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impulsive differential equations on whole line with

mixed boundary conditions

Existencia de soluciones positivas de problemas con valores en la frontera para
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condiciones de frontera mixta.
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Abstract

This paper is concerned with boundary value problems of impulsive differential systems
on whole lines with nonlinear differential operators. By constructing a weighted Banach space
and defining a nonlinear operator, using the Schauder’s fixed point theorem and Schaefer’s
fixed point theorem, sufficient conditions to guarantee the existence of at least one positive
solution are established. An example is given to illustrate the main results.
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Resumen

Este articulo esta interesado en problemas con valores en la frontera para sistemas diferen-
ciales con impulso sobre la linea recta con operadores diferenciales no lineales. Construyendo
un espacio de Banach ponderado y definiendo un operador no lineal, usando el teorema del
punto fijo de Schauder y el teorema del punto fijo de Schaefer, se establecen condiciones
suficientes para garantizar la existencia de al menos una solucién positiva. Se da un ejemplo
para ilustrar los principales resultados.
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1 Introduction

Boundary value problems for second order ordinary differential equations (ODEs) were initiated
by I'in and Moiseev [25] and studied by many authors, see the text books [20, 27], the papers
[14, 16, 33] and the references therein.

The asymptotic theory of ordinary differential equations is an area in which there is great
activity among a large number of investigators since it has many applications in real world
applications [21, 22, 23, 24, 9]. In this theory, it is of great interest to investigate, in particular,
the existence of solutions with prescribed asymptotic behavior, which are global in the sense that
they are solutions on the whole line. The existence of global solutions with prescribed asymptotic
behavior is usually formulated as the existence of solutions of boundary value problems on the
whole line.

In [13], the existence and multiplicity of nonnegative solutions for the following integral bound-
ary value problem on the whole line were studied:

(p)a" (1)) + Aq(t) f(t, 2(t),2'(t)) =0, tER,

ar lim a(t) = by lim_p(t)a'(6) = [ g1(s2(s),'(5))0(s)d, (11)

t——o0

az lim_x(t) + by Jim_p(0)a’(t) = [, gals,a(s).a'()(s)ds.

where A > 0 is a parameter, f,g1,92 € C(R x [0,00) x R,[0,4+00)), ¢,% € C(R,(0,+0o0)) and
p € C(R,(0,+00)) N CY(R). Here, the values of fjoooo gi(s,x(s), ' ())ds (i = 1,2), [T ds

—oo p(s)
and sup,cp ¢(s) are finite and a1 + a2 > 0, b; > 0 (¢ = 1,2) satisfying D = asbi + ai1bs +
+00 ds
a1as f—oo 2(5) > 0.

In recent years, many authors have studied the existence of positive radial solutions for ellip-
tic systems in annular/exterior domains, which is equivalent to that of positive solutions for the
corresponding systems of ordinary differential equations (see [11, 30, 19, 18, 10, 29] and the refer-
ences therein). The usual method used is the fixed point theorems of cone expansion /compression
type, the upper and lower solutions method and the fixed point index theory in cones.

In [28, 12], the following system and its special case were discussed:

[6p(u' ()] + Ma () £ (£, u(t), v(t)) = 0, t € (0,1),

[6p (V' (D))" + pha()g(t, u(t), v(t)) =0, € (0,1), (1.2)

where ¢, () = |z[P~%z,p > 1, A, u are nonnegative real parameters, h; € C((0,1), (0,00)),i = 1,2,
f,9 € C(]0,00) x [0,00),[0,00)), h; may be singular at ¢ = 0 and f(0,0) = g(0,0) = 0 and
f(u,v) > 0,9(u,v) > 0 for all (u,v) > (0,0). The existence, nonexistence and multiplicity of
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positive solutions for (1.1) were obtained by using the upper and lower solution method and the

fixed point index theorem.

Theory of impulsive differential equations describes processes which experience a sudden
change of their state at certain moments. Processes with such a character arise naturally and
often, for example, phenomena studied in physics, chemical technology, population dynamics,
biotechnology and economics. For an introduction of the basic theory of impulsive differential
equation, we refer the reader to [26].

In [32], Liu studied the existence of solutions of the following boundary value problem for
second order impulsive differential system on the whole line with Dirichlet boundary conditions

(o) @ (2" (1)) + f(t,2(t),y(t)) =0, a.e.teR,

[e(W)@q(y' ()] + 9(t, 2(1),y(1)) =0, a.e.t€R

(1.3)
t—1}+moox(t) =9, t_l}r_nooac(t) =0, t—1}+mooy(t) =9, t—I}I;IlOO y(t) =0,
Ax(ty) = Te(te, x(te), y(tr)), Ay(te) = Je(tr, x(tr), y(tr)), k € Z,
where p, 0 € CO(R, [0,00)), p(t), o(t) > 0 for all t € R with
+0o0 ds +00 ds
ffoo pd(s) < 400, ffoo ngs) < +o00, (14)

®,(x) = |z|[P~2z and P,(x) = |z|? 2z are one-dimensional p-Laplacian, f, g defined on R? are
Carathéodory functions, - -+ < tg < tp41 < tpyo < --- with

lim tp = —o0, lim tp = 400,
k——oco k—+oo

Ax(ty) = z(th) —x(t;,) and Ay(ty) = y(t)) —y(t, ) (k € Z), {I},{Jx} with I, J : R3 - R(k €
Z) are discrete Carathéodory sequences.

This paper is a continuation of [32]. We consider the existence of positive solutions of the
following boundary value problem for second order differential system on the whole line with
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mixed boundary conditions with impulse effects:
[@(p(t)" (1)) + p() f(t,y(t), y'(t)) =0, ae teR,
[W(o(t)y' (1)) +q(t)g(t,z(t),2'(t)) =0, aeteR

lim z(t) =0, lim p(¢t)2'(t) =0,

t——oo t—+o0
(1.5)
Jim y(t) =0, lim o(t)y'(t) =0,
Ax(ts) = Ao,oTo(ts, y(ts) ¥/ (t6)), A®(p(ts)a’ (£,)) = AvsTi(ts, y(ts), ¥/ (t)), 5 € Z,
Ay(ts) = BooJolts, 2(ts), o' (), AU(o(t)y (ts)) = Bys i (ts, x(ts), 2 (ts)), s € Z,
where
(a) p,0€ COR,[0,+00)) with
fOOO p(g)d$<+00 f+00 ds dS*+OO,
(1.6)
0 oo ds
. Q(s 2ds < 400, [; gc(ls)ds = +o0,
(b) p,q € C°(R,(0,00)) with
+o0 0
o P(s)ds < +oo, f,oo p(s)ds = 400,
(1.7)
JoF g(s)ds < +o0, [°_q(s)ds = +o0,
() ®(z) = ¥, (2) = |z["""?z and ¥(z) = ®,(z) = |2z[">"x are one-dimensional p-

Laplacians, their inverse operator are defined by ®~! and ¥~!, respectively, with ®~!(z) =
—2 —1 _ -2 1 1 _
2|12z and U™ (z) = |z|2 %z, -+ - =1,
(d) f defined on R? strongly o-Carathéodory function (see Definition 2.1), g defined on
R3 strongly p-Carathéodory function (see Definition 2.2), f,g are nonnegative functions, and
[p(t)f(t,0,0))% + [q(t)g(t,0,0)]? > 0 on each subinterval of R,

(e) e <t < g1 < pgo < - with lim ¢ = —oo, lim tp = 4oo, A.T(tk)
k——oc0 k— 400

a(ty) — x(ty) and Ay(ty) = y(t)) — y(t;)(k € Z), Aa'(ty) = 2/(t]) — /() and Ay'(ty) =
y () =y (t;)(k € Z),

(F) Io, Iy : {ts: s € Z} x R? — R are discrete o—Carathéodory functions (see Definition 2.3),
Jo,J1: {ts : s € Z} x R? — R is a discrete p—Carathéodory function (see Definition 2.4), Iy, Jo
are nonnegative functions, I7, J; are non-positive functions,
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(g) AO,S; Al,sv BO,57 Bl,s >0 SatiSfy

Z AQJ < 400, Z Bo)j < +o00, s €7,

j=—o00 j=—o00

. A . Bo s
lim %~ = lim %57 =0,
§—+00 f1,571 P(s) s——+00 ft571 2(s)

+oo +oo
Z ALJ' < 400, Z Bl,j < 400, s € Z,

j=s Jj=s

Als _

Ale = lim Pl —
s——00 f::'” p(s)ds s——00 f::‘"l q(s)ds

The purpose of this paper is to establish sufficient conditions for the existence of at least one
positive solution of BVP(1.5). The technical tool used in this paper is the well known Schauder
fixed point theorem. For applying this theorem, the most crucial things are to construct a
nonlinear operator and to prove the compactness property of the nonlinear operator. Since
the problem is considered on whole line, we need to show the equi-continuous properties of the
image of a bounded set on each sub intervals (there are infinitely many sub intervals), the equi-
convergence as t — t;(i = 0,£1,£2,...) and the equi-convergence as t - —oc and as t — +o0.
One sees from (1.6) that both % and % are not measurable on R while (1.4) tells us both % and
% are measurable on R. So this paper is a continuation of [32]. Furthermore, (1.7) makes both
the nonlinearities t — p(t)f(t,u,v) and t — ¢(t)g(t,u,v) be non-Carathéodory functions. An
example is presented to show us that the main results in this paper are interesting.

By a solution of BVP(1.5) we mean a couple of functions (z,y) with z,y € C(ty, tp11](k € Z)
such that both

D(pa’) : t = D(p(t)'(t)) and V(gy') : t — W(o(t)y'(t))

are derivative on each interval (tx,tx+1](k € Z), and the limits

lim xz(¢), tlir}looy(t), lim p(t)z'(t) and lim o(t)y'(t)

t——o0 t——+oo t——+oo

exist, and all equations in (1.5) are satisfied. We call (z,y) a positive solution of BVP(1.5) if
(z,y) is a solution of BVP(1.5) and [z(¢)]? + [y(¢)]?> > 0 for all ¢ € R.
The remainder of this paper is organized as follows: the preliminary results are given in

Section 2, the main results are presented in Section 3. An example is given in Section 4.

2 Preliminary Results

In this section, we present some background definitions. The preliminary results are given too.
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Denote N
( _1+f—oo p(u)’ ( ):]‘—"_j;g p(S)dS,

To(t) *1+foo.9(u)a ():1+L+OOQ(5)d5'

Definition 2.1. h: R xR x R — R is called a strongly o— Carathédory function if it satisfies

(i) t = h (t,To(t) W ) s measurable on R and for each r > 0

lim h (t To(t)u, Y n®) ) = 0 wniformly for all |u|,|v|] < r.

t——o0 o(t)

(ii) (u,v) = h (t,m(t) W ) is continuous for a.e. t € R.

(iit) For each r > 0, there exists nonnegative number M, > 0 such that |u|, |v| < r implies

’h (t,To(t)u, %v)‘ < M,,t €R.

Definition 2.2. h: R xR x R — R is called a strongly p— Carathédory function if it satisfies

(i) t = h (t, oo(t)u, %‘5“”1}) is measurable on R and for each r > 0

t_l}r_n h (t oo(t)u, W ) = 0 uniformly for all |u|, |v| <.

(i) (u,v) = h (t, oo(t)u, %v) is continuous for a.e. t € R.

(i5t) For each r > 0, there exists nonnegative number M, > 0 such that |u|,|v| < r implies

‘h <t7ao(t)u, %0)‘ <M, ,teR.

Definition 2.3. K : {t;: s € Z} x R xR — R is called a discrete p— Carathédory function if it

satisfies

(i) (u,v) = K (ts,To(tS) w ) is continuous for all s € Z.

(i) For each r > 0, there exists nonnegative constants N, > 0 such that |ul, |v| < r implies

o(t

‘K (tS,To(ts) Y n), )( <N, for all s € Z.

Definition 2.4. H : {t;: s € Z} x R x R — R is called a discrete p-Carathédory function if it
satisfies

(i) (u,v) = H (ts,ao(ts)u, %v) is continuous for all s € Z.

(ii) For each r > 0, there exists nonnegative constants N, > 0 such that |ul, |v] < r implies

)H (ts,ao(ts) ,% )‘ < N, for all s € Z.
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Definition 2.5. [17]. Let E be Banach spaces. An operator T : E — E is completely continuous

if it is continuous and maps bounded sets into relatively compact sets.

Lemma 2.1. (i) [Schauder|[[17]: Let X be a Banach space and Q@ C X a nonempty, bounded,
open and convex subset of X centered at zero point. Let T : Q — X be a completely
continuous operator with T(Q) C Q. Then T has a fized point in Q.

(ii) [Schaufer][17]: Let X be a Banach space and T : Q — X be a completely continuous
operator with Q@ = {x € X : © = ATz for some X\ € [0,1]} is bounded. Then T has a fized

point in €.
Define
L(tyterr] € Co(ts7ts+1], s e,
x/(ts,t5+1] € C%ts,ts11],s € Z,
X=1z: the following limits exist:
lim z(t), lim p(t)2'(t),s € Z,
t—td t—td
m 2@ p(t)z'(t)
t—lzgloo oo(t)’ t—liﬂ:moo @—1(o1(t))
and
Y(ta,tagr] € Co(t57ts+l]v s € 2,
yEts,t5+1] € Co(t57ts+1]7 s € Z7
y — : the following limits exist:
lim y(t), lim o(t)y'(t),s € Z,
t—td t—td
; y(t) : o(t)y'(t)
t—lggloo 7o(t)’ fl}I:Eloo w=1(71(t))
For z € X, define ||z|| = ||z||x = max<{sup 28l gup LB O] For y € Y, define
' * ter 07 g TN ®) [ ’
_ _ ly(®)] o)y’ ()]
y|| = ||y|ly = max < sup , SUD G—1(x .
Il =l = ma {sup B33, sup 20234
Lemma 2.2. Suppose that fioo st is convergent. Then X is a Banach space with the

norm || - ||x and Y a Banach space with the norm || - ||y. E = X x Y is also a Banach space
with the norm ||(x,y)|| = max{||z||x, ||y|ly } for (z,y) € X x Y.

Proof. In fact, it is easy to see that X is a normed linear space. Let {x,} be a Cauchy sequence
in X. Then ||zm — xn|| = 0, m,n — +oo. It follows that

sup ENG)

teR

— 0,m,n = +o0,

Jim 2@lek (O =z, @]

terR 27 (o1(®) — 0,m, n = o0.

Divulgaciones Matematicas Vol. 17 No. 1(2016), pp. 46—75



Existence of positive solutions of BVPs for coupled impulsive differential equations 53

So

[zm (£) =5 ()]

Sup oo(t)

tE(ts,tst1]

— 0,m,n = +o0, s € Z,

Qfm(t)_ lim Tn(t)

n — X0
A S A S| 0men = oo,

p(O)|z, ()=, (t)]

te(tlgltﬂsm o oy~ 0,m,n — +oo,
lim I’(t)ﬁﬁn(t) — lim f’(t)mln(t)

t=too 271O1(1)  yofoo TH(O1(D)

’—>0,m,n—>+oo.

Then both lim  lim 2% and lim  lim 289220 exist, Define
n—+oo t—+oo o0(t) nostoo totoo @ L(o1(E)

B lirrzr x(t),t = tg, B lirqr ' (t),t = ts,
z [ts,ts+1]<t) = t=ts T [tsats+1](t) = t7ts
x(t), t€ (ts,tst1]s 2'(t), t€ (ts,tst1].

z t Talig,i,p01(0) .
We know that ¢ — 2teterl® 5o ontinuous on [ts,ts+1](s € Z). Thus t — Toltes bl @ o

oo(t) oo(t)
Cauchy sequence in Clts,ts41]. Then %{t)“] uniformly converges to some Zg, in Clts,ts41]
t ’
as n — +oo. Similarly %&;“] uniformly converges to some Yo, in Clts,ts41] as n — +o0.
Define

‘TO(t) = TOs(t)a yO(t) = %s(t)v te (tsats+1]a s €Z.

Then xg, yo are defined on R and is continuous on (s, ts41] and the limits 1in£r xo(t), lim+ yo(t)(s €
t—td t—t?

Z) exist. Furthermore, we have nli}rfoo i’;((:)) = x0(t) and ngrfoo % = yo(t) for every t € R.
From SUPMW — 0,m,n — +o00, let m — +o0, we get sup |zo(t) — i:;((f)) — 0 as

teR 0 teR
n — +o0o0. So

. _ . . mn(t) _ . . Tn(t
g olt) =l lim e =0 IR m
exists.
Similarly we have sup |yo(t) — % — 0 asn — 4o00. So
teR
: _ ; Pz, (t) g ; p(t)zy, (t)
JSm vt = dim lim 35y = ln I s56im)

exists.
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Since for some ¢,, € R we have for t € (ts,ts11] that

() — 3 Awy(ty) — e, — [* Tl g

ts<t
< [ [ (s) = el g
= fi 1p((gs1 = p(sl)(il zg) ~ Yo(s )‘ ds
< L B s [ #5E - )

— 0 as n— +oo.

So lim [2,(t) = 3 Aw(ts) — ] = [ T00l) g5 Then

n—+4o0 to<t pLs

i _(o0(0an(t) ~ 5 Acofte)eafte) —ca ) = [, DLy

n—-4o0o to<t
Hence {7t — [0 (1) (1)) for all ¢ € (L, tes](s € R).

So t — o(t)xo(t) is an element in X and x,, — z¢ as n — +o0o. We know that X is a Banach
space. Similarly we can prove that Y is a Banach space. So E = X x Y is a Banach space. [

Lemma 2.3. Suppose that fjoo st is convergent. Then M C X is relatively compact

if and only if the following items valid:

(i) Both {t — f(t) RS M} and {t — % x e M} are uniformly bounded.

(ii) Both {t — f(t) cx € M} and {t — % cx € M} are equi-continuous on (ts,ts11]
(s €Z).

(iit) Both {t — 2l e M} and {t — % cx € M} are equi-convergent as t — too.

Proof. (<). From Lemma 2.2, we know X is a Banach space. In order to prove that the subset
M is relatively compact in X, we only need to show M is totally bounded in X, that is for all
€ > 0, M has a finite e-net.

Given & € M, for any given € > 0, by (i)-(iii), there exist constants A > 0,d > 0, and positive
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integer sg such that

z(u1) _ x(u2)

oo(u1)  oo(uz)

< g, ur,ug Stog, OF Up, U 2> Lsy,

P(ul)x/(ul) _ P(uz)x’(uz) ‘ S %’ U1, U S tfso or U1, Us Z t807

“P*I(Ul(ul)) =1 (o1 (u2))

ol = o {sup 20, sup 2220} < 4

Ho1(1))
% — % < 5, ur,ug € (s, tsy], Jur —ua| <90, s = —s0,—80+1,--- ,50 — 1,
’5(—1?(2((51% ‘ii’i (55)) < §yut,u2 € (ts toq]s Jur —u2l < 6,8 = —s0,—so+1,--+,80 — L.

Define X|j,_ sorta0) {x|[t7507ts01 tx € X}. For x € X|[t7507t50], define

[|z||s, = max sup 2Bl gup QAR
" t€lt-sgstog] " bl gty T )
Similarly to Lemma 2.2, we can prove that X};__ : | is a Banach space with the norm [ 1]s0-
Let Mlj;_, +.,) = {t = x(t),t € [t_so,ts,] : @ € M}. Then M|;_, ;1 is a subset of
Xl
X|[t_50,t50]. Thus, there exist x1,x2, -,z € M such that, for any x € M, we have that there
exists some i = 1,2, --- , k such that

sortsol” By Ascoli-Arzela theorem, we can know that M|[t—sowtsg] is relatively compact in

| (t) —: (t)] p(t)|z’ (1)~ (t)] e
T — Ti||s, = Max sup e sup f’ < 3.
H H ’ {te[t_so,tso] o® tE[t—sqstsg] e el) } v
Therefore, for x € M, we have that
x(t)—x; t)|x' (t)—x; (t
e — 2l x :max{§2£| 0 oup 1) ()= )}
<max{ sup EO=mOl g BO-nO] g leO-n@)]
s retg o(t) bt aq tog] a(t (>t a(t)
Pz’ (t) =3 (t)] pla’ (t) =z (t)|z’(t) p(t)|z’ (t)—x;(t)]
tg{pso ®=T(01 (1)) ’te[i‘:ftm] (01 (1)) ’f;fo =T (01 (1)) }
We have that
sup 12O-z:®l < sup z(t) _ w(t—s)

Uo(t) ao(t)  oo(t—sg)

t<t_qq t<t_
w(t_sg)  Ti(t—sg) Ti(t—sg)  wi(t) € | € € _
+ GO(t—SOO) Go(t_SZ) + t<sup ao(t_,:;) o0 (t) <gtsts=
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Similarly we can prove that

t:?_p @P(f%il((tt))) <e t;uPU Ix(tgo(m;(t)\ <e tiltp p(t)\w ((tgl(ﬂtﬂ))(t)l <e
Then ||z — z;||x <e.
So, for any € > 0, M has a finite e-net {U,,,Uy,,- - , Uy, }, that is, M is totally bounded in
X. Hence M is relatively compact in X.
(=). Assume that M is relatively compact, then for any e > 0, there exists a finite e-net of
M. Let the finite e-net be {U,,,Us,, -+ , Uy, } with ; C M. Then for any x € M, there exists

U,, such that x € U, and
[z < |lz — @ | + ||2i]] < € + max {||zy]| : i =1,2,--- ,k}.

It follows that {||x|| : « € M} is uniformly bounded. Then (i) holds.

Since the limit lim £ exists, then
t—tg
im 20 = o0y
ﬂ(tg) - tlfﬂ IO % _ tlirfi Ty = s
70 (t) e t)a' (t
:0(t)7t E (ts>ts+1] %,t 6 (t87t5+1]

are continuous on [ts,ts11]. So for any € > 0 there exists § > 0 such that

fl(ul) o fl(ug)

oo(u1) oo(uz) <6
p(u)Ti(u1)  p(u2)T;(u2)
‘@ﬂm(m)) (o (u2))| < ©

for all uy,ug € [ts,ts41] with |u; —us| < 6 and i = 1,2,--- k. Then for any € > 0 there exists
6 > 0 such that
solun) ~ solua)| <6
plur)z’ (u1) pluz)z’ (uz)
|l - gl <,

for all uy,us € (ts,ts41] with |ug —ug| <dand i =1,2,--- k.
For € M, there exists a ¢ such that € U,,. Then we have for uj,us € (ts,ts11] (s € Z)
with |u1 — UQ| < ¢ that

w(u) _ w(uz) z(u1) _ wi(ul) wi(uy)  mi(ug)

zi(u2)  z(ug)

oo(u1) oo (uz) oo(u1) oo(u1) oo(ur)  oo(uz) oo(uz2) oo(uz) < 3e.
{t — ((t)) x € M} is equicontinuous in (ts,tsy1]. Similarly we have {t — % tx € M}

is equicontinuous in (ts,tsy1]. It follows that (ii) holds.
Now we prove that (iii) holds. It is easily seen that there exists a positive integer sy such
that

X, (ul) X, (ug)

O'o(ul) O'g(uz)

<€
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for all uy,ue <t_5,,i=1,2,---,k. For z € M, there exists a 4 such that z € U,,. So
z(ur) _ z(u2) z(ur) _ xi(ua) zi(u1)  mi(uz)
oo(u1)  oo(uz)| = |oo(u1)  oolui) ogo(u1)  oo(uz2)
z;(u2) z(u2)
oo(u2)  ooluz) < 36, ur,up S tog,.

Then {t 2 e M } is equi-convergent as t — —oo, similarly we can prove that is equi-

oo(t)
convergent as t — +oo and {t — % rxeM } are equi-convergent as ¢ — £oo. Hence

(iii) holds. O

Lemma 2.4. Suppose that fioo %ds is convergent. Then M CY is relatively compact if

and only if the following items valid:

(i) Both {t — g)((tt)) Ty € M} and {t — % ty € M} are uniformly bounded.

(it) Both {t IO M} and {t — % [y € M} are equi-continuous on (ts, tei1]
(s e ).

(ii1) Both {t — fo((tt)) ty € M} and {t — % ty € M} are equi-convergent as t — Foo.

Proof. The proof is similar to Lemma 2.3 and is omitted. O
In the sequel, we suppose that fjoo %ds and fioo %ds are convergent.

Lemma 2.5. Suppose that y € Y. Then u € X is a solution of BVP

[@(p)u' ()] +p(O)f(t,y(t),4'(t) =0, ae teR,

lim u(s) =0, lim p(t)u'(s) =0,

t——o0 t—+o00
(2.8)
Au(ts) = AO,sIO(tsa y(ts)ay/(ts))v ERS Z’
Aq)(p(ts)u/(ts)) = Al,sll(tsa y(ts)vyl(ts))v seEL
if and only if
u(t) = tzd Ao,sIo(ts, y(ts),y'(ts))
(2.9)

Ty <fj°° p(u) (), () ) — 3 ALJ-h(tj,y(tj),y'(tj))) ds.

tj>s
Proof. Fix y € Y, then

= max < su |y(t)| su g(t)|y’(t)| =r oo
lslf = {p r0t)" ek w—1<n<t>>} R
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Since f is a strongly p—Carathéodory function, then there exists nonnegative number M, > 0
such that

. . -1 T ’
7000 = 1 (1l 565 245 0 =0

t——o0

(2.10)

—1 T ’
£ ty(@),y' )| = |f (£ ro(0) 28, T 2Or B < 1t e R,

Furthermore, Iy, I; : {t; : s € Z} x R? — R are discrete o—Carathéodory functions, then there

exist nonnegative constants Mo ., My, > 0 such that

o (ts,y(ts), ' (ts))] < Moy, s € Z,
(2.11)

|Il (t57y(ts)ay/(ts))| < Mi,,s €Z.

Suppose that v € X is a solution of (2.8). Then from the boundary conditions we get that

B(p(t)'(t) = ;7 p(r)f (r,y(r), o' (r))dr — t; ALty y(t), 4/ (t5)), t € R.

’U,/(t) = ﬁé_l ( t+oop(7")f(7“7y(7“)7y/(7"))d7“ - Z Al,jll(tj7y(tj)7yl(tj))> .

ti>t

It follows that
u(t) = Z AO,SIO(tsvy(ts)ay,(ts))

te<t

+ffoo p(ls)q)il <f5+oop(u)f(uay(u)vy/(u))du - Z Al,jll(tjvx(tj)7y(tj))> ds.

tj>s
So u satisfies (2.9). We now prove that v € X. In fact, we see that

u|(ts,ts+1]7 pul|(ts,ts+1] € Co(tsvts-l-l]a s € Za

lim u(t), lim p(t)u/(¢)(s € Z) exist.

t—td t—td

Now we prove that

lim 20w g (2.12)

: u(t) _
lim =0, Jm 5=y

t—=oco 70(t)

Once sees for t € (ts,ts11] that

Mo, 3 Ao Jle ,J(ls)q)_1<fj°° P(H)MrdqutgsAl,ij) ds
Ju(t)] < ts<t + 2
ool = T L=

oo p(u) o p(u)

s Ae, e pgs)qfl(.fj“p(u)Mrdu+tz>SA1,jM1,,»>ds
j,

Jj=—o0
S MO,r 1+f15 du + 1+fi du

oo p(u) oo p(u)
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Since

Z Ao, j A
lim — = lim ——/—%5—-=0
s—+o0 1+ftoo pﬂ(lu) s——+00 fts i p(fu) ’

I st (f:rm p(w)Mpdust 3 Al,le,r> ds
=

lim
t——+oo [T 50y

= lim &~ (f—i-oo (u)MTdu—l— Z ALjMLT) :O,

t—-+oo t;>t

then lim =% — 0. One sees for ¢ € [ts—1,ts) that
ttoo o0(t)

, S LA p(r) f(ry(r),y (r)dr+ 3 Al,le,r>
p(t)|u' ()] < tg>t

-1(01(t)) — @*1(1+ft+°o p(s)ds)

R ( £ D) (). (r)dr 22,40 )

1+ft < p(s)ds + Ml,r 1+f+°° (s)ds

“+oo
Z AlJ
—1 | S () fry(r).y (r)dr
S(b 1+f+oo (s)ds +M17"1+f+oop( Yds

Since

oo p(r) F(ry(r),y' (r))dr
lim L Py (mydr e Ft,y®),y'(t) =0,

t——00 1+ f;7° p(s)ds t——o0
+o0
2 A
lim —2—— = lim S ——
s——00 1+f p(s)ds §——00 1+ftt:+l p(s)ds ’

then tl}il_noo % = 0. Tt is easy to see from wu(t) and p(¢)u/(¢) that tl}I—noo ;‘0((';)) = 0 and

: pH)uw'(t)
tl}g}w B-1(01 (1) = 0. Then u € X.

On the other hand, if u satisfies (2.9), we can prove that u € X is a solution of BVP(2.8)
easily. O
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Lemma 2.6. Suppose that © € X. Thenv € Y is a solution of BVP

[ (o) )] + q(t)g(t, z(t), z'(t) =0, a.e.teR,

lim v(s) =0, lim p(¢t)v'(t) =0,

t——o0 t—+o00
A”U(ts) = BO,SJO(t&x(tS)v'T’,(tS))v s € Zz

qu(g(ts)v/(ts)) = Bl,le(tsﬂ x(t5)7x/(t5))’ s€Z
if and only if

’U(t) = Z BO,sJO(tmx(ts)»x/(tS))

ts<t

t;>s

t _ “+ o0
+f—oo ﬁq} ! (fé q(u)g(u,x(u),x’(u))du— Z Bl,jjl(tj7x(tj)ax/(tj)>
Proof. The proof is similar to that of the proof of Lemma 2.5 and is omitted.

Define the operator T on E by T(z,y)(t) = (T1(z,y)(t), To(x,y)(t)) with

T1($,y)(t) == E AO,sIO(tsay(ts)ay/(ts))

ts<t

ot (fjw p(u) f(u,y(u)y' (u)du— 3 Al,jll(tj»y(tj)vy,(tj))>
t ths
+f700 FO) ds,

and

Tg(x,y)(t) = Z BO,SJO(tmx(ts)am/(ts))

ts<t

I q(u)g(uw(u),w’(u))du—g Bi; Jl(tj,a;(tj),;c’(tj))>

o) ds.

+ W<

Lemma 2.7. The following results hold:

(i) T: E — E is well defined.

(2.13)

(2.14)

(2.15)

(2.16)

(ii) (x,y) € E is a solution of BVP(1.5) if and only if (x,y) is a fized point of T in E.

(iit) T : E — E is completely continuous.
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Proof. From Lemma 2.2, E' is a Banach space. From Lemma 2.5 and Lemma 2.6, we know that
(i) and (ii) hold. Note Lemma 2.3 and Lemma 2.4, the proof of (iii) is similar to that of the proof
of Lemma 2.4 in [32] and is omitted. O

3 Main Theorems

In this section, the main results on the existence of solutions of BVP(1.5) are established. To
establish the first result, we need the following assumption:

(A) There exist nonnegative constants A4, ; > 0,B1; > 0(j =0,1,---,m), a;; > 0,b; ; >
0(¢=1,2,j=0,1,---,m),and 7, ;,03; > 00t =1,2,j =1,2,--- ,m) satisfying

7 (b (¢, i)

m
o (Al,o + > Ay jlul™ v"ld’) ,u,v € Rja.e. t € R,
j=1

glt,oo(t u,wv <V | B+ By j|u|™i|v|?27 | ju,v € Rya.e. t € R,
p(t) 5 = 3J

m
I (ts, ot )u, 28 D0) | S aro + 3 anglul o], w0 R s €2,
j=1

Jo (t&UO(ts)u, Wv)‘ <bio+ Y bijlu/™7 w7, u,v e R, s €Z,
s =

I (tsﬂ'o(ts)u, Wv)‘ <o <a270 + > a27j|u71vj|v|"1~i> ,u,v € R s € Z,
s ~=

Ji (ts, 00(ts u,wv <VU[byg+ bo_ilu|™d |v|723 | ,u,v € R, s € Z.
p(ts) s = »J

We denote
o=max{m ;+ 01, To;+02;: j=1,2,---,m},
=—oo AO s
Ay =sup ﬁa
scZ o p(u)
Foo (u)du)
By = sup L f (s ds,
teR 1+f o 70 VT p(s)

et Zt- sA ¥
du fioo ( p(f) 1 )ds,

oo p(u)

Cy =sup
teR

1+ft
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_ —1 ff p(u)du
Dl_Uqlilel]gq) (1+f+°° e)ds)’

Z SlA]
Ey =04 sup®” <M>7

SEZL
Py = Aja1,0+ (B1+ D1)A1 o + (C1 + Ev)asg,,

Q= Aja1;+ (B1 + D1)A1; + (C1 + Er)az;,i = 1,2, ,m

and . 5
Ay = sup Sisg= 22
? sEIZ) 1 2t
. t \Il_l(f:w q(u)du)
By =sup im0 0,
71(2}-25 Bu)
Ca=mp gy gy S it
_ —1( _JF=a(w)du )
Dy = o sup ¥ (Lt
_ -1 E] s+1 By »J
Ey = oy, ilellz)‘l’ <1+ft = q(s)ds> ’
Py = Asaz o+ (B2 + D2)By g + (C2 + E2)ba o,
sz = A2a/2,i + (B2 + DZ)Bl,i + (CZ + E2)b2,i,i = 1) 27 cee,Mm,
A= max{Pl, PQ},
m m
B:max{ZQll, > Qf}
i=1 i=1
Theorem 3.1. Suppose that (a)-(g) and (A) hold and ffoo %ds and ff %ds

are convergent. Then BVP(1.5) has at least one positive solution if
(i) 0 €(0,1) or

(ii) c =1 and B< 1 or

(iii) o > 1 and B(A+ B)7~! < e=0"""

Proof. We will apply Lemma 2.1 to show the results. Let X,Y, E and T be defined in section 2.
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From Lemma 2.7, T : E — E is a completely continuous operator and (z,y) € E is a solution of
BVP(1.5) if and only if (z,y) is a fixed point of T in FE.
For (z,y) € E, we have

_ 20| W)z’ (1] ly()| Wlyol | _
Iz, y)l| = max {igﬂg w0t U &t 0y SUP 7ory» SUP 5—1&1@))} =r < too.

So

N 1 T ’
(5,50 = |1 (£ o(0) 185, L@ oQU 0|

m>

<o <A1,0 + A1,j|y||”*j+"1’f> ,a.e.t € R,
=1

1,5

@)

To(t)

o)y’ ()
v (71()

<o (Al,() + > A
i=1

i=
g (&, x(t),2'(1)| < ¥ (Bl,o + 2 Bl,j||$|T2’f+”2’j> ,a.e.t €R,
j=1

m
o (£ y(ts), y' (E))] < ar,0 + 30 ajllyl|™o 77,5 € 2,
j=1

| Jo (ts, z(ts), ' (ts))] < bio+ o byjllz||™94729, s € Z,
j=1

11 (ts,y(ts),y' ()] < @ <a2,0 + 2 azjll?/ll“"*‘””’) ;8 €L,
j=1

|J1 (ts,l‘(ts),w/(ts))l <y (bg)o + Z bg)j |.’17||T2’j+02’j> .5 € L.
j=1

One knows that

1, 1<p<?2,

¢p(u +v) < Up[ﬁbp(u) + ¢P(v)]’u’v = 0 with o, = { 2p—1 p =2

Then (2.15) implies for ¢ € (ts,ts41] that

T1(x,1
PEB < S 3, Aol Toltss y(t), ¥ (1)

oo oo 727 (fj“p(unf(u,y(u),y'<u>>|du + Y Ay

tj ZS

h(zrj,y(tj),y/(tj))) i
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S oo Aoys UL ) .
S?mfi’@w+2amwwﬁ”)
P =1

oy ! (u)du Tl ido1
i S T (A + 3 Al )

—oo p(u)

—oo p(u)

o t o~ Zf qu] - o
LT el A (Ey: (a2o+ 22 azllyl|™ " “)
< A (a1 o+ Z ay||(z,y)||™ it ‘) + B (Al,o + > A1,i||(5€7l/)|71’i+01‘i)
i=1

+6'Quw+2ammxynﬂ*ﬁj

i=1

m
< P+ 3 Qi gt

i=1
On the other hand, we have for ¢ € (¢;,ts41] that

M
1(o1(1))
_ +o0
s@@w¢«tpwmwmmmmﬂgmmwmmwwo
32
1 [ L e 3 mite
<o (Lt (s i)
—i—M@ as o + Za || ||7'1J+‘711
LT p(yds © | 420 2llY
J+ p(u)du UL ) T1,;+01,5
< Jq(I) (m) <A1,O+]§1A1,J||y|| b v
— 27 a1 AL s T1,jT01,5
+0o, 07! (M) <a2,o +j;1 az,j|ly||™F “)

m m
(Ao B Ayt ) 4 B (oo + £ anllleros )
i=1

i=1

<Pt 3 Qi@ gl
=1
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It follows that

sup [T1 (@, y) ()] < P + ZlQill(:c,y)l\“”*‘“'i- (3.17)
€ i=
Similarly we get
sup [To(z, y) (1) < P>+ ZIQ?II(% Y[t (3.18)
€ i=

It follows from (3.17) and (3.18) that
(T1(, y), To(z,y))|| < A+ Bmax{||(z,y)||”, 1} < A+ B+ Bl|(z,y)||°.

(i) o€(0,1).
Since o € (0,1), change 79 > 0 such that A+ B + BrJ < ry. Let Qp = {(z,y) € X x Y :
|(2,y)|| <ro}. Then we get

[(T1(z,y), Ta(x,y))|| < A+ B+ Brg < ro.

So TQy C Q. Thus Lemma 2.1 implies that the operator T has at least one fixed point in
Q. So BVP(1.5) has at least one solution.
(i) o =1and B < 1.

Let 7o = 4+ such that A+ B+ Brg = ro. Let Qo = {(z,y) € X xY : [|(2,9)|| < ro}. Then
we get

| T (2, y), Ta(z,y)|| < A+ B+ Bro < ro.

So Ty C Qp. Thus Lemma 2.1 implies that the operator T has at least one fixed point in
Q. So BVP(1.5) has at least one solution.
(ili) o >1and B(A+ B)°! < ="
1

P

Let 79 = (%) ° . Tt is easy to show from %

Qo ={(z,y) € X XY :||(z,y)|| <7o}. Then we get

< & that A+ B+ Br§ <ro. Let

Ty (2, y), Ta(z, )|l < A+ B+ Brg <ro.

So TQo C €. Thus Lemma 2.1 implies that the operator T has at least one fixed point (x, )
in Qy. So BVP(1.5) has at least one solution (z,y).

Since Iy, Jo, f,g are nonnegative functions and I;,.JJ; are non-positive functions, we know
by the definition of T'1,T5 that (x,y) is a nonnegative solution of BVP(1.5). Furthermore, if
there exists £ € R such that [z(#)]? + [y(£)]?> = 0, suppose that ¢ € (ts,ts11] for some s € Z,
from [B(p(t)a' (1)) = —p(t) F(t, y(t),y'(£)) < 0 and [W(a(®)y ()] = —a(®)g(t 2(t),2'(1)) < 0,
I, J; are non-positive, we have p(¢)2’(t) and o(t)y’(t) is nonincreasing on R. From the bound-
ary conditions in (1.5), we have p(t)z'(t) and o(t)y’(¢t) are nonnegative on R. Since Iy, Jy
are nonnegative and z,y are nondecreasing on R, we have z(t) = y(t) = 0 on (ts,t]. Then
p(t)f(t,0,0) = q(t)g(t,0,0) = 0 on (ts, t], a contradiction to (d). Thus (z,y) is a positive solution
of BVP(1.5). O
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Theorem 3.2. Suppose that (a)-(g) hold and there ezist non-decreasing functions My, , M z,, My,
and My, , Mg, My : R3 — [0, +00) such that

7 (b (b, i)

< My(|ul, [v]),u,v € R,a.e. t €R,

g(ta (t)u wv) < My(Jul, |v]),u,v € Rya.e. t € R
» 00 ) (%) = g ) y Uy ) )

Lo Caltely)| < My, (ful, ol), w0 €R, 5 € 2,

Iy <t8a70( o

=S

(tsa oo

~
=

 EGltel )| < My, (jul, Jol), w0 € Ry s € Z,

ts)u,

(ts)u, %v)‘ < My, (|ul, |v]),u,v € R, s € Z,
<ts,'ro(ts)u

(ts)u

J1 (ts,ao ,wv)‘ < My, (ul, |v]),u,v € R, s € Z.

P(tS)

Then BVP(1.5) has at least one positive solution if

L +oo I \rl((f%(s»ds > B
s 1 — oo o(s s=
v | M) 2, Bost | L sup ===t P T, a7 (12T
(3.19)
-1
St Ao g,
+ | 14sup —=——2>—— | M, (r,r)| <1,
( 1R 70(t) g( )
and
L +oo It ¢71((”%(S))ds iﬂfh,s
: 1 . — oo p(s . s=
L | Mio(nr) 20 Ao+ | 1+ sup =530 SUP T o 11 (1T
(3.20)

ft ¢71(01(5))ds
+ | L sup === —— | My (r,7)| <1

Proof. Consider the set Q = {(z,y) € X xY : (x,y) = AXT'(z,y), A € [0,1]}. For (z,y) € Q, we
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have by the definition of T’

[@(p(t)z" ()] + Ap() f(t,y(2),y' (1)) =0, ae tER,
[T (o(t)y ()] + Ag(t)g(t, z(t),2'(t)) =0, a.e.tER,

lim z(¢t) =0, lm p(t)z'(t) =0,

t——o0 t——+oo

lim y(t) =0, lim o(¢)y'(t) =0,

t——o0 t—+4oo
Ax(ts) = )‘AO,SIO(t57y(ts)»y/(ts))v AD(p(ts)z'(ts)) = )\Al’sfl(ts,y(ts),y'(ts)),S €Z,

Ay(ts) = ABo,sJo(ts, x(ts), ' (ts)), AU (o(ts)y (ts)) = AB1,sJ1(ts, x(ts), 2 (ts)), s € Z.
From the assumption, we have

If &y(@), 9 (@) < My(llylls [lyl]), ae t €R,
lg (¢, 2(t), 2 (1))] < My([|z]], [l]]), a.e. t € R,
Lo (ts,y(ts), ' (t:))| < M ([lyl], [1yll), s € Z,
[Jo (ts, w(ts), &' (8s))] < Mo ([[]], ||2]1), s € Z,
11y (te,y(ts), ' (t:))| < M, ([lyl], [1yll), s € Z,

|J1 (ts,x(ts),x’(ts)ﬂ < MJ1(||xH7 HxH)»S €ZL.

Then
) = | e ¥ (5)ds| | 5 Mo To(ts,y(t), 9/ (15)
< s [ SRR A + 2 Ao Holts (t),/ (1))
01(s)) (®)|=" ()] ly(ta)l  elta)ly’ ()]
< ot oo 0 dssup 5oy + 2, Ao M o (6 )
< ot [ T s sup $REG + 5 Ao, (lyl] i)

Since lim o¢(t) =0 and lim o¢(t) = 400, we have
t——o0 t——+o0

s I B s = lim 07 (04 (1) = 1.

t~>+oo t——+oo
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Then
. Jt 2lee g, N oo
) < sup == sup QS + M (ol ) 3 Ao
Similarly we have
It \P*Q(rsl(s»ds +oo
O < up o= up LW O 0L (] ) S A

teR teR s=—00

On the other hand, we have for ¢t € (¢x, txt1]

(e )] _ ¢ ( LOIELO] )
o1(t) @1 (o1(t))

< 5w 2 ARG )] + 55t [ Ip(s) 1 (5,0(5), /() lds

< 5w EtAls\fl( () Y AN+ 55 [ Ip(9)]1f (5, 9(5), 9/ (5)) s
+oo ,
< 1 lyta)l  o(ta)ly’ (ts)] y(s)| ey’ ()]
- lJrftk+1 p(s)ds ‘g:%:+1 AlwsMII (‘ro(ts) P W (7 (ts ) f |Mf (T (s)” \p—l(fl(s))) ds

+oo
1 1 +oo
S T )i Sz%lAl’sM“ (Ul N1l + @ Jo ()M (lyll, [1yl]) ds

th41

< =Ry .
S SUD T M ([yl]; yl) + My (lyll, [yl

It follows that

+oo
j2(1)] I e A >
oo(t) = SUP o (0) f e it vas M (1l i) + Mo ([l ||y||)s=X_IOo Ao,

[l g
+sup =S M (|lyll [ 1yl]) -

Hence

P x!
x| = maX{fgp bl up | <P<t>(t)<t>>|}

o1

+oo
+oo e <o%< ) gs 2 A
< My (lyll-llgll) 20 Aos + | 14 sup ==z SUP = ptwras 1 Il 111
It ’1((01)(5)) ds
| 1+ sup == My (|lyll.llvll) -
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Similarly we have

+oo

+00 [ 1((7'1)( ) gs ;ﬂBl,s
<M B 1 = 2 — M,
Iyl < Moo (Jlzll. l2fl) 35 Bo.s + |1+ sup 0] SUP T, a0 7 (], [|[])
A= 1((T1>(3) ds
{1 sup L= e g (a2 ).
teR
Case 1. If ||z|| <|lyl||, then
+oo
+00 It <r§< D gs o, B
ol < Ml ) 55 Bo {1+ sup E=g vy o8, (ol
ft Lry (s $)) ds
1+?€1§+§)) My Iyl [lyl]) -
From (3.19), then there exists M > 0 such that ||y|| < M. So
+oo
400 It ©71((U,1)(5))ds . Zk:+1A1 s
HZL’H SMIO(MaM) Z A(LS+ 1+sup —= Uo?t&) sup +f p(s)ds MI(MaM)
s=—00 teR keZ tk+1

gt 1<(ol><))ds
1+2161£T”(t) My (M, M).

Then Q = {(z,y) € X xY : (z,y) = \T'(z,y), A € [0,1]} is bounded. Hence Schaufer’s fixed
point theorem implies that 7" has a fixed point (z,y). Similarly to Theorem 3.1, we can prove
that (z,y) is a positive solution of BVP(1.5).

Case 2. If ||y|| < ||z]|, then

oo

+00 st 1<ol)<s>>dq g%lfh,s
II»”CHSMzo(llx\l,l\wll)sgwflo,s+ L+ sup o0 () SUP T P My ([l [|])
I ‘Vl(("g(s))ds
{14 sup = M (]l
From (3.20), then there exists M > 0 such that ||z|] < M. So
+oo
400 JrE 1<(r§< ) gs %ﬂBLs
<My (M,M B 1 - s = My (M, M
Iol) < Mo M) 2 Bt {15 =t | R o a7 (0D
S <(n)< ) 4s
+ 1"‘?2}}2# Mg (M, M).
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Then Q = {(z,y) € X XY : (z,y) = \T'(z,y), A € [0,1]} is bounded. Hence Schaufer’s fixed
point theorem implies that 7" has a fixed point (z,y). Similarly to Theorem 3.1, we can prove
that (z,y) is a positive solution of BVP(1.5). O

4 An example

In this section, we present an example to illustrate the main theorems.

Example 4.1. Consider the following problem consisting of the differential equations

1,1 2t/ o1y 3
[(e7ta’())3]) + e 2 (Al o+ A (%) (ﬁ) > =0, aeteR,

(4.21)
—2t, 1 (4\\5)/ 4 o—2t a(t) \ ™! carw) )7 ’
(/)] + e (Buo+ B (55) (g —0, aeteR
the boundary conditions
. _ : tod () — : 21 (1) —
Jim a(t) =0, lim e'a!(t) =0, lim y(t) =0, lim e*y'(t) =0, (4.22)
and the impulse effects
s T1,1 e—Qa‘ IS 71,1
Aote) =2 [ovo v (2425) ™ ()]
Tl 1 —2s /( ) 1,1 3
Ale=5a2/(s))3 =27° (a20+a21 ezs (5 Hy ) ) ,SEZ,
(4.23)

(s 72,1 e Sx /
Ay(s) = 3° {bLo +b11 (H(-e) ) ( 5 1+1e—2e> ]

z(s 721 e Sz (s 721\ ©
A(e—st/(s))5 = (bz o+ bg 1 (#) (Vﬁ) ) .8 € Z.
Corresponding to BVP(1.5), we find that
ts =s, s €Z, (e) holds,

p(t) =e7t, o(t) =e 2, p(t) = e 2, q(t) = e, (a) and (b) hold,

AO,S = 2%, BO75 = 3%, Al,s =279, Bl,s =3"% s€eZ, (g) h()ldS7

Divulgaciones Matematicas Vol. 17 No. 1(2016), pp. 46—75



Existence of positive solutions of BVPs for coupled impulsive differential equations

71

One sees that

oo(t) =1+¢€t, o1(t) =1+ %673’5,

m(t) =1+ 5¢*, n(t) = 1+ e,
i V(e Y
ft,u,v)=(A1o+ Ay (W) Yirie ™ )

o2.1\ O
_ lu] )7 e'Jv] ’

J1,1
_ lul ™! s o]
Iy (ts,u,v) —al,O+al,1 (1+%e2ts W )

Jul T2,1 etslvl 72,1
Jo (ts,u,v) = b1+ b1 <1+ets) Yitie s ’
I'U«‘ T1,1 eztslvl 71,1 3
I (ts;u7'l)):— az0+ az1 (1+%62ts) W ’

g2.1\ O
_ lul )™ e’ o] ’
Ji (ts,u,v) = — <b2,0 +b21 (1+ets) W .

—1
£ (ro(tyu, =G0 | < (Ao + Avalulm 2 olr)?,

—1
g (ta oo(t)u, wv)‘ < (Bio+ Bl,1|u|72v1|v\"2,1)5 ,

Iy (ts, 70(ts)u, %UH < a1+ ay|u[™ v,
(ts

S

(ts,O—O )u,wv)‘ < b170+b171|u|72=1|v|"2’1,

-1
11 (0 e =2 20) | < (0o analul™ ool )',

-1
J1 (tS, oo(ts)u, WU) ‘ < (bag + bo1|u|™ |v|02,1)5 )

One sees that (d), (f) and (A) hold. By direct computation, we get

o =max{r1+ 011, 21 +021},

D S
Al —SHPT —Sup@ < 2,
SEL €L
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and

1

— 3 qup 3L o~ 3
B daup e < 3
3/ +00 54
Cy = sup — E'7:521d8— V2 bUP(I) <2
1 fe]lg 1+et J—oo e=? 1-In ¥/2 I+et 1-In V2’
+oo d
Dy = sup ¢/ =t p(u)du <1

teR 14 /7% p(s)ds

+oo j
2-7 —s
Elzsup #—sup327<2
Foo 2 Io—2(s+1) ’
sez \ 1T emds oy V 1Hae

Pr<2a10+ (14 35) Avo + (24 2855 ) az0 < 2a1,0 + 3441 + 3.Tas,

Ql < 2(11 1+ (1 + i) A1+ (2 + _\3/2 ) ag1 < 2(1171 + 3.4A171 + 3.70,271,

Z _ 37 335
AQZSHP71+1 o sup 1+1 = <3,
SEL SEL
B, — 5 _qup 5" _5_
2T s TR e S avm
2 t
C, = su 1 f szjgsjd_ \/? bup(;) < 25%
2= D e ) == 2 V3 S0P 145 S 27 V3

— sup et (e )
Do =sup ¥~ () <1

33 s—1
Ez = sup [ fe=nm <3
3
Py < 3@2)0 + (1 + \[) Bl o+ ( \/g[ ) b270 < 3&2’0 + 2-131,0 + 4.3()270,

5/3
Ql < 3@2 1+ (1 + \f) Bl 1+ (2_21:1/%/5 + 3) bg’l < 3042’1 + 2.1B171 + 4.3b2’1,

A= max{Ph PQ} < 204170 + 3.414170 + 3.7&2,0 + 3042’0 + 2.1B1,0 + 4.3()270,

B = max {Q%, Q%} < 2@1)1 + 3.4141)1 + 3.7&2,1 + 3@271 + 2.1B171 + 4.3()2,1.

By Theorem 3.1, then BVP(4.19)-(4.21) has at least one positive solution if
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(i) o €(0,1) or
(i) o =1 and 2a11 +3.4A11 +3.Ta21 +3az1 +2.1B11 +4.3b21 <1 or

(iii) o >1 and 2@1)1 + 3.4141)1 + 3.70,2’1 + 3a2,1 + 2.1B171 + 4.3()2}1(2@1)0 + 3.4A1)0 + 3.7&2707;{-
3&270 —|—2.lBl70 +4.3b2,0 —|—2a171 +3.4A171 —|—3.7a2,1 —|—3a271 +2.1Bl71 +4.3b271)‘7—1 < (070173.

Remark 4.1. Similarly to Theorem 3.1 in [32], we can establish existence result of solutions
for BVP(1.5) under the assumptions that both p(t)f(¢,u,v) and ¢(¢)g(t,u,v) are Carathédory
functions. Since both e~?! is not measurable on R, we know that both t — e=2!f(¢,u,v) and
t — e 2tg(t,u,v) are not Carathéodory functions. Then this kind of similar result can not be

applied to solve Example 4.1.
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