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Abstract

The magnetic spherical pendulum is a mechanical system consisting of a pendulum
whereof the bob is electrically charged, moving under the influence of gravitation and the mag-
netic field induced by a magnetic monopole deposited at the origin. Physically not directly real-
izable, it turns out to be equivalent to a reduction of the Lagrange top. This work is essentially
the log book of our attempts at understanding the simplest contemporary approaches to the
magnetic spherical pendulum.
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Una nota sobre el péndulo esférico magnético

Resumen

El péndulo esférico magnético es un sistema mecanico consistente de un péndulo con una
masa pendular la cual esta eléctricamente cargada, moviéndose bajo la influencia de la grave-
dad y un campo magnético inducido por un monopolo colocado en el origen de las coordenadas.
Fisicamente no es posible realizar el sistema debido a no haberse encontrado monopolos mag-
néticos en la naturaleza. El trabajo a continuacion es un intento por generalizar y entender un
simple sistema mecanico como lo es el péndulo esférico.

Palabras clave: péndulo esférico magnético, mecanica clasica, monopolo magnético.

1. Introduction This is an old and established problem of
classical mechanics which has been sub-
jected to very detailed treatment in numer-
ous textbooks (3-5). It is known that a full
quantitive solution of the governing equa-
tions requires the use of elliptic functions.
Many other generalizations of the problem
have been proposed to study more general
cases and come up with solutions some
physical or not (6).

In classical mechanics, the term
spherical pendulum refers to the configura-
tion consisting of a massive particle sus-
pended by a rigid weightless rod from a
fixed point and subject to constant uniform
gravitational field (1, 2). Equivalently the
spherical pendulum may be regarded as a
particle constrained to move on a sphere
under constant uniform gravitational field.
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An interesting if rather artificial modifi-
cation of the problem ensues if the massive
particle is also understood to be electrically
charged (7-9) and a magnetic monopole is
placed at the center of the sphere on which
the particle in question is constrained to
move. In this case the particle is subject not
only to the gravitation and the forces of con-
straint but also to the Lorentz force that acts
on charged particles that move in magnetic
fields. Clearly rather far fetched from a sci-
entific point of view, the problem has been
invented for the purpose of illustrating the
use of certain mathematical artifacts.

2. The system

For the standard spherical pendulum,
the horizontal coordinates x{f), y(f) could
written, with the adoption of a coordinate
system and a source of suitable time, in the
manner

x(t) = acos(‘(lyt), ylt) = bsin(?t), [1]

where g is a constant whose units are of an-
gular velocity, and the above expression rep-
resents a periodic movement whose trajec-
tory is an ellipse of semi-axes a and b.

For the spherical pendulum one finds
the motions equations:

T = mgcos6+ ml(é + (}Jz sin? 0) [2]
é—¢2 sinfcosf+w,sinf = 0 [3]
psin6 +20pcos6 = 0 [4]

where w, = g/ lis the natural frequency of
the system. The first of these equations [2]
defines the tension on the rope with the con-
strain r = L. Alternatively, the equations [3]
and [4] can be obtained directly with a La-
grangian formalism in spherical coordi-
nates.

In particular we are interested in how
the equations [2], [3] and [4], are modified in
the presence of a magnetic monopole with
coupling u located in origin, with an electri-
cal charge g in the particle, that is, in the
pendulum. The resulting magnetic induc-
tion is for monopole given by:

r_u
B=u——="r. (5]
I

Of course, under Lorentz’s force,
FB=qi'><B=%i'><r (6]

which act in the charged particle. Explicitly
the Lorentz’s force are:

—sin ¢ —cos 0 sin 0 cos ¢
;ﬂsi'xr=;ﬂ3 cos ¢ é—;ﬂs cosfsinfsing |p
0 sin? 6

(7]

Adding this force in the left side of
equation [2] and tacking inner product in
this modificated equation [2] with

—sing
cos¢
0

we obtain the modified form of [3] as

%9=29¢c050+6}sm0 [8]
ml
and taking inner product with

cosfsing
cosfcos¢
sin6

we obtain the modified form of [4] as
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—gsine— e sin0¢=é—¢2 sinfcos6. [9]
l mi*

We observe that [8] can be multiplied
with 0 and written also in the form

d .
dt[mlzgz&2 sin29+?gcost9}=0. [10]

Clearly the quantity within the brack-
ets is a conserved quantity.

However, it may no longer be identified
with the z-component of the angular mo-
mentum about the origin. A new contribu-
tion of the conserved quantities associated
with the magnetig monopole apear how are
expecting. In this case, is posible that the
energy associated to magnetic pendulum
change to.

The motion equation are direct
starightforward obtain in terms of the carte-
sian quantities, and are:

2

)"<+a)%x—;uTg(x2 +y?)x+ X

l4

+

G® + §%)x | quiboc+yy)l® - x*)
12 oml®y
Gux_

® x*>+y*)=0, [11]

and for y an similar equation.

For infinitesimal motions the cubic
terms can be negleted, in this case the equa-
tion [11], become into expression

2

d qu d 2
dtﬁx(t)-i-ml‘l ax(t)+wox(t)=0 [12]

wich solution is directly shown
x(t) = C,e!* Pt 4+ C, el P [13]

with

o fim \/q2u2—4m218w(2)
omi* " omi*

[14]

Note that for u = O we found the trivial
solution for the spherical pendulum making
use that the pendulum is started by a dis-
placement in the x coordinate and an im-
pulse in the y direction. This is a infinitesi-
mal solution determined by

x{t) = acoswt, ylt) = bsinwt, [15]

describing an ellipse whose axes lie along
the x and y coordinate.

In our case, the infinitesimal solution
for qu < 2ml*w o» provies the solution

x:= Ae” cos fit, y= Ae“ sin ft [16]

wich describe a region dominated for the
equation,

2 2

Xy Y o2t [17]

A% B?

3. Finite displacements

The effect of the cubic terms in equa-
tion [11] will cause to change slightly in fre-
cuency and introduces small higher har-
monic term. To account for this we intro-
duce a coordinate system x' and y’ that ro-
tate at angular velocity Q relative to the x, y
system

x = x'cosQt — y'sinQt [18]

y= x'sinQt — y'cosQt [19]

where in the rotating system the orbit is sta-
tionary and is described by

X' = acos wt+ small higher harmonics terms [20]

Yy’ = bsin wt+ small higher harmonics terms [21]

The new frecuency w differ slightly from
natural frecuency w,,.
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Ours strategy will be to require that
equations [19] and [20], satisfy the equation
of motion [11] for each harmonic and to look
in detail at the lowest harmonic. Combining
equation [19] and [21], our trial solution for
the lowest harmonic, is

x'=acoswtcosQt — bsinwt sinQt [22]

Yy = acoswtsinQt + bsinwt cosQt. [23]

By direct substitution of equation [22]
into the equation of motion [11], we verify
that our trial solution works, but only for
special values of Q and w. This substitution
is perfectly straightforward, but takes a few
steps. Some intermediate quantities are (see
eq. [24-28])

2

w
T2=——0(x2+ )x =
212 J

2
w
= m—g(—acoswtcosgt + bsinwt sinQt)

(b? sin? wt + a? cos? wt) [25]

2 +y?)
Ta= T
1 . .
=— F(—acoswtcoth +bsinwt sinQt)

(b2(aQ + bw)? +a?(bQ + aw)?) [26]

_ qulok+ yi)* - x?) _

T4

oml®y

qucoswtsina)t(b2 —-a?)

B ml®(acoswtsinQt + bsinwt cosQt)

(12 — (acoswtcosQt + bsinwt sith)z) [27]

92, 2

+

5= — ¥+ YT) Y ) __
2ml

coswt sinQt + (aw + bQ)sinwt cos Qt)

qu(b2 sin? ot +a? cos? wt)

2ml1®

((bw + af) x

(28]

Therefore, combining all the terms and
taking the lower-order harmonics (which in
this case will be terms of cos2wt, cos2Qt,
sin2wt and sin2wt, respectively) shall have
the following important equations, which
are the equations of motion for the spherical
magnetic pendulum:

l2

quia® — b?) b2+%+a29+ =0

2wab
3

[29]

a1t b2 812
4

+3+a2)mw(2) +2mié Q2 +w?)-—

3i*m((a® b?) ,
—t+— v+
2 |38 3

8abQuw
3

+Q2(p? +a2)]
+bquwa =0 [30]
quob®* +a* —4a’1? +4b%1%) -

41%mwQb? —a?)=0 [31]

Here, making use of the equation [29],
can be obtain the expression for the relative
velocity Q in terms of w, in this case

2ab
Q=—-dw, &= [32]
3a? +3b? +812

and making use of (30) elimining o for this
equation can be found that

TL= 5c+—qu4 x+wgx=
ml

qusin wt(aQ + bw) + ml* coswt(aw? +aQ? +bQw — awl)
- C

—qu(@aQ + bw) + ml* sin wtawQ + bw? + bQ? — w3b)
S1

mu

[ nQt

osQt [24]

mi*
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B~ aayw

2a 331
with de choice
2 2 2 2
e a+b+52(lz _3(a+b))+2ab5
4 4
[34]
ab
3 9 2 2
Y= g(a +b°)—1 [36]
and therefore
—B =+, 2 _dayw?
Q=—o PENP "o, [37]

2a

Therefore, the frequency of the rotated
system and the relative frequency, depend-
ing on the natural frequency v, the integra-
tion constant a and b, the length of the rope
[, the mass of the charge m, and the coupling
parameters of magnetic monopole g and w.
In addition, the coupling parameter is given
by equation [31], such that:

miéQ
gla? +b? —41*)

n=- [38]

4. Angle precession for spherical
magnetic pendulum

Since f is a function of , this value can
be inserted in the equation [37] and there-
fore is achieved immediately:

y 2abl?
Q = (3(1) , cCon D=————
\Do—q 0 (@?+b?-41?)

(391

Now the angle of precession for the
spherical pendulum is:

Q
0, =2xn— =2an s

40
W, Do-«a 140]

this concludes our consideration.

5. Conclusions

We get a solution of the equations of
motion for the spherical pendulum with a
magnetic monopolo localed in the origin of
coordinate system, such that the solution is
the analytical, ie without resorting to nu-
merical methods or computer, and the solu-
tion is cuasi-exact, under some minimum
conditions harmonics in the general equa-
tion of this dynamic.

In conclusion it can be seen that the fre-
quency of spherical magnetic pendulum is
given in terms of the natural frecuency
through the equation [40].

The coupling constant of a monopole to the
system is given by

ml®Q
q(a2 +b2% —41%)

u=-4

in terms of parameters of system a, b, w, and
length of the pendulum, as well as particle
charge.

Recall that the frequency of the spherical
pendulum in rotated system:
2,42
a”+b
w? = wg(l— —
8

2 , soif a=b=0, the sys-

tem does not rotated and the above equation
are: w = w,, the frequency is equal to the
natural frequency of the system (as ex-
pected). Now see if the frequency of the sys-
tem of the spherical magnetic pendulum
keeps this condition as well. Therefore, it
must meet the condition that if the pendu-
lum is not under the influence of monopolo
magnetic and whether a = b = 0, the fre-
quency should be equal to the natural fre-
quency of the system, in summary is due to
meet if =0, (without monopole) then
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o = w,. Wereplaced these conditions, and to
make this possible must be met:

2
y l
,/——=1=>,/—=1
a 12
Now in the spherical magnetic pendulum is
not conserved the momentun angle L,, but

a linear combination of this with specific pa-
rameters of monopole, see:

(}bsinz q+ %COSG = constant,
m

—— L, +qucosf = constant [41]
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