬁbb,c;m)’ (33)
H H[C ug 1— (b+v)/a]m
u=0 v=0
and
A, =D, Q;_i_,%C;*S) (I)éfz)\m;r) <I>§§’f’”;1)- (34)

Here the operators Q(‘; 7:6i=) CI)(“ Amir) <I>(a Boil) ;

D,. This property does not hold for the function EYS B
function eg’ﬁ au(zi8:7lg) in

Theorem 2.4.1. Let a,u,d € N and the g-difference operator © be defined by (22), then
eZ’%AM(z;s,ﬂq) is an eigen function with respect to the operator A, defined by (34). That
is, for any mon zero c,

in (34) are not commutative with the operator
(z;8,7|q), but it is established for the

A, ez’ﬁ N #(cz s,rlq) =c¢ ea B N u(cz;s,r\q). (35)
Proof. With A,,, B,, and C, as in (28) and in (29),

A
Zz’ﬁ7/\lt(cz;s,r|q) = E B (oo n Z".
n

Now if e, ﬁ A, u(czi8,7]q) = Y. then in the notation (24),

a—1 a—1
{ [T II(©+o "g'=Ftm/e— 1)}

h=0 m=0

(I,(a,ﬂ,a;l) s _ > C An
h,m c = 7;) B, (¢;9)n { aﬁl a—1 }

H (a'_hql_(ﬁ'f'm)/a)
h=0 m=0

Divulgaciones Mateméticas Vol. 18 No. 1 (2017), pp. 10-33



Generalized ¢g-Mittag-Leffler function and its properties 23

Z’ﬂ

a—1 a—1
{ (Uhq(“m)/"‘;q)n}
h=0 m=0

a—1 a—1
© o { I TI (1-a*e 1+<ﬁ+m>/a>}
C An n

h=0 m=0
= Z
Bn 4 )n a—1 a—1
om0 o (410 { I1 11 (Uhq(“m)/“;qn}
h=0 m=0
> " A, "
= z .

Next

A plafa) o _ .
Lk h,m Z Cno1 (G @)n [ m=tn=t
= I T [t g0+ g)alr

£=0 k=0

{ T L 1O + ntqi- 0/ — 1y }

£=0 k=0

X z

{”ﬁl “ﬁlunfqﬂwww}
(=0 k=0

7 i " A, 1
N Cn— 3q)n —lp—1
n=0 1 (q q) {NH MH [(nlql()\+k)/;¢)]r}
£=0 k=0

{ T T = + et W’fw)r}

£=0 k=0 n

% z
p=1p—1
{ IT ITI[(" q“*’“)/“;Q)n]’“}
=0 k=0
. Z c"” -An oM
o Bn 1 Cn 1 ) .
Further using (33),
Q(_&%C;*S)q)(u,)\,n;r)(I)(Oéﬁv"?l)yc = cr
i Lk h,m Z Br-1 Cno1 (¢;0)n

5—15-1
{ HO [T[(¢7g 0o }

{‘hl ‘H[(A gt ) }

j=0 i=
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d—16—1
X{ 1111 q”“)/‘s;q)n]s}

7=01=0

[e%s) &
7;) Bn—l Cn—l (Qa q)n

s—16—1 , 4
{ I1 11 [(c—ﬂq1—<v+f>/5)r}

j=0 i=0

6—16—1
{ I T (-0 + <—jq1—<v+i>/é>]s}

§=0 i=0

6—16—1

X{ e q(”i)/‘s;q)n]s} 2"
j=01i=0

- c" -An—l n

- z .
n—0 anl Cnfl (Q7Q)n

Finally,
A Y., = D, Q;i_mc;ﬂ) (I)%;/\,mr) q)glaf,o;l) Y,

oo _
B Z " Anfl on 1
n=1 B

n—1 Cn—l(‘]? Q)n—l
= ot A,
=, 1 <
= Bn Cn (430)n

0
= ¢ 637 5 A H(cz;sm\q).

n

O
2.5 Generalized ¢-Konhauser polynomial
The well known ¢-Konhauser polynomial [1]
B+1 m _kn(kn—1)/24+kn(m+p+1)(,—mk. k
2 (aslg) = L bm 3~ 8 e T e, (36)
(¢ 4*)m = [¢°F ke (¢%;0%)n

with $(u) > —1, admits a generalization by means of the g-gml (12) by taking «,d, u,7,s € N,
v = a negative integer: —m, replacing 3 by 8 + 1, and z by a real variable 2*, k € N, and
denoting the polynomial thus obtained by Bg(f’ﬁ’A’“) (zF
Definition 2.5.1. For o, 3,A >0, m, 4, u, k, s € N, r € NU{0}, m* = [ |, the greatest integer

m

part of %, define

;s,7) as follows.

skén(m+(dnk—1)/2)+én(af+a+ruX)
(q'8+1§ Q)om [(q/\§ q),un]r

B+1. m”
(a,8,M,u) (K (q 5 q)am q
B, (% s,7)q) =
" [(¢%; %) m]® ,;J

(™™ ¢")snl®  kn

X
(@%:q%)n
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Note 1. Here (36) is a particular case s = 1,7 = 0,0 = 1, and o = k of (37).

The presence of parameter “s” yields the unusual inverse series relations involving the inequal-

ities. In fact, for s = 1 the usual inverse series relations occur whereas for other values of s the
inverse inequality relations occur. This is shown in the following theorems.
If the real functions F'(x,n; s|q), G(z,n; s|q), are such that

F(x,n;s|q) < B,(ﬁ’ﬁ”\’“)(a:k;s,r\q), G(z,n;s|q) > B,(zo,f’ﬁ”\’“) (xk;s,r|q),
then there hold the following inequality relations.

Theorem 2.5.1. Let F(x,n;s|q) and G(z,n;s|q) be real valued functions, a,B,A > 0, and
pk,s €N, r,ne NU{0} and n* = [ |, then

F(z,n;s|q) < B( @B, /\’“)(x s,7|q) (38)
implies
o s gmmlaBatrd)—skmn(mn—1)/2 (" Qan [(QAQQ);m]: (¢":¢")n
[(¢%: ¢*)mn]
xzqs’” 6;?’”")’5 L p(a, jisla): (39)
and
g < gmmn(eBtatrpd)—skmn(kmn—1)/2 (@""5 @)an [(CIA;Q)W]: (0" ¢")n
[(¢"; 4% )imn]
;q ([;;ffq’;’a : b o, 3 sla) (10)
implies
G(z,n;slq) > B(Q’B/\“)(a: 58, 7|q). (41)

Proof. Assume that the inequality (38) holds. Putting

—mn(af+a+rp)—skmn(kmn—1)/2 (qﬂ+l; q)om [(q)\; ‘I);mr (qk7 qk)n

Wn = (q

[(¢%; %) mn]”
~ g [(gFmmigh) )t
sz:;) (qﬁ+l’q)aj F($7]7S|q),

and substituting the series inequality (38) for F'(x,j; s|q), one gets

< qun(aﬁ+o¢+ry)\)7skmn(kmn71)/2 (qBJrl; q)an [(qA’ q)/tn}r (qka qk)n

[(g"; qk)mn]s

Wn,

y i’f qsk] —kmn. qk)j]s (qﬂ+1; Q)aj
QBH,Q) [(g%; %))
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L#J s(kmi(kmi— mij)+mi(af+a+r —kj s %
g kmilkmi=1)/2+kmij)tmilaBtatrpd)[(g=hi; gk 15 gk
(@ @) ai (623 @) ] (a¥30%)
—mn(af+a+rp)—skmn(mn—1)/2 (qBJrl;q)Om [(q)\’q)ltn]r (qk7qk)n
[(¢%; ) mn]”
mn sk] ( 1)5] skj(j—1)/2—skmnj [( 7qk)mn]s

(6% 4% )mn—s]" (@P+15 @) aj

(@5 0)a; L) (—1)smi goUmiCkmi—1)/2-kmig)+mi(aftoctru)
(@)’ ;0 [(@%; %) j—mal” (@715 @)ai (a7 @) ]
qskmi(kmi—l)/Q—skjmi ((qk7 qk)j)s .’Eki

(4% 4")i

9]+smi qs(kmi(k'mi—l)/2+kmij)+mi(o¢[3+a+r,u)\)

X
=0

q

X

Jj=0

3

X

[

== [(¢%:¢%)j—ma]” [(a"; 4% mn—j]°
—mn(af+at+rul)—skmn(kmn—1)/2+skmi(mi—1)/2—skjmi

(@ @ai (@5 @) il (6%50%)i

skitski(G=1)/2=skmni (gB+1 0y (0™ 0)un]” (%3¢ )n

LS

X

Xq ki,

Now in view of the double series relation

we get

Wn

A

IN

mn ﬁ n mn—mj
22 Ji =2, 3 fi+msi)
i=0 j j=0 =0

n mn—mi

>y G

i=0 j=0 )]) [(q 7 q )mn—mi—j]s

skmi(kmi—1)/2 mi(a,ﬁ+a+ru)\)

% qsk:j (mi—mn+1)+skmi(mi—mn)—mn(af+a+rpX)+skj(j—1)/2

qusk:mn(kmnfl)/Q (qﬂ+1;q)an [(q/\;(J);mr (qkaqk)n (Eki
(@ @ai (@75 0)il” (¢%54%)s
n—-1 qs(kmi(kmi—l)/2+(mi—mn)(skmi+aﬁ+a)+ru)\)

zkn ,
" ; (4% %) mn—mi]” (@P*Y5@)ai [(€5 @)l (455 4F)i

(@ @an 1@ Q)" (6% )0
mn—mi s
™ Z S] sk]] 1)/2 skj(mi—mn—i—l) {mn—mz]
J gk

n n—-1 qskmz(kmz—1)/2+s(kmi(kmi—1)/2—&-(mi—mn)(skmi+a[3+a)+7"p,>\)
v+ Z

— ("0 mn-mil” (@7 @)ai (@ Q)] (dF;6F)s
P Qan (0% Dpnl” (0556 2™

x(q
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x Z (—1)F hili=D/2 gski(mi—mn+1) {m”; m’]
qk

Jj=0
n 7§ qs(kmi(kmi—1)/2+skmi(mi—mn) (q6+1;q)an [(Q)VQ),W]T
pare [(6%; 4% )mn—mil” (77 Qi (425 0) il
. s
(qk7 qk)n ri mn—mi - .
% T 1—¢q mi—mn+j)
(¢*;d%): JI;[l ( )

Here the product on the right hand side vanishes, hence w, < 2*". Next, the proof of another
inequality relations stated above runs as follows. Here assume that (40) holds true. Now if

(@®*; @)eun L) s (g —1) /2 skmgn)+mi (af+a)+ru\)
v, =
[(a*;¢")nl” = (@5 @)ag (@) us]"
a0 i
(q*;q");

then substituting the series inequality (40) for z*" | we get

q,8+1 ) Lo | q° (kmj(kmj—1)/24+kmjin)+mj(aB+a+ruX)

Vp < =
" Jn]® jz:o (@ @)aj (@ Dus]” (0F10Y);

—mj(af+at+rpul)—skmj(kmj—1)/2 [( 7q ) ] (q5+1 q>aj

[(q";q )mj]s

ski kmj
q q 4 .
([;ﬂﬂ;q)m W G, i slg)

(71)smj qsk:mjnfsnijrsk:mj(mjfl)/Q ((qk’qk)n)s

xq

mj

_ (qﬂ+1;Q)an Z
((¢%: ¢*)n)* = (0% ") (nemg)] ™ [("; @*)mj]°
mj 1)is gski gski(i—1)/2—skimj k. k
(-1)" ¢ q (4" q")

XZ

i) G(z,i; s|q)

i=0 [( (n— mj)]s (qﬂ+1;q)ai
_ Z 1)5m]+za ski(i+1)/24skmj(mj—1)/2—skimj (q,8+1 Q)om
mj=0 i=0 )(”*m])] [(q g )(mjfl)] (q6+1 Q)Oﬂ

xG(:c,z,s|q).
In view of double series relation
n n
> Z flhog) =2 > f(k
k=0 j=0 =0 k=j

this takes the form:
(_1)smj+is qski(i+1)/2+skmj(mj—l)/2—skimj (qﬁ+1§Q)an

Sz @) emp]” (@556 m-0]" (€77 @)ad
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xG(z,1; s|q)

zs skz(z+1)/2 (q,8+1 q)an )
= G(z,n;3l) +Z . G(x,i; s|q)

XZ

mj=1 )(” my)] [(q 4 )(m]—z)]

sm] qsk:m](m] 1)/2—skimj

n—1

B+1.
q 7q)an .
- G(:c,n;s|q>+§:(( D Glaissl)
— (" q)ai

1)smj qskmj(mjfl)/Q

y n—i (7

) qk>(n—i—mj)] ’ [(qka qk)mj]s

n—-1 sk1(7,+1)/2 ( B+1
— q 7Q)om
a x " S|q " Z qﬁ+1aq [( yd )(n—z)]

5 G(z,i;slq)

l _1)smJ skmj(mj—1)/2 |1 — i
8 Z (=) 1 mj |
mj=0

—1
n qskl(’H-l)/Q (qﬁ+1 q)an B(O"ﬁ”\’“)

< Gx,n;slg) + i (x";5,7(q)
; (@Y Qi (05505 ()]
y _qymi - ghmi(mi-1)/2 {" —f} 9
LZ—:O( ) mj g (42)
mj=
n—1 skz(7,+1)/2 ( B41
q 7‘])0m .
= G(z,n;slq) + s G(z,1; 8|q)
Z ﬂ+1 ) i [( yd )(n—z)]
n—i s
% H (1 _ qkmjfk)
mj=1
This gives v, < G(x,n;s|q). O

Towards the converse of these inequality relations, we obtain

Theorem 2.5.2. With the same restrictions as stated in Theorem 9, to the parameters involved,

kn —mn(af+at+ru)—skmn(kmn—1)/2 (q6+1; q)om [(qu q)#n]r (qk7 qk)n

oo @55 @)
mno sk —kmn
<3 Al e sl (43)
implies
F(z,m;5lq) < B (@ 5,7]q); (44)
and
G(z,n;s|q) > B,(ﬁ"ﬁ’)"”) (z*; 5, 7|q)m (45)
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implies
kn —mn(af+at+rp)—skmn(kmn—1)/2 (q6+1;q)0¢n [(q)\;q)pfﬂ]r (qk;qk)n
x < q ok S
[(q ) )mn]
@ (g M) ,
x> G(z, j; s|g)m. (46)

= (PTd)ay

The proof runs parallel to that of Theorem 2.5.1, hence is omitted. For s = 1, the polynomial
(37) possesses the following inverse series relation.

Theorem 2.5.3. For o, B,A >0, m,u, k € N, r € NU {0},

L]
,6’+1 m 1 gk(mi(mi—1)/2+mjn)+mj(af+atrud)
Bt gy = U e = ;
= (@ Qg (0% 0) 5]
(q‘"’“;qk)mj xkj (7)
X k. k
(q 5 q )J
if and only if
akn _ q—mn(a,8+a+rp/\)—kmn(kmn—1)/2 (qﬂ+1;q)an [(q/\;Q)Mn]T
(a%;d*)n (@%:6%)mn
—kmn
q 7(1) a, B,
XZ ;3+1 ]B]( 7 “)(mk§1aT|Q), (48)
j=0 (a «j
and forn #ml, | €N,
— g~ ’k”; )J (@ BA) (K
> 5+1 B (z*;1,7|q) = 0. (49)
= ("9

Proof. The proof of (47) implies (48) runs as follows. Here the equality (47) holds. Putting

—mn(af+oatrpul)—kmn(kmn—1)/2 (q6+1; Q)an [(qk; q)un]T (qk; qk)n
(4% 4" )mn

J, = ¢q

—kmn.

q~7 1q%) (B,
xZ M jﬂB< ) (a*:1, 7))

(a,B, MM)(

and substituting the series equality (47) for BJ. 2% 1,7|q), we get

—mn(af+at+ru)—kmn(kmn—1)/2 (qﬂ+1; Q)om, [(q)\; q)ltn]r (qk; qk)n
(@*:¢*)mn

Jn:q

2 (g7 gR); (6P q) ey

X
= (e (d5dY);

L%J qkmi(kmif1)/2+kmij+mi(aﬁ+a+rp)\) (qfkj;qk)
pard (@5 Q)i (@ @) )™ (aF56%)i

ki
mi L

X
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—mn(af+a+rul)—kmn(mn—1)/2 (q,8+1; q)Om [(q/\; q)un]r (qk; qk)n
(q"; 4% )mn
L A C T W

gt
X
Z (@ @) mn—j (@1 @) oy

q

ﬁ—i—l o \-%J nLi qkmi(knn’—1)/2+k7nij+mi(aﬂ+a+ru)\)
— (d%6")j—mi(@T Dai (@75 @) il
qkmz(kml 1)/2— k]ml(q ;qk)j ki
X k. ok
(¢":¢"):
mn ﬁ

Z Z ]+m1 kmi(kmi— 1)/24+kmi(mi—1)/24m(i—n)(aB+a+ru)

1) un]”

A
(q%; %)

an [(

q7iq )] mz(q q )mn—j(qﬁ—i_ aQ) [(q Q);n]
x(4";¢")n

q—kmn(kmn 1)/24+kj(j+1)/2—kmnj (qﬁ+1 )
7

Now in view of the double series relation

we get

n mn—mi

Z Z k'rm(kmz 1)/24+m(i—n)(aB+a+rur)+kj(mi—mn+1)
i=0 j=0

qk:j(jf1)/27kmn(kmn71)/2+kmi(mifmn) (qBJrl.q)an [(q)\7q)un]r

(@*;d%); (@%; @) mn—mi—j (@®T5 @) ai [(¢*5 @) ui]”
(d*;4")y i
(qk.qk).

Z kmi(kmi—1)/2+kmi(mi—mn)+(mi—mn)(aB+a+ru))

X

X

(qﬁ+ s @an (@50 um]" (@556 )n ki

X
(@ @) mn—mi (@5 @)ai (5 0) il (¢ ¢%):

mn—mi

% Z k](] 1)/2 k:](mz mn+1) |:an mZ:| )
q

k n—1
xhn + Z qkmi(kmif1)/2+(mifmn)(kmi+aﬁ+a+ru>\)

k. ok
(@ d" ) =
(@ Q)an (€ 0)un]" (6% ¢ ki

X X
105 ) mn—mi (P @i (€5 @) il (655 0%)i

(¢*
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i mn — mi

v _1)i ghiG-D/2 qkj(mi_mn+1)[ ‘ }
S .
_ zkn n qkmz(k:mz 1)/24+kmi(mi—mn) (q,ﬁ-l-l;q)an [(q/\;q),un]r
(@*5d%)n = (@56 mn—mi (@7 Qai (0% Q)" (d¥36%):
mn—mi
<(q¥:¢")n 2™ T (@ = gttmimmmt)
j=1

xkn

(g%;q%)n

as the product on the right hand side vanishes. To show further that (47) also implies (49), we
may substitute for BJ(-'f’ﬁ’A’”)(xk; 1,7]q) from (47) to the left hand side of (49), to get

—kn.
L e k1
,q

— Z q’” (-1)/ qkj(j’”””mj(q’“;q’“)n (d*; %),
(0% 6%)n—3 (P15 @)y

#J kmz(kmz 1)/24+mi(aB+a+rpuX)+kmi(kmi—1)/2

ki
x Z qﬁ+1 . qr . . z

i ai (@ @il (6556%) j-mi (d%; %)

3kmi(kmi—1)/24+kmi—knmi+mi(aB+a+rul) (qk . qk) X
) n i

- x
(" Qi (0D pil” (@F56% ) n—mi (%5 4%);

LS}

< ST (<1)F gRUTD/2 grimizntD) {n —_mZ} .
Jj=0 J gk

Here the inner sum on the r.h.s. is actually the product

s _k(mi—n+j)
IT (- am)

which vanishes for j = n—mi and n not an integer multiple of m. Thus completing the first part.
The proof of converse part runs as follows [3]. In order to show that both the series (48) and the
condition (49) together imply the series (47), a simplest inverse series relations [13, Eq.(1), p.43]:

n kng 7kn k) . n q 7kn k) .
S sy g, oy T
7=0 7=0
may be used. Here putting
ki (k. kY.
47 (45975 peBam) k.,
U = )y Bj. (% 1,7]q),
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and considering one sided relation that is, the series on the left hand side implies the series on

the right side, we get

n 7kn k
q" ; q") B,
Ao =3 EETD e 1
§=0 (g &
B+1. " —kn. k.
- BT(LC:,ﬁ,)\’H)(xk;Lrlq) _ (q . 7;1)04] (q . 7;] )J Aj-
(@%d%)n = (d%4");

Since the condition (49) holds, w,, = 0 for n £ ml, | € N, whereas

a7 (a7 0%)5 sy, ok
Ay = B! (z%;1,7q).
;) qﬂ“,q)

But since the series (48) holds true.

mn(af+a+rpX) qkmn(kmn—l)/2 ( k kn

@ ¢ ) mn @
(@*:d%)n (P @) an (@) un)”

Consequently, the inverse pair (50) and (51) assume the form:

q

Amn =

(qﬂ+1§Q)an L7 ] qk(mj(mj—1)/2+mjn)+mj(a,8+a+7‘u)\)

BP0 (ki1 rlg) =
" (@":¢")n = (@5 0)ag [(@*5 @) )"
50 ) mg o
(g% q%);
N rkn B q—mn,(aﬁ+a+rlt)\)—k,mn(kmn—l)/2 (qﬂ+1; q)an [(q)\7 Q)un]r
k. ok - k. ok
n 1 —

B L A T T L BeBM) (4.1, rlg)
= (PT5q)ay 19

subject to the condition (49).
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