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Abstract

In this paper we have described some novel integrals associated with different higher order
polynomials such as classical Hermite’s polynomials and classical Legendre’s polynomials.
The following integrals
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are evaluated using hypergeometric approach and Laplace transform technique, which is a
different approach from the approaches given by the other authors in the field of special
functions.
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Resumen
En este articulo hemos descrito algunas integrales novedosas asociadas con diferentes
polinomios de orden superior, tales como los polinomios clasicos de Hermite y los polinomios
clasicos de Legendre. Las siguientes integrales

400 —+o0
/ z"exp(—a®)H,_ ok (z)dx ,/ t*exp(—2®)H, (z)dz

—o0

/ t"exp(—t*)H, (xt)dt and/ t"exp(—t?) P, (%)dt
0 x

Las siguientes integrales se evaltian utilizando el enfoque hipergeométrico y la técnica de
transformada de Laplace, que es un enfoque diferente de los enfoques dados por los otros
autores en el campo de funciones especiales.

Palabras y frases clave: Teorema de la sumas de Gauss; polinomios clasicos de Legen-
dre de primera clase; polinomios clasicos de Hermite; funcién hipergeométrica generalizada;
Transformada de Laplace.

1 Introduction, definitions and preliminaries

The theory of integrals involving the classical orthogonal polynomials (Laguerre, Hermite, Leg-
endre, Bessel, Tchebychev and as in Askey-scheme) has been developed by many authors (see,
[1,2,3,4,5,7,6,8,9, 10]) and other special cases therein.

Motivated essentially, we aim at presenting four integral formulae associated with classi-
cal polynomials of Hermite and Legendre using Laplace transform method and hypergeometric
approach. On specializing the parameters, the evaluated integrals may be reduced to almost
elementary integrals and as special cases appearing in applied mathematics, engineering and
physical sciences.

The widely-used Pochhammer symbol (), (A, v € C) is defined by

1 (v="0;A€C\{0})
), ::F(FA(J;)”)Z . (1
AM+1)...A+n—1) (v=neN; eC\Z)

it is being understood conventionally that (0), = 1 and assumed tacitly that the I" quotient
exists.

The generalized hypergeometric function ,F;, with p numerator parameters aq, o, ..., oy and
¢ denominator parameters f1, f2,. .., fq, is defined by

P
a1, 0, ..., Qp; o ]];[1(Olj)nz
ol =X T (1.2)
et il § (OB
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(P, €Nos pSg+1; p<gand [z] < oo;
p=gqg+1land |z] <1, p=qg+1,]2] =1and Re(w) > 0; p = g+ 1,|2| = 1,2 #

1 and 0 > Re(w) > —1),
where

(ij eC (j:172a“'7p);ﬂj 6(:\26(]:17277q))

Laplace transform of >~ !:

sa

/OOO e e ldt = o) (1.3)

where Re(s) > 0, 0 < Re(a) < 0o or Re(s) =0, 0 < Re(a) < 1.

Guass’s summation theorem: The Gauss’s summation theorem plays a vital role in the
proof of many interesting results and some physical problems [11, p.49(Th.18)]

(1.4)

ZFl[a,b; 1} _ D(l(c—a—b)

; ['(c—a)l(c—0b)’
where ¢ # 0, —1,—2,—3... and Re(c —a — b) > 0.

Special cases of Gauss’s summation theorem: By using the Gauss’s summation theorem,
it is easy to prove (see, [11, p.69(Q.N.4)] )

—_n —n4l. 2n(b)
F 20 2.7 1| = n 1.5
n| T3] - o
where b+ 3 #0,-1,-2,-3... and n =0,1,2,3, ....
—n, b; (c—Db),
F 1l = 1.6
2 1 |: C; :| (C)n b ( )

where ¢ #0,—1,—2,-3...and n =0,1,2,3, ....

Classical Hermite’s polynomials: Here, we are interested to use hypergeometric form of
classical Hermite’s polynomials (see, [11, p.191])

(1.7)

where n =10,1,2,3,....

Legendre’s polynomials of first kind: For the sake of convenient hypergeometric ap-
proach, we shall use two hypergeometric forms of Legendre’s polynomials of first kind (see, [11,
p.166 (Eq.4) and p.167 (Eq.7)])

—_n —n+4l, 2 _ 1
x] , (L8)

Ple) = ram | TR I
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1 n —n —n+l
_ (2)11 (233) 9 2+ ) 1
Po(z) = ol 2 F1 % o 2| (1.9)
where n =10,1,2,3,....
{Gamma function of non — positive integers} ™ = 0, (1.10)
{Factorial of negative integers} ' = 0. (1.11)
2 First integral
Consider the following integral:
+oo
L = / z"exp(—x?)Hy,_op(x)dx
+oo
= / w2+ exp(—2?) H,y, (x)dz, (2.1)

where n = m + 2k.
Applying the definition of classical Hermite’s polynomials (1.7) in the equation (2.1), we get

+oo ok ) —m —m+l. -1
ho= [ erestaeomn | TR e
(%] (Zm) (Zmtl) (_q)p oo
gm+1 2 Jp 2' P / eXp(_xQ)xQ(ker—P)dx, (2.2)
=0 p: 0

Using suitable substitution and applying the definition of Laplace transform (1.3) in the equation
(2.2), we get

o = ra()

2 k+m p— (% —k —m),p!
2mf<1> F [ AP (2.3)
= I 241 1 . .
2 k+m 2 k—m;
Now applying the Gauss’s summation theorem (1.5) in the equation (2.3), we get
272k /7 (m + 2k)!
L = .
k!
(2.4)
Now replacing m by n — 2k, we get
+oo 272k |
/ z"exp(—ax?)H,_op(x)dz = % (2.5)
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Particular case: When k = 0 in the equation (2.5), we get

+oo
/ z"exp(—x?)H, (z)dxr = n!\/. (2.6)

— 00

Using the expansion of " in a series of Hermite’s polynomials, above integral of equation (2.6)
was evaluated by Rainville [11].

3 Second integral

Consider the second integral:

where £ =0,1,2,...,(n —1).

Case I: (i) When n = 2m and k = 2m — 1 in the integral I, we get

+oo
I; = / x?™ Lexp(—a?) Hapy (x)da (3.1)
+oo _ _ 1. -1
= 22m/ i Lexp(—2?) o Fy [ m, —m + 27— |dx
_ —] x

1)p e
= 227”2 m+ 2)e(= )/ A= loxp(—2?)dx.

— 00

Since the integrand is an odd function in z, so applying the property of definite integral, we get

+oo
/ 2?™ lexp(—2?)Hap(x)dx = 0. (3.2)
Case I: (ii) When n = 2m and k = 2m — 2 in the integral I5, we get
“+o0
I, = / 2*" 2exp(—a?) Hopy () d (3.3)
+oo o - 1. -1
= 22m/ m4m_2exp(—x2)2F0[ m, —m+ 2 g dx
)P [
22m+1z —m + ) (=1) / m4m_2p_2exp(—x2)dx. (3.4)
0

Using suitable substitution and applying the definition of Laplace transform (1.3) in the equation
(3.4), we get

I, = 22mT (2m _ ;)i(—m)p(—m +3)p

2 (3 - 2m)p
m 1 —m, —m + 3;
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Applying the Gauss’s summation theorem (1.6) in the equation (3.5), we get
(@ —m)m
I, = 2°"T <2m — )
2) F—2m)

- 22mr(2m‘;>r<1—(g> ?3> )

22my
T T —mTE—m) (3.6)

When m=1,23,... and due to presence of I'(1 —m) in denominator of the equation (3.6), we get
+oo
/ 2?™2exp(—2?)Hapy(x)dz = 0. (3.7)

Similarly, when n = 2m and k = 2m — 3,2m — 4,...2, 1,0, corresponding integrals obtained from
the integral I, will be zero.

Case II: (i) When n =2m + 1 and k = 2m in the integral >, we get

+oo
I; = / 2?Mexp(—2?)Hopy 1 (z)dx (3.8)

—00

2m+1 e 4m+1 2 —m, —m — %; -1
2 x exp(—x~)2 Foy T —|dx
— oz

—c0 )

mo _ 1 _ 400
22m+1z m)p( m' 2)10( 1)[)/ m4m_2p+1exp(—x2)d:ﬂ.
p:
p=0

— 00

Since the integrand is an odd function in z, so applying the property of definite integral, we get

+oo
/ 2?"exp(—2?)Hopyr (x)dz = 0. (3.9)

— 00

Case II: (ii) When n = 2m + 1 and k£ = 2m — 1 in the integral I, we get

—+oo

Iy = / 2*™ Lexp(—a?) Hypy 1 (x)da (3.10)

+oo _ oy 1. -1
_ 22m+1/ $4mexp(_x2)2FO|: m, —m 2’ — dx

— 0o )

mo(_ —m =5 (=1)p fo°

22m+22( M mp| 2 >/ 4™ 2Pexp(—a?)dx. (3.11)

p=0 ) 0
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Using suitable substitution and applying the definition of Laplace transform (1.3) in the equation
(3.11), we get

Iy = 22m+1\/7;<;> i(—m)p(—m_%)p

2m p—0 (% - 2m)Pp'

1
—m, —m —3;
o [ Lo 1 (3.12)

)

2m

Applying the Gauss’s summation theorem (1.6) in the equation (3.12), we get

I — 22m+1\/7;<;> (1—m)m

2m (% - Qm)m
I'(3 —2m)
T(3 — m)I(1 —m)

()

= — 2ty . (3.13)
I'(z —m)I'(1 —m)

2m

When m = 1,2,3,... and due to presence of I'(1 — m) in denominator of (3.13), we get

—+oo
/ 2?™ lexp(—2?)Haypyr (v)de = 0. (3.14)
Similarly, when n =2m + 1 and k = 2m — 2,2m — 3,...,2,1,0, corresponding integrals obtained
from I, will be zero.

The unification of above integrals can be written as:

+oo
/ tFexp(—2?)H, (z)dx = 0, (3.15)
where k =0,1,2,3,...,(n — 1).

Above integral (3.15) was derived with the help of Hermite’s differential equation and orthogonal

property of Hermite’s polynomials.
From the equation (2.6) and the equation (3.15), we get

0, k=0,1,2,3,....,n—1

+oo
/ zFexp(—2?)H, (z)dx = (3.16)
- nly/m, k=n.
4 Curzon’s integral
Consider the third integral:
I, = / t"exp(—t*)H, (xt)dt (4.1)
0
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9] —-_n —n+l. -1
— n 2n _ 42 2 2
(2x) /0 t“"exp(—t*) 2 Fp [ ; (tx)Q} dt
[%] —-n —n+1 —2 [e%¢]
=n —1)P p
_ oy ER @) 12n=2Pexp(—t2)dt. (4.2)
0 p! 0
p=

Using suitable substitution and applying the definition of Laplace transform (1.3) in the equation
(4.2), we get

[%] —-n —n+1 —2
—n _1)P 72
I, = (2)n—1xn (F)p (=57 )p(=1)P(z) r n—p—i—l
= p! 2
(3]  —ny\ (=n _
) n—1_mn 1 (7)10( 2+1 )p(‘r) P
= ( ) x ™ 5 (l — n) 1
n p=0 2 pD-
_ (2)n71xn\/7’T (1> o Fy [ %n’ —n2+1; 1] (4 3)
2/ yom 2] '
Applying the definition of Legendre’s polynomials (1.9) in the equation (4.3), we get
/0 t"exp(—t* H, (zt)dt = gn!Pn(x). (4.4)

Curzon [6] and [11, p.191(eq.4), p.199(Q.N.4)] evaluated the integral I7, by using a different
approach.

5 Rainville’s integral

Counsider the fourth integral:
o)
Iy = / "Hlexp(—t2) P, (f)dt. (5.1)
= t

Applying the definition of Legendre’s polynomials (1.8) in the equation (5.1), we get
jee} " T\ " ;n’ —n+1; 5172 _ t2
Ig = / t +1€Xp(_t2) (;) 2F1 |: 2 2 17 372:| dt

(31, _ _ _
— 2" exp (—z2 () n2-H )p(2) P
- et 1),

) G e VA CO

1 ()l
p:O plp!

NE

/ exp(—t? + z?)t(z? — t*)Pdt

Il
=]

NE

/Ooexp(—T)TpdT, (5.2)

where (2 —22) =T.
Using suitable substitution and applying the definition of Laplace transform (1.3) in the equation
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(5.2), we get

[%] —n —n—+1 —2

1 =z —1)P P

Iy = fx"exp(—xQ) ( 2 )n( 2 )p(=1)P(z)

2 p!
p=0

1 9 ;n’ —n+1; 1

= ixnexp(fgj )2F0 |: 2 2 ; ? ) (53)

Applying the definition of classical Hermite’s polynomials (1.7) in the equation (5.3), we get

/:Ot”"’lexp(—tQ)Pn (%)dt = 27" lexp(—2®)H,(x). (5.4)

Rainville [10, p.271] and [11, p.191(eq.5), p.199(Q.N.6)] evaluated the integral Ig, by using a
different approach.
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