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Abs tract

The pur po se of this work is to in ves ti ga te on the phe no me non of front pro pa ga tion into
mag ne tic me dia. Here, we study the case when the mag ne ti za tion, M, is dri ven by a dc applied
mag ne tic field, H0, from the de mag ne ti zed to the mag ne ti zed sta te. A theo re ti cal mo del is pre -
sen ted for sol ving the Lan dau- Lif shit z- Gil bert equa tion (LLGE) in the fra mework of an effec ti ve
field that in clu des first or der cu bic, H1, inpla ne unia xial, HU, and sha pe ani so tropy fields, HD. It
is show that the dyna mics of the mag ne ti za tion is go vern by a diffu sion- reac tion equa tion, and
in the im por tant case of uni formly trans la ting pro fi les, this equa tion gi ves a fa mily of so lu tions
that des cri be har mo nic os ci lla ting (HO), dam ped os ci lla ting (DO), ex po nen tial fronts (EF), am -
pli fied os ci lla ting (AO), and dual front pro fi les (DF). Also of in te rest is the exis ten ce of a cri ti cal
front spe ed, v*, that se pa ra tes the dam ped os ci lla tions from the ex po nen tial fronts. In the case
of pu rely unia xial sys tems, this ve lo city is con nec ted with the exis ten ce of a non li near mar gi nal
sta bi lity point for front pro pa ga tion, and shows a strong de pen den ce on the re la ti ve va lue of the
ani so tropy cons tants of the me dium. When the crys ta lli ne ani so tropy over co mes the unia xial
field the mar gi nal sta bi lity point is not well de fi ned sin ce v* is pu rely ima gi nary and only ex po -
nen tial fronts are li near ly sta ble.

Key words: Fronts, mag ne tic me dia; mag ne tic wa ves; Landau- Lif shit z- Gil bert equa tion.

Pro pa ga ción de on das en me dios mag né ti cos

Re su men

El pro pó si to de este tra ba jo es es tu diar el fe nó me no de pro pa ga ción de fren tes de onda en
me dios mag né ti cos. Es tu dia mos el caso cuan do la mag ne ti za ción, M, evo lu cio na por la ac ción
de un cam po mag né ti co dc, H0, desde el es ta do des mag ne ti za do al es ta do mag ne ti za do. Pre sen -
ta mos un mo de lo teó ri co para re sol ver la ecua ción de Lan dau- Lif shit z- Gil bert (LLG) con si de -
rando un cam po efec ti vo que in clu ye las ani so tro pias cú bi ca de pri mer or den, H1, unia xial en el
pla no, HU, y de for ma o des mag ne ti zan te, HD. Se mues tra que la di ná mi ca de la mag ne ti za ción
está gober na da por una ecua ción de reac ción- di fu sión y, en el im por tan te caso per fi les uni for -
mes, se ob tie ne una fa mi lia de so lu cio nes que des cri ben os ci la cio nes ar mó ni cas (HO), os ci la cio -
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nes amor ti gua das (DO), fren tes ex po nen cia les (FE), os ci la cio nes am pli fi ca das (AO) y fren tes
dua les (DF). Es in te re san te la exis ten cia de una ve lo ci dad de fren te crí ti ca, v*, que se pa ra las os -
ci la cio nes amor ti gua das de los fren tes ex po nen cia les. En el caso de un sis te ma unia xial puro,
esta ve lo ci dad está re la cio na da con la exis ten cia de un pun to de es ta bi li dad mar gi nal no li neal,
con una fuer te de pen den cia en los va lo res re la ti vos de las cons tan tes de ani so tro pia del me dio.
Cuan do la ani so tro pia cris ta li na so bre pa sa el cam po unia xial, el pun to de es ta bi li dad mar gi nal
no está bien de fi ni do, ya que v* es ima gi na rio puro y sólo los fren tes ex po nen cia les son li neal -
men te es ta bles.

Pa la bras cla ve: Ecua ción de Lan dau- Lif sshit z- Gil bert; medios mag né ti cos; on das
mag né ti cas.

In tro duc tion

One of the most ex ci ting sub jects on
con den sed mat ter physics is that re la ted to
wave pro pa ga tion into mag ne tic ma te rials,
and re cently, the dyna mics of the mag ne ti -
za tion pro cess in mag ne tic sys tems has be -
co me an upda ted to pic. In tui ti vely, if a mag -
net is ini tia lly de mag ne ti zed, and when an
ex ter nal field is applied, the de mag ne ti zed
sta te be co mes uns ta ble and the ma te rial is
mag ne ti zed up to sa tu ra tion. Du ring the
mag ne ti za tion ro ta tion, and due to do main
wall mo tion, mag ne tic pul ses, fronts and
other pro fi les may pro pa ga te through a
mag ne tic me dium with a well de fi ned dyna -
mics, which leads to va rious non li near phe -
no me na. The se fronts are of many diffe rent
types: so li tons, shocks, dis si pa ti ve fronts,
uni formly trans la ting pro fi les, and appear
as so lu tions of a kind of non li near par tial
diffe ren tial equa tions ca lled in the li te ra tu re 
as diffu sion- reac tion equa tions (DRE) (1).
Nu me ri cal stu dies in vol ving diffu sion- reac -
tion equa tions in di ca te that the ve lo city of
the pro fi le of the se so lu tions is se lec ted via
some common dyna mi cal me cha nism, and
that this se lec tion me cha nism is always re -
la ted to mar gi nal sta bi lity (2).

On the other hand, a mag ne tic ma te rial 
exhi bit a non li near re la tion bet ween the
mag ne ti za tion and the applied mag ne tic
field that affect not only the swit ching pro -
cess, but also dis torts mag ne tic pul ses that
pro pa ga te through the me dium. Sin ce mag -
ne tic ma te rials are common ly used for te -

chni cal and prac ti cal appli ca tions, it is clear
that the study of non li nea ri ties in the se sys -
tems is of great im por tan ce.

In this pa per front pro pa ga tion in a
mag ne tic sys tem with unia xial and cu bic
crys tal ani so tro pies is con si de red. Ba sed on
the Lan dau- Lif shit z- Gil bert equa tion (LLGE) 
(3), we de ve lop a mo del for a mag ne tic sys -
tem in the pre sen ce of an ex ter nal mag ne tic
field, and show that in this fra mework the
dyna mics of the mag ne ti za tion is go ver ned
by a non li near diffu sion- reac tion equa tion.
The mo del is then sol ved nu me ri ca lly and
the re sults in ter pre ted in terms of con cepts
re la ted with fronts pro pa ga ting into an uns -
ta ble sta te. It is also found that the ve lo city of 
the mag ne tic front is de ter mi ned by a se lec -
tion me cha nism main ly due to the mag ne tic
ani so tro pies of the me dium and the applied
field. Sta bi lity maps for uni formly trans la -
ting pro fi les through mag ne tic me dia are
pro po sed.

The pa per is or ga ni zed as fo llows. In
sec tion 2 we de ri ve the non li near par tial
diffe ren tial equa tion that go vern the dyna -
mic of the mag ne ti za tion in the mag ne tic
ma te rial with unia xial and cu bic ani so tro -
pies. In sec tion 3 physi cal pic tu re of front
pro pa ga tion is dis cussed, and we li nea ri ze
the diffu sion- reac tion equa tion re sul ting
from the analysis pre sen ted in sec tion 2, and 
study the asymp to tic so lu tions. Sec tion 4 is
de vo ted to the nu me ri cal analysis of the or -
di nary diffe ren tial equa tion ob tai ned in Sec -
tion 2, and dis cuss the main re sults. In sec -
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tion 5 we summa ri ze the main re sults from
this study.

Theo re ti cal approach

We start by assu ming that the dyna -
mics of the mag ne ti za tion in the spe ci men is
go ver ned by the Lan dau- Lifschit z- Gil bert
equa tion (LLGE) (3),

¶

¶
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r r r r r r

= - ´ - ´ ´ [1]

whe re g and l, are the gyro mag ne tic ra tio
and the Gil bert dam ping pa ra me ter, res pec -
ti vely, M is the mag ne ti za tion, H EM= -Ñ , is
the effec ti ve mag ne tic field, and E is the
mag ne tic free energy. The first term on the
righ t- hand side re pre sents the pre ces sio nal
tor que exer ted by the mag ne tic field and the
se cond term is a dam ping tor que due to vis -
cous for ces ac ting on the mag ne ti za tion. For
the mag ne tic energy we used the Lan dau-
 Gins burg free energy ex pan ded in powers of
the mag ne ti za tion near a cri ti cal point, and
may be ex pressed as
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The first term in the righ t- hand side is
the Zee man energy, the se cond term re pre -
sents the con tri bu tion from the unia xial and 
de mag ne tizing ani so tro pies, the third term
is the first or der cu bic ani so tropy energy,
and the forth term the ex chan ge energy,
with Kui, Di, K1, and J de no ting the unia xial
ani so tropy, de mag ne tizing, crys ta lli ne, and
ex chan ge cons tants, res pec ti vely. H0 is an
ex ter nal dc applied field. With the help of ex -
pres sion [2] and the de fi nition of the effec ti -
ve field, [1] trans forms into the 3 × 3 sys tem,

( ) ( )[M H M H M M H M Hx y z z y y x y y x= - - - -g lM
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( )]- -M M H M Hy y z z y [3c]

whe re the effec ti ve field com po nents are gi -
ven by
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For sake of sim pli city, we will con si der a 
FM of length, L, lar ge com pa red to it width, w
(w« L), and the thickness, t, suffi ciently small 
(t « w), so Ñ ® ¶ ¶/ x. The pla ne of the FM is in
the (x, y) pla ne and an ex ter nal dc mag ne tic
field, H0, is applied along the axis of the ma -
te rial (x-axis). It is also con si de red that the
mag ne ti za tion is com ple tely inpla ne 
( )M M M Mz x y

2 2 2 2‹‹ + » , the va lue of the cu bic

ani so tropy is cons tant along all crys ta lli ne
axes, and both de mag ne tizing and unia xial
fields are pa ra llel to the x- a xis.

With all the se assump tions, [3a] to [3c]
are rewri tten as

( )M M H M H Mx x y y x y= -l [5a]

( )M M H M H My y z z y z= - -l [5b]

( )M M H M Hz y x x y= -g [5c]

with the effec ti ve field com po nents
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In case of a dam ping suffi ciently high
the tor que part can be ne glec ted, so l g»  and 
M z » 0. This re du ces our pro blem to sol ving
[5a] to gether with the re la tion 
M M x t M x t constx y

2 2 2= + =( , ) ( , ) . Substi tu -
tion of [6a], [6b] into [5a], lead to the non li -
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near par tial diffe ren tial equa tion for the
mag ne ti za tion
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whe re ( , ) ( , ) / ,x t M x t Mx=  H K Mu u= 2 / , 
H D MD = 2 / , H J ME = / , a H ME= ,  
c H M0 0= , ( )c H H Mu D1 = - , 

( )c H H Mu D3 = -  and c H M5 12= . Within

the mean- field appro xi ma tion, the only im -
por tant con fi gu ra tions near the cri ti cal
point are tho se of uni form mag ne ti za tion
den sity, i.e. ¶j ¶/ x = 0. This brings [7] to the
diffu sion- reac tion equa tion,
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whe re c2 = c0 + a.

Front pro pa ga tion and li near
sta bi lity

A spe cial class of so lu tions of [10] are
tho se ca lled fronts. Fronts are ex tre mely im -
por tant in physics and are mathe ma ti ca lly
des cri bed by

( )j j x( , )x t x vt= = - [9]

The se so lu tions con nect the uns ta ble
sta te Limj(x)= 0 (de mag ne ti zed) to the sta ble 
sta te Limj(x)=£1 (mag ne ti zed), or
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Subs ti tu tion of con di tions [10] and [11]
into [8] give the or di nary non- li near equa -
tion
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The sta ble so lu tions of [14] are gi ven by:
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This equa tion gi ves five roots for each
va lue of H0 /HE. In the sim ple case of a pure
unia xial mag net (H1 = 0), [8] re du ces to the
dam ped- for ced Duffing’s equa tion, and has
been sol ved previous ly for an unia xial mag -
net (4).

Appa rently, the equa tion [12] has ac -
cep ta ble so lu tions for any va lue of v. Howe -
ver, accor ding to other authors (5) the re are
some na tu ral con di tions for which dyna mi -
cal ve lo city se lec tion ta kes pla ce, and then
the ve lo city of all ac cep ta ble fronts con ver ge
asymp to ti ca lly to one par ti cu lar va lue. To
study the sta bi lity of fronts, let us per turb
the mag ne ti zed sta te (sta ble so lu tion) with a
small term dj, such that, j j dj® -s  as 
x ® ¥, whe re dj j‹‹ S . In tro du cing the so lu -
tion j j dj= -S  into [15], and re tai ning only
terms up to first or der in dj, we ob tain the li -
near equa tion
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with the co rres pon ding cha rac te ris tic
polyno mial
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The roots of this polyno mial are gi ven
by
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where we have de fined v* = 2ae1/2. This
yields to the fol low ing so lu tions
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Sin ce we re qui re that dj ® 0 as x ® ¥,
we get the asymp to tic form dj xµ -E K , whit
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or, equiva lently,

v

a
K

K
= +

e
[20]

This ex pres sion gi ves the branch for
asymp to tic beha vior, and is plo tted in Fi gu -
re 1 for e = 0.1 and 0.2. Every front pro fi le in
this branch is pu rely ex po nen tial and pro -
pa ga te with ve lo city v v a³ =* /2 1 2e . This re -
gion is cha rac te ri zed by a con ti nuum of
attrac tors for any va lue of v, and is go ver ned
by a non li near- mar gi nal- sta bi lity sce na rio,
be ing the spe ed v = v* a tran si tion point of
mar gi nal sta bi lity (3). In the case when v <v*, 
K = 1/2a [v + i(v*2-v2)1/2], and the front os ci lla -
tes with “na tu ral fre quency” v*/2a= e1/2, and
dam ping pa ra me ter v*/2a. The se re sults
are summa ri zed in Fi gu ra. 2, whe re the re la -
tion v a* /= 2 1 2e  is plo tted with res pect to H0

/HE. This map diffe ren tia tes the os ci lla ting
fronts from the ex po nen tial front pro fi les.
Each point on this cur ve co rres pond to a mi -
ni mum in [20] for each va lue of H0 /HE and
(HU-HD-H1) /HE > H0 /HE. When HU-HD-H1 /HE <
H0 /HE, the mar gi nal sta bi lity tran si tion is
not well de fi ned sin ce v* is ima gi nary and
the only sta ble sta tes un der per tur ba tions
are pu rely ex po nen tial front pro fi les.

Nu me ri cal Analysis

In or der to un ders tand the pro blem of
wave pro pa ga tion through mag ne tic me -
dia, we must go back to [14]. By means of a
Run ge- Kut ta- Fehl berg sche me (6) this
equa tion is sol ved nu me ri ca lly on a mag -

net of nor ma li zed lengthx/L with the boun -
dary con di tions [12] and [13], for se ve ral
va lues of v, mag ne tic fields in the ran ge 0 £
H0 £ HE, and 0 £ HU £ HD - H1 £ HE. We ob -
tain a fa mily of so lu tions that des cri be har -
mo nic os ci lla tions (HO), dam ped os ci lla -
tions (DO), ex po nen tial front pro fi les (EF),
am pli fied os ci lla tions (AO), or dual front
pro fi les (DF), de pen ding on the re la ti ve va -
lue of (HU-HD-H1) /HE, and on the wave spe -
ed, v. The main re sults ob tai ned from the se 
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cal cu la tions are summa ri zed in Figure 3:
(a) har mo nic os ci lla tions, (b) dam ped os ci -
lla tions, (c) ex po nen tials fronts, (d) am pli -
fied os ci lla tions, and (e) dual fronts. We
found a cri ti cal ve lo city, v = v0(H0), at which
only me tas ta ble har mo nic os ci lla tions are
pos si ble. In unia xial mag nets (HU -HD > H1)
no sta ble pat terns exist for v < v0(H0). For
front spe eds grea ter than v0(H0), M sta bi li ze 
around the sta te jS (£ 1), through dam ped
os ci lla tions up to the asymp to tic va lue
v*(H0), in which the mag ne ti zed sta te in va -
des ra pidly the de mag ne ti zed sta te and an
ex po nen tial front be gins to pro pa ga te. The
dashed line in Figura3(a) co rres pond to the 
va lue of jS around which the mag ne ti za -
tion con ver ge asymp to ti ca lly. When HU -HD

< H1 all fronts re pre sen ted in Figure 3 can
pro pa ga te. The am pli fied os ci lla tions are

seen only for v < v0 and in a na rrow ran ge of
ve lo ci ties. Usua lly re la ted to pa ra me tric re -
so nan ce con di tions, am pli fi ca tion of the
am pli tu de of a pro pa ga ting pul se has been
found ex pe ri men ta lly and ve ri fied theo re ti -
ca lly in sys tems such as mag ne tized coa -
xial trans mis sion li nes (7), thin fe rro mag -
ne tic films (8), and mi cros trip an ten nas (9). 
Pro fi les of the type illus tra ted in Fi gu re 5(e) 
are known as dual fronts (10, 11). In the
pre sen ce of an ex ter nal mag ne tic field such 
pat terns de ve lop un der the spe cial con di -
tions (K1 > Ku). This phe no me non occurs
when the in ter fa ce bet ween an uns ta ble
sta te and a sta ble sta te splits into a two-
 fold in ter fa ce de ve lo ping two fronts pro pa -
ga ting with diffe rent spe eds.
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  (a)  Harmonic oscillations  (b) Damped oscillations  (c) Exponential fronts 

 (d)  Amplified oscillations  (e)  Dual fronts 

Fi gu re 3. Re pre sen ta ti ve so lu tions of equa tion [18] on a mag ne tic ma te rial of nor ma li zed length x/L: (a)

har mo nic os ci lla tions, (b) dam ped os ci lla tions, (c) ex po nen tial fronts, (d) am pli fied os ci lla -

tions and (e) dual fronts.



The sta bi lity maps (v(H0)) for a mag ne tic 
me dium are summa ri zed in Figura 4, for (a)
H1 = 0, (b) HU - HD > H1 ¹ 0, (c) HU - HD < H1, and
(d) HU - HD = 0, as a func tion of the dc mag ne -
tic field. The clo sed squa res in Fi gu res 4(a)
and 4(b), in di ca te the ve lo ci ties ob served in
the sta ble so lu tions of [14]. The dashed cur -
ve re pre sents the asymp to tic va lue de ter mi -
ned by the re la tion v*(H0). The re gions la be -
led DO and EF re fer to dam ped os ci lla tions
and ex po nen tial pro fi les res pec ti vely, and
are stron gly de pen dent on the va lue of
(HU-HD-H1) /HE. The re also exist a re gion in
which all sta tes are uns ta ble (US) and grows
as (HU-HD-H1) /HE in crea se. A small re gion of
uns ta bi lity is also ob ser ved with fronts pro -
pa ga ting with ve lo city v < v0 (sha dowed). The

re gion la be led as NA is physi ca lly inad mis si -
ble sin ce jS > 1. For HU - HD < H1 and HU - HD =
0, the si tua tion is qui te diffe rent, as de pic ted 
in Fi gu res 4(c) and 4(d). Three fea tu res are
cha rac te ris tic of the se maps: (a) the tran si -
tion ve lo ci ties from DO sta tes to EF sta tes do
not co rres pond to a tran si tion point of mar -
gi nal sta bi lity, sin ce when HU - HD - H1 £ H0

/HE the va lues of v*(H0) are pu rely ima gi nary, 
(b) a small re gion of am pli fied os ci lla tions
(AO) is ob ser ved for ve lo ci ties be low v0 bet -
ween the DO and US re gions, and (c) the re -
gion in which dual fronts are ob ser ved
appear in ser ted bet ween two re gions of ex -
po nen tial pro fi les. It is also ob ser ved that the 
re gions of AO and DF pro fi les grow as H1 is
in crea se.
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Fi gu re 4. Stability diagrams for front propagation in a magnetic material, as obtained from solving

numerically equation [18]. 



Con clu ding re marks

In con clu sion, we have shown that the
dyna mics of the mag ne ti za tion in a mag ne -
tic ma te rial with unia xial and mag ne to crys -
ta lli ne ani so tropy is go ver ned by a non li near 
diffu sion- reac tion equa tion. In the case of
uni form trans la ting pro fi les it is found that
the ve lo city of the pro fi les is de ter mi ned by a
se lec tion me cha nism main ly due to the
mag ne tic ani so tro pies of the ma te rial. When 
the ini tia lly de mag ne ti zed sys tem is per tur -
bed by a dc applied field, pro fi les such as
har mo nic os ci lla tions, dam ped os ci lla tions,
ex po nen tial fronts, am pli fied fronts and
dual fronts can pro pa ga te through the me -
dium, de pen ding on the va lue of the applied
field and the in ter nal ani so tropy fields. This
mo del allowed us to pro po se sta bi lity dia -
grams for front pro pa ga tion in a mag ne tic
me dium.
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