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Abs tract

The mag ne tic mo del of light in mo ving me dia is con si de red here in re la tion to the elec tro mag -
ne tic in te rac tion mo men tum that is lin ked to the Fres nel- Fi zeau term. Appli ca tions of the mag ne -
tic mo del ex tend from gra vi ta tion to wa ter wa ves. We show that the va li dity of the mo del might re -
qui re that pho tons in mo ving me dia are not affec ted by the flow or that par ti cles in the Aha ro no v-
 Bohm effect are dragged by the elec tro mag ne tic in te rac tion. PACS: 03.30.±p, 03.65.Ta.
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Modelo magnético de la luz en medios en movimiento
y efectos del tipo Aharonov-Bohm

Re su men

El modelo magnético de la luz en me dios en movimiento se considera en relación con el
momento electromagnético de interacción que está vinculado al término de Fresnel-Fizeau.
Aplicaciones del modelo magnético se extienden desde la gravitación a las ondas de agua. Se
muestra que la validez del modelo requiere que los fotones en medios en movimiento no sean
afec tados por el flujo, o que las partículas en el efecto Aharonov-Bohm sean arrastradas por la
interacción electromagnéticas. PACS: 03,30±p, 03,65. Ta.

Pa la bras cla ve: Efectos cuánticos; luz en medios de movimientos; momento
electromagnético.

Introduction

The for mal anal ogy be tween the wave
Equa tion  for light in mov ing me dia and that
for charged mat ter waves has been pointed
out by Han nay (1) and later ad dressed by
Cook, Feran, and Mi lonni (2-5). These
authors have sug gested that light propa ga -

tion at a fluid vor tex is analo gous to the
Aharonov- Bohm (AB) ef fect, where charged
mat ter waves (elec trons) en cir cle a lo cal ized
mag netic flux (6). In quan tum ef fects of the
AB type (6-14) mat ter waves un dergo an
elec tro mag netic (em) in ter ac tion as if the
waves were propa gat ing in a flow of em ori gin 
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that acts as a mov ing me dium (14) and
modi fies the wave ve loc ity. A mag netic
model of light propa ga tion in mov ing me dia
and its rela tiv is tic the ory has been elabo -
rated by Le on hardt and Piwnicki (LP)
(15,16). Be sides the con nec tion be tween the
Fizeau ef fect and the AB ef fect in a real ma -
te rial me dium, it has been shown that a
non- uniformly mov ing me dium ap pears to
light as an ef fec tive gravi ta tional field for
which the cur va ture sca lar is nonz ero
(15,16) and an ana logue of the Fizeau ef fect
for mas sive and mass less par ti cles in an ef -
fec tive op ti cal me dium has been de rived
from the static, spheri cally sym met ric gravi -
ta tional field (17-19). The mag netic model of
light waves in mov ing me dia has been ex -
tended to wa ter waves by Berry et al. (2-5),
while acous ti cal ana logs have been ob -
served in mov ing clas si cal me dia and should 
be visi ble in su per flu ids.

The ex ist ing anal ogy be tween the wave
Equa tion s for mat ter and light waves can ei -
ther be a for mal si mili tude, de void of a
deeper physi cal mean ing, or else a physi -
cally mean ing ful anal ogy that in volves an
in ter ac tion of the same physi cal na ture. We
show that the em in ter ac tions in volved do
in deed pos sess the same physi cal ori gin
that is a com mon fea ture in the two Equa -
tion s (20). The Equa tion  for mat ter waves
and light waves and its so lu tion may be writ -
ten (in units of  h= 1) as

( ) ,-Ñ - = = = ò ×
i Q p e ei i Q dx2 2

0 0y y y y yf [1]

where Y0  solves (21) Equa tion [1] with Q= 0.

Al though the phase f can be re moved by a
phase trans for ma tion, the phase shift, or
phase shift varia tion, is an ob serv able quan -
tity that is phase (or gauge) in vari ant. With
Q= [e/c]A where A is the vec tor po ten tial,
Equa tion [1] is the Schrö dinger Equa tion  for 
the mag netic Aharonov- Bohm ef fect, i.e., for 
a charged mat ter wave in a mag netic field
where the flow u acts as a vec tor po ten tial. Q
has been ex pressed as (6-14)
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where E is the elec tric field, B the mag netic
field, and the quan tity  is the lin ear mo men -
tum of the in ter ac tion em fields. The AB term 
Q= [e/c]A is ob tained by tak ing E in Equa -
tion [2] to be the elec tric field of the charge
and B to be the mag netic field of the so le noid. 
A gen eral proof that this re sult holds in the
natu ral Cou lomb gauge, is given by Boyer,
Zhu and Hen ne berger, and Spavieri (22-24).
For the mag netic model of light propa ga tion
in mov ing me dia (2-16) in agree ment with
Fres nel’s pre dic tions and Fizeau’s ex peri -
ment, one sets in Equa tion [1] p®k= nw/c
and we have the Fresnel- Fizeau term
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c
u
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where n is the in dex of re frac tion, k the wave
vec tor, and X the an gu lar fre quency. The
Fresnel- Fizeau term leads to a dragged light
wave speed that agrees with the pre dic tions
of spe cial rela tiv ity and reads 
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. From Equa tion [1], LP

(15, 16) ob tain the Ha mil to nian of light rays
(H is equal to the fre quency X) and Ha mil -
ton’s Equa tion s,
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The Equa tion s of mo tion for the mo -
ment a p and k are re spec tively
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The Equa tion  for p is analo gous to the
one de rived by LP for the res caled ray ve loc -
ity w= kv which reads
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The anal ogy im plied by Equa tion [1] is
cor robo rated by the fact that the Equa tion
of mo tion for the res caled mo men tum w of
light (pho ton) is the same as the Equa tion  of
mo tion for the mo men tum p of par ti cles.
Now we wish to es tab lish the re la tion be -
tween the in ter ac tion mo men tum Q for light
and the lin ear mo men tum of the em fields
Pe. In gen eral, with T ik

M  the Max well stress-

 tensor, the co vari ant de scrip tion of the em
mo men tum leads to the four- vector em mo -
men tum Pe

a  ex pressed as [c= 1].
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where b= v/c, and the em en ergy and mo -
men tum are evalu ated in a spe cial frame K(0)

mov ing with ve loc ity v with re spect to the
labo ra tory frame. The stan dard classical-
 quantum cor re spon dence ( )h = ò1 u em  
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0
2 3 2

0

1
4

¢= ¢ ®ò
p

e w , 

c gd x
c-

-

ò ¢1 3
1

4p
 ( )e e E d x ko o o

2 3ò ¢ ®  holds 

for the en ergy e wo  and the mo men tum k0.

The natu ral choice for K(0) is the rest frame in 
which the mo men tum ( )g dò 3 s van ishes,

i.e., the frame com mov ing with the light ray,
as if the em mass me of the fields were non -
vanish ing. We find that the em mo men tum
Pe in the labo ra tory frame, and Poe in the
frame com mov ing with the fluid, are 
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  With the help of g g gv c n= m /  

( / )1+ ×u c nc  for trans for ma tion of rela tiv is -
tic ve loci ties we ob tain
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in the first or der in u/c. We see from [9] that
the va ria tion Pe – Poe pro vi des only the lea -
ding term of the Fres nel- Fi zeau mo men tum. 
The fact is that Pe is the to tal em mo men tum

whi le, accor ding go (20), Q is lin ked to the em 
mo men tum of po la ri  za tion 
P Pi en n= -[( ) / ]2 21 i.e., the frac tion of the
to tal em mo men tum due to in te rac tion (po -
la ri za tion) which is pro por tio nal to n2 – 1.
From [9] we ob tain the in te rac tion po la ri za -
tion em mo men ta
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The term at the rhs of Equa tion [11]
rep re sents the ex act rela tiv is tic varia tion 
P u Pi oi( )-  of the in ter ac tion po lari za tion em
mo men tum. The last term of Equa tion [11],
the varia tion P u Pi oi( )-  in first or der in u/c,
is the Fresnel- Fizeau mo men tum Q of Equa -
tion [3], i.e., is the dragged in ter ac tion em
mo men tum. We in tro duce here the res caled
mo men tum

n

c

n

c
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c2w vº - = +k n u K Q
w

( ) ,2 1 [12]

which can be in ter preted in terms of the em
mo men tum due to po lari za tion. For the res -
caled mo men tum k[n/c]v, the re la tion du/dt 
= (v )×Ñ u and Ha mil ton’s Equa tion s [5] lead
to the Lorentz- type Equa tion  of mo tion
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where Q ® A plays the role of a mag netic vec -
tor po ten tial. We are able now to in ter pret the 
res caled quan tity wn/c ap pear ing in Equa -
tion [12], In deed with P eoi k=  Equa tion [11]
be comes Equa tion [12], im ply ing that the
res caled quan tity w vn c k n c/ /=  cor re -
sponds to the in ter ac tion po lari za tion em
mo men tum Pi. Let us now con sider in de tail
the physi cal con se quences of the mag netic
model.
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a) Equa tion [1] sug gests that the wave
vec tor and the speed of the wave are modi -
fied to k and v f  by the flow u. The speed v f

agrees with the pre dic tions of spe cial rela tiv -
ity and with the ex peri men tal ob ser va tions
of Fizeau. The fun da men tal point here is to
es tab lish if the ad di tional mo men tum 
Q u= -( ) /n w c2 21  that adds to k0 is car ried
by mov ing me dium or by the light par ti cle
(pho ton). In ef fects of the AB type the ad di -
tional mo men tum Q is car ried by the me -
dium, as the par ti cle mo men tum p is not
modi fied by the em flow. If the ad di tional
mo men tum ( ) /n w c2 21- u  is lo cal ized and
car ried by the pho ton, the re sult ing ca noni -
cal mo men tum k and the speed v f  physi -

cally rep re sent the mo men tum and speed of
the light wave and par ti cle (pho ton) dragged
by the mov ing me dium. Con sider the propa -
ga tion of light in a mov ing me dium with
char ac ter is tics analo gous to those of the AB
ef fect. In this case the ve loc ity of the flow is
such that u Q A( ) ( ) ( / ) ( )x x e c xµ = , where
A(x) is a func tion that mim ics the vec tor po -
ten tial due to a so le noid. In the AB ef fect,
charged par ti cles com ing with ve loc ity v
from far away and pass ing near the so le noid
obey the Equa tion  of mo tion [6], and their
mo men tum p is not modi fied be cause, for
this field- free ef fect, we have v´ Ñ ´ =( )A 0.
How ever, if the mo men tum k rep re sents the
mo men tum of the light par ti cles, a pho ton
propa gat ing through the flow u A( ) ( )x xµ
modi fies its mo men tum and ve loc ity as im -
plied by the Equa tion  of mo tion [6] for k
where Ñ × µ Ñ ×( ) ( ( ) )u k A kx  does not van ish.
Thus, there would be forces act ing lo cally on 
the pho ton and the mag netic model and its
anal ogy with the force- and field- free AB ef -
fect would break down.

b) If the mag ne tic mo del of light pro pa -
ga tion in mo ving me dia holds in ge ne ral, the
addi tio nal mo men tum ( ) /n w c2 21- u  is ca -
rried by the me dium (as in AB effects) and
not by the light par ti cles. Sin ce k0 does not
chan ge, the re la tionship w kc n= /  still
holds and the group ve lo city re mains dw/dk 

= c/n. Howe ver, the re la ti vis tic trans for ma -
tion of mo men tum k does not hold (it holds
only if the to tal mo men tum 
k n w co + -( ) /2 21 u  (mo men tum of the par -
tic le + in te rac tion mo men tum with the me -
dium) is con si de red).

In con clu sion, in close anal ogy with
mat ter waves of the ef fects of the AB type, the 
in ter ac tion mo men tum Q for light in mov ing
me dia has been re lated to the lin ear mo men -
tum of the em fields Pe. The value of Q cal cu -
lated for light waves yields ex actly the
Fresnel- Fizeau mo men tum fore seen by spe -
cial rela tiv ity. The mo men tum k of Equa tion
[6] and Pi of Equa tion [13] obey analo gous
Equa tion s of mo tion, and both mat ter and
light waves obey the same wave Equa tion  [1] 
[if  h= 1).

How ever, the anal ogy seems to hold for
the wave ve loci ties but it is not clear if it
holds also for the par ti cle ve loci ties. We
stress that the tra di tional Fizeau- type of ex -
peri ments are based on in ter fero met ric
meas ure ments that search for phase shifts
of phase ve loc ity varia tions of the waves, but
not the ve loc ity of the par ti cles as such (simi -
larly, in ef fects of the AB type). There have
been no dedi cated ex peri men tal tests of the
speed of pho tons in mov ing me dia, or of par -
ti cles in ef fects of the AB type. To ac count for
all al ter na tives, one could also con sider the
pos si bil ity that in ef fects of the AB type there
may be forces act ing on the mas sive par ti -
cles. We do not fa vor this pos si bil ity, but it
has been con sid ered in the lit era ture within
the con text of ac cepted clas si cal elec tro dy -
nam ics (25-30) and within the so called sto -
chas tic elec tro dy nam ics (SED) the ory
(31, 32).

Thus there are analo gies but also some
dis crep an cies be tween mat ter and light
waves (or elec trons and pho tons). Be cause of 
all these con trast ing theo reti cal views, it
seems worth while to in ves ti gate the fea si bil -
ity of ex peri men tally test ing the mag netic
model of light (33). The vari ous theo reti cal
sce nar ios dis cussed above could be in ves ti -
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gated, and ei ther con firmed or ruled out, by
new non- interferometric tests of pho ton and 
par ti cle speeds un der ap pro pri ate con di -
tions (14).
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